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Abstract

We study the random injury outcome caused by multiple flash bang submu-
nitions on a crowd. We are particularly interested in the fluctuations in injury
outcome among individual realizations. Previously, to simulate the distribu-
tion of the actual number of injured, we developed a comprehensive Monte
Carlo model. While the full computational model is important for thorough
theoretical investigations, in practical operations, it is desirable to character-
ize the phenomenological behavior of injury outcome using a concise model
with only one or two parameters. Conventionally, the injury outcome is indi-
cated by the average fraction of injured, which is called the risk of significant
injury (RSI). The single metric RSI description fails to capture fluctuations in
the injury outcome. The number of injured in the crowd is influenced by
many random factors: the aiming error of flash bang mortar, the dispersion
of submunitions after mortar burst, the amount of acoustic dose reaching in-
dividual subjects, and the biovariability of individual subjects’ reactions to a
given acoustic dose. We aim to include these random factors properly and
concisely. In this study, we represent the random injury outcome as a com-
pound binomial model, in which the hidden injury probability is drawn from
a two-parameter model distribution. We formulate and examine six model
distributions for the injury probability. The best performer is a mixture of
uniform and triangle distributions, parameterized by (RSI, dp) where dp is
the standard deviation of the hidden injury probability. This mixture model
predicts the behavior of injury outcome with uncertainty, based solely on the
two parameters (RSI, dp) in the flash bang description. For example, we can
predict the probability of the injury outcome not exceeding a prescribed to-
lerance. We advocate the adoption of this two-parameter characterization for
flash bangs to replace the single-parameter RSI description. Whenever we
need to give a high level coarse description of a flash bang situation, we state
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that the injury risk is represented by (RSI, dp).
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1. Background

Flash bangs have been widely used for crowd control, riot control and area deni-
al [1] [2] [3] [4]. In order to use flash bangs effectively, it is important to assess
the associated injury risk. For a crowd of n, subjects uniformly distributed in a
circle of diameter d,, we study the injury outcome on the crowd caused by a flash
bang mortar with multiple submunitions. Previously, we constructed a compre-
hensive Monte Carlo model for the crowd injury outcome, simulating the de-
tailed effects of many model parameters [5]. In the current study, we consider
the problem of how to summarize a flash bang situation using a properly de-
signed two-parameter model so that the distribution of the random injury out-
come can be accurately reconstructed solely based on the two parameters sup-
plied. We first review briefly the problem setup in the full computational model.
To establish the coordinate system, we put the origin at the center of the
crowd circle. We select the range direction of a flash bang mortar as the x-axis
and the deflection direction as the y-axis. In this coordinate system, the crowd is
uniformly distributed in circle Cir(0,d,/2). The intended burst position of
flash bang mortar is in the air directly above the crowd center. The actually rea-
lized burst position is random, affected by the aiming error. There is more ran-
domness in the problem: the dispersion of flash bang submunitions upon the
mortar burst is random [5]. In addition, even at a fixed acoustic dose (SELA)
reaching the surroundings of a subject, the injury outcome is still random, af-
fected by the uncertainty of dose propagating into the injury site [6], and af-
fected by the biovariability of subjects’ individual responses to a given dose at
the injury site [7]. Because of these uncertainties, the actual number of injured N
out of n_subjects will be a random variable fluctuating in individual realizations.
Previously we developed a comprehensive computational framework simulating
random realizations of crowd injury outcome in a situation specified by the
crowd and flash bang parameters [5]. Some of the parameters are summarized
below:
e d, =20m, diameter of the crowd circle;
e 1, =100, number of subjects in the crowd;
e N =random variable, actual number of injured;
e n_ =20, number of submunitions in a flash bang mortar;
e o =variable €(0,30 m), standard deviation of aiming error;
* d,, =25m, dimension in the range direction, of the submunitions disper-

sion area;
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e d,, =15m, dimension in the deflection direction, of the submunitions dis-
persion area;

e F|_ =150dB, acoustic intensity of a single flash bang submunition at 1
meter away;

e ID,, =163 dB, median acoustic dose for a hearing loss of 30 dB or more in
noise-induced permanent threshold shift (PTS);

e ¢, = O.l(dB)f1 , steepness coefficient in the dose-injury function for a hearing
loss of 30 dB or more in noise-induced permanent threshold shift (PTS).

Mathematically, the distribution of random variable NV is fully described by
the Monte Carlo model. For practical operations, it is convenient to have a
high-level summary of the flash bang situation using only one or two parameters.
Conventionally, the overall injury effect of a flash bang mortar on a crowd is in-
dicated by the average fraction of injured, which is called the risk of significant
injury (RSI). The average of Nis then given by s, xRSI. Unfortunately, the sin-
gle metric RSI value does not provide information about fluctuations in N
among individual realizations. In particular, the RSI description does not reflect
the fluctuations of aiming error, which swings the injury probability up and
down simultaneously for all individual subjects in a crowd.

In this study, we seek to construct a two-parameter probabilistic description
of random crowd injury outcome caused by multiple flash bang submunitions.
In this high level coarse description, each flash bang situation is summarized in a
two-parameter characterization, and the distribution of N is predicted solely
from the two parameters in the given characterization, without resorting to the
full Monte Carlo simulations on all model parameters. With the predicted dis-
tribution of N, we can make meaningful predictions regarding the random
crowd injury outcome. For example, we can estimate the probability of having
more than 10 injured in a crowd of 100 subjects, Pr(N > 10|nc:100). These
probabilities are very informative and are sought after when making real opera-
tion decisions. We point out that probabilities of this type cannot be estimated
solely from the single metric RSI value. For example, an RSI value of 6% may yield
Pr(N > 10|nc:100): 0 when N is narrowly distributed within interval [3, 9]; the
same 6% RSI value may lead to Pr(N > 10|n(:l 00) >50% if Nalternates between
0 and 11. To achieve a reasonably accurate estimate of these probabilities in a

concise model, we consider two-parameter descriptions of V.

2. Mathematical Formulation

We start by introducing relevant variables and functions.

e ® =arandom realization of submunitions distribution relative to the crowd
center. Here symbol @ represents both the randomness in the burst posi-
tion of a mortar round (aiming error) and the randomness in submunitions
dispersion after mortar burst.

e N = the actual number of injured out of 1, subjects. NVis a random variable,

with outcome influenced by three factors:
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i) distribution of submunitions relative to the crowd center (@),

ii) distribution of n,_subjects in the crowd, and

iii) fluctuations in injury outcome for a subject exposed to a given acoustic
dose.

Note that the dose-injury model predicts only the injury probability corres-
ponding to a given dose. It does not completely determine the binary injury
outcome. As a result, even when the distribution of submunitions (@) is given
and fixed, the conditional random variable (N | a)) is still random and far from
being deterministic.

e P(x,y,) =injury probability of a subject at location (x,y). P(x,y,®) is
a random variable, varying with submunitions distribution @, and with
subject location (x,y).

e P(w) = injury probability of a random subject, averaged over subject loca-
tion. P(w) is a random variable, varying with submunitions distribution
® . Mathematically, P(®) has the expression:

! P(x,y,a))dxdy

P(a)) = E(x,y) [P(x,y,a))} = W.[cir(o,dc/z)

e /% = indicator function that subject k is injured. [ )" is the random injury
outcome of subject & which is affected by factors i), ii) and iii) listed above.

We model the locations of n, subjects as independently and identically dis-
tributed (i.i.d.) with uniform distribution over circle Cir(O,dc / 2) . Furthermore,
we assume the crowd subjects distribution is independent of the submunitions
distribution (@ ). It follows that, at any given submunitions distribution (® ),
the conditional random injury outcomes of individual subjects satisfy several
properties.

Property 1:

Given @ , the conditional individual injury outcomes of n, subjects,
{(I(k) | a)),k = 1,2,~~~,n(,} , are independently and identically distributed (i.i.d.).

Property 2:

(I ) \a)), the conditional injury outcome for subject & given submunitions
distribution @, is a Bernoulli random variable with probability P(®). Since
the n_subjects are i.i.d., the distribution of (I &) | a)) is independent of k.

Property 3:
(N|w)= :: 1([ *) | w) , the conditional crowd injury outcome for n, subjects
given @, is a binomial random variable with parameter n.and P(a)) .
(N|w)~ Bin, )

Note that these statements are valid conditional on a given submunitions dis-
tribution @ . Over random @, injury outcomes of the n,subjects
{I(k) (a)),k = 1,2,---,nc} are no longer independent of each other, and probabil-
ity P(w) itself is a random variable. For example, when the position of mortar
burst is completely off the crowd area due to a large aiming error, the binary

outcomes for the 11, subjects are all very likely to be “not injured”.
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We introduce quantities p, and Jp, the two parameters that we will use to

specify phenomenological models for the crowd injury outcome.
p,=E[P]=E,[P()]
Sp=std[P]=std,[ P(w)]
where Em[] denotes the average over the distribution of @ . Parameter p,
is the same as RSI (the average fraction of injured), and J0p measures fluctua-
tions in the hidden injury probability P (a)), caused by randomness in submu-

nitions distribution ® . We write the second moment of P() in terms of p,
and Op:
E[PZJ = (§p)2 +p§

Note that the injury probability P(a)) is a hidden variable, not directly
measurable. As a result, parameters p, and Jp cannot be directly estimated
as the mean and standard deviation of P (a)) On the other hand, the crowd in-
jury outcome N is directly observable. We like to estimate p, and Jp based
on observed samples of V.

We first calculate the mean and variance of injury outcome [ ®) of subject £,

and then we calculate those of the crowd injury outcome N =)’ A ®
E[1"0]=P(o)
Var[l(k) | a)J = P((o)(l—P(a)))
E[N|o]=nE[1"0]|=nP(o)
var[N | o] = ncvar[l(k) | a)} =n,P(o)(1- P(o))
E[N]=E,[E[N|o]]=nE,[ P(w)]=nnp, 1)
E[(N]@) |=var[N|o]+(E[N|o])
= n(,P(a))(l—P(a)))+nf,P(a))2
=nP(w)+n,(n, —I)P(a))2

E[N]=E[E[(V10) ]]
~nE,[P(o)]+n (n.-1)E,[P(o) |
=n.p, +n.(n.=1)((p) +Pl)

var[N]=E[N* |- (E[N]) =n.p, (1-p,)+n,(n.~1)(5p) (2)

Since Nis directly observable in field operations and in Monte Carlo simula-
tions, quantities E [N ] and var[N ] can be estimated from measured samples
of N. The results derived above offer a way of expressing p, =F [P] and
Sp=std[P] in terms of the measurable quantities E[N]| and var[N]. Using
results (1) and (2), we write p, and JOp as
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Pu= £N] 3)
L

Note that the injury probability P(@) for a random subject is not affected by
n,, the number of subjects in the crowd. Mathematically, both p, = E[P] and
op= std[P] are independent of n. In Monte Carlo simulations and in field
operations, however, all observable quantities vary with n. In expressions (3)
and (4), the n-independent quantities p, and Jp are estimated based on
parameter 1. and n-dependent observable quantities E[N] and var[N]. The
key significance of (3) and (4) is that they express non-observable quantities p,
and Jp in terms of observable quantities, and thus, make p, and Jp effec-
tively measurable. The estimation of p, and Jp opens the possibility of pa-
rametrically representing the non-observable distribution of injury probability
P(®) using measurable quantities. If the distribution of random variable
P(a)) is adequately captured in the parametric representation, it will produce a
phenomenological model for the distribution of N, which, in turn, provides a
practical method for making meaningful predictions regarding the random
crowd injury outcome N. For example, we can predict the probability of the
crowd injury outcome not exceeding a prescribed tolerance.

Our goal in this study is to construct a probabilistic description of NV based solely
on the measurable parameters p, and Jp. The key step in the construction is to
formulate a two-parameter model distribution for the non-observable injury

probability P (a)) . In next section, we explore six models for P (a)) .

3. Six Models for the Distribution of P(a))

We consider six models for representing the distribution of non-observable in-

jury probability P(@). The parametric representation in each model is based on

measurable quantities p, = E[P] and Sp=std[P]. Two factors motivate us
to adopt p, and Jp as the key quantities for characterizing the non-observable

P(w).

e p,  and JOp are effectively measurable, which is important for any practical
model.

e p, and Jp capture the holistic effects of multiple flash bang submunitions
in causing injury on a crowd; p, is the RSI (average fraction of injured); the
addition of Op in the formulation incorporates the effects of aiming error
and submunitions distribution uncertainty.

Here, we emphasize that P(®) is a random variable, varying with submuni-
tions distribution @ . Our objective in this section is to phenomenologically
represent the distribution of P(®) as accurately as possible, using only para-
meters p, and Jp. Below we discuss and examine six models, one in each

subsection.
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3.1. Model 1: Delta Function Distribution for P (o)

Injury probability P(®) is a random variable, influenced by submunitions dis-
tribution . Let p,(p) be the probability density function (PDF) of random
variable P (a)) We model p, ( p) as a delta function, namely,

pr(P)=6(p-p,) (5)

The corresponding model for N, the actual number of injured out of n, sub-
jects, is a binomial distribution of parameters n. and p,. The probability mass
function (PMF) of Nhas the expression,

P(w)~5(p—pa), NNBin(nc,P(w))

ne—k)

Py, =Bin,  (k)=C(n.k)p!(1-p, ) (6)

When the distribution of P(w) is not concentrated in a narrow region near
D.» the delta function representation of P(a)) is not expected to yield a good
approximation distribution for N. The advantage of the delta function model is

its simplicity: it uses only one parameter p,; it does not require Jp.

3.2. Model 2: Beta Distribution for P(w)

We model p, ( p) as a beta distribution with shape parameters o and fS.

al (1= p)*™
pp(p):Beta(a,ﬁ)(p)E% ’

where B(u,v) is the beta function defined as

B(uv)=[r(1-1)" dr 8)
B(u,v) is related to the gamma function, I'(z)= J‘:sz"e’sds , by
L(u)L(v)
B = 9
() T(u+v) ©)

We determine parameters ¢ and f in model (7) by matching the mean

and variance of the beta distribution to those of P(a)) .

a

a+ﬂ=pa (10)
aff 2
=(0
(a+p) (a+pi1) (97) (an

Solving for @ and S from (10) and (11), we obtain

a:pa[pa(l_fa)_lJ (12)

(6p)

ﬁ=(1—pa)[M—lJ (13)

5p)2

The actual number of injured out of n, subjects, V, has a beta-binomial dis-
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tribution, which is the result of compounding the binomial distribution with a

beta distribution for the probability parameter.

P(w)~ Beta, ,, N~ Bin(nwp(w))

B(k+a,n,—k+p)
B(a,p)

The probability mass function (PMF) of Nis directly described by (nc,a, p )

Via Equations (12) and (13), Pr[N:k]

parameters p, and Op, along with the number of subjects ..

(14)

Pr[N:k] = C(”C’k)

is indirectly specified by the two flash bang

3.3. Model 3: Mixture of Uniform Distributions for P(®), Version A

Note that p,(p), the density of random variable P(®), has a domain re-
stricted to interval [0,1] since P(®) has the meaning of injury probability
and thus is constrained to interval [0,1]. We model p, ( p) as a uniform dis-
tribution and adjust it, if necessary, to make the support of model distribution
fall inside interval [0,1] . We start with a uniform distribution over (a,b). Pa-
rameters a2 and b are determined by matching the mean and variance of the uni-

form distribution to those of P(a)) :

l(a+b)=pa (15)
2
1 2 2
—(b- =(6 16
L (p-ay = (op) as)
Solving for aand & from (15) and (16), we obtain
a=p,—3(5p) (17)
b=p,+3(5p) (18)

The values of p, and Jp for flash bangs are typically well below 20%. As a
result, we don’t need to worry about the situation of b>1. The situation of
a <0, however, occurs when ~/3 (5 p) > p, . For flash bang mortars with ran-
dom aiming errors of significant magnitude, ~3(6p)> p, is actually very
likely. The aiming errors increase 0p and reduce p, at the same time, re-
sulting in +/3(6p) > p, , which in turn leads to @ < 0. With a negative value of
a, the proposed uniform distribution is an invalid representation for the density
of P(®). When we have +/3(8p)> p,, we need to change the model distribu-
tion for P(w) We discuss the cases of x/g(ﬁp) <p, and \/3(5]7) > p, sep-
arately.

Case 1: ﬁ(ﬁp) <p,

For \/§(5p) < p,>wehave a2>0, and the uniform distribution over (a,b) s
denoted by unif(a’b) (p), is a valid model for the density of P(®). In this case,
we use unif(a’b) ( p) to represent p, ( p) , without modification.

1 {1, for pe [a,b]

. (19)
b—a |0, otherwise

pp(p)=unif,, (p)=
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For the crowd injury outcome, N, the distribution corresponding to model (19)
is a uniform-binomial distribution. The compound distribution draws P (o)
from uniform distribution (19) and then generates random variable N using the
binomial distribution with parameters (nc,P(a))). The PMF of the compound

distribution is expressed as an integral,

P(w)~ unify, ,, N~ Bin(

nC ? P( l{)))

1 b o
Py = C(nok) o — [, (1= p)" " dp

20
B(bsk+1,n, —k+1)—B(a;k+1,n, —k+1) (20)
= C(nv,k)
b—a
where B(s;u,v) is the incomplete beta function defined as
B(siu,v)=[¢ (1-1)" de (21)

For moderately large (u + v) , function value of B (S;u,v) is extremely small.
Numerically, it is inconvenient to work with B(s;u,v) directly in finite preci-
sion arithmetics. Most software packages (such as Matlab) offer a built-in func-
tion for calculating the regularized incomplete beta function, 1 (u,v), which is

related to the incomplete beta function as

B(su)  [or " (1-1) " dt
B(uv) [ (1-0)" dr

(22)

The regularized incomplete beta function has the nice property that as input s
=0 to
1 (u, v)‘ = 1. It can be conveniently evaluated by calling built-ir;:%unction
“betainc” in Matlab. In (20), we use B(S;u, v) =B (u, v)l(x) (u, v) and the identity
C(ng,k)-B(k-i—l,nc —k+1)
[(n, +1) C(k+1)C(n, —k+1) 1 (23)

TT(k+)T(n,—k+1)  T(n,+2) n, +1

increases, the function value increases monotonically from I (u,v)‘

With these identities, we write the PMF of Nas
1y (k+Ln ~k+1)=1, (k+ln ~k+1)
Pr[N:k] -
(n. +1)(b-a)

(24)

This expression of PMF for uniform-binomial distribution serves as a building
block in the discussion of case 2 below.

Case 2: \/5(5;7) >p,

For \/5(5[)) > p,, we have a <0, and the uniform distribution over (a,b)
is not a valid model for the density of P(®). To match the mean and variance
of P(a)) with a valid model, we need to broaden the form of candidate distri-
butions. We use a mixture of two uniform distributions, which generally has 5
degrees of freedom: two parameters for each uniform distribution mode, plus
the weighing coefficient. Since a viable candidate model needs to be completely

specified by the two given flash bang parameters (p,,5p), we need to reduce
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the degrees of freedom to two in the model distribution. We consider a distribu-

tion of the form

1 . q .
Pp (p) = mumf(o’h) (p) +mumf(o’ﬂb) (p) (25)

Distribution (25) has three parameters: x, band g. In this subsection, we fix
coefficient 4 =0.15 and treat (b,q) as two tunable parameters. The resulting
formulation is labeled version A. In next subsection, we consider version B, in
which b is estimated without using the equations of first two moments, and
( y,q) are treated as tunable parameters and they are determined from the equ-
ations of first two moments. For analytical clarity and convenience, when dis-
cussing version A, we still denote coefficient u as a variable, instead of writing
out explicitly 4 =0.15. This will allow a unified formulation in variables
(,u,b, q) for both version A and version B.

We formulate the equations for (,b,q) by matching the first two moments.
This set of equations is good both for solving version A where x=0.15, and for
solving version B where b is estimated separately. We use the second moment
instead of variance because it is simpler to work with the second moment in a

mixture distribution. The first two moments of unif(o’b) are:
. 1
X~ unlf(ovb) :E[X] :Eb
E[X2] Ly
3
For a mixture of uniform distributions, we have

X~ Lunif(O 5 +Lunif(
q+1 ’ q+1

0,1b)

qg 1 1 1 Hg+1
E[X]=—L—.Z(ub —
[¥] g+1 2(# )+q+1 2 2(gq+1)

1 > 11 wa+l ,
E[x*]=—L ~(ub —b = b
[ ] q+1 3(/” ) +q+1 3 3(q+l)

Equating the first two moments of P(a)) to those of model distribution (25),
we obtain two equations for ( /J,b,q) :

g +1
- 26
2(g+1) e (26)
2
ug+l 2 2
L£37 R =(s 27
3(a+) (6p) +p. (27)

In this subsection, we discuss version A of model distribution (25), which has
1 =0.15. We solve for (b,q) from (26) and (27), and express them in terms of
flash bang parameters ( p,,0 p). The derivation is presented in Appendix 1A.
The solution result is

u=0.15
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.- 2, (28)
i
b= 2;(1(51:) P, (29)

Corresponding to model distribution (25) for injury probability P(®), the
crowd injury outcome N has a compound distribution. It draws P(@) from the
mixture of uniform distributions given in (25); then it generates the actual number
of injured N using the binomial distribution with parameters (nc,P(a))). The

PMF of Nis a mixture of two PMFs of the form (24) with a=0:
N ~ Bin

1 . q .
P(w)~ mumf(o)b) +mumf(0,ﬂh),

("mP(m))
I(b)(k+1,nc —k+1)+11(,,b) (k+1,n,—k+1)

_ H
Pl = (. + (g + )b G0

This expression of PMF is good for both version A and version B of model
distribution (25). In version A, #=0.15 is fixed, and (q,b) are expressed in
terms of (pa,5p) in (28) and (29). The PMF of Nbased on version A of (25) is
completely specified by the two flash bang parameters ( p.,0 p) , along with the
number of subjects n. This statement is also true for version B, as we will see in

next subsection.

3.4. Model 4: Mixture of Uniform Distributions for P(w), Version B

In the previous subsection, a mixture of uniform distributions given in (25) is
used as the model distribution. In the absence of additional condition, (25) has
three parameters: x4, band ¢. In version A discussed in the previous subsection,
we fixed x=0.15, and treated (b,q) as unknowns in Equations (26) and (27).
From there we solved for (b,q) and express them in terms of the given flash
bang parameters ( P.»6p). In this subsection, we consider version B in which
we first find a reasonable estimate of b without using Equations (26) and (27),
and without using gand g . With the estimated value of b, we then solve for the
two remaining unknowns (q, ,u) in Equations (26) and (27).

The single mode uniform distribution given in (19) has support interval
(pa —x/g(ép),pa +\/§(5p)) . When ﬁ(é‘p) > p,, the support interval ex-
tends into the negative side, which make it invalid as a domain for probability
values. As a remedy, when NG (6p) > p, » the model distribution is changed to the
mixture of uniform distributions given in (25), which has support interval [O,b] .
That motivates us to use the size of interval ( p. -3 (6p).p. +3 (6 p)) as an

approximation of b in the absence of knowing ¢ and 4. In version B, we set
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h=23 (6p), and solve for (g,u) from Equations (26) and (27). The deriva-

tion is presented in Appendix 1B. The solution result is

b=23(5p) (31)

_40-¢) (32)
1+¢,

,u=cB+cB_1 (33)

P,

V3(sp)

The corresponding distribution for crowd injury outcome N has the same

where ¢, =

general expression as given in (30). For version B, the PMF of N is indirectly
specified, via (31), (32) and (33), by the two flash bang parameters (pa,ép),

along with the number of subjects 2.

3.5. Model 5: Mixture of Triangle and Uniform Distributions for
P(w), Version A

As we have seen in previous two subsections, when NG (5 p) <p,, there is a
single mode uniform distribution that matches the first two moments of P (a))
and that has a support interval appropriate for modeling the distribution of
non-negative P(®). Thus, for NG (6p)< p,, it is reasonable to use this valid
uniform distribution to represent P(w) When /3 (é‘ p) > p,», however, there
is no valid uniform distribution that matches the first two moments of P(w).
For /3 (5 p) > p,»> we need to change the form of candidate distributions. The
option used in previous two subsections is a mixture of uniform distributions
given in (25). In this and next subsections, we study another model distribution.
We consider a mixture of triangle and uniform distributions. Since a general
triangle distribution has three degrees of freedom, there are many triangle dis-
tributions even when the support interval [a,b] is specified. We first introduce
the particular triangle distribution over interval [O,b] that we will use in the

new model distribution.

b-p
. 2 f 0,b
trla(oyb)(p)z_ b OIPG[ ] (34)

b 0 otherwise
The first two moments of tria(o’b) are:

:E[X]z%b

X~ tria(oﬁb)

E[ijzébz

When /3 (5 p) > p,, we use a mixture of triangle and uniform distributions
to represent the distribution of P(a)) . The mixture takes the form
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1 . .
pr(p)= munlf(o,h) (p) +ﬁtna(0,ﬂb) (p) (35)

Similar to the situation with (25), model distribution (35) has three parame-
ters: (,u,b,q). To make the model distribution completely specified by flash
bang parameters ( P..0p), we consider two versions of (35), each having only
two degrees of freedom. In version A (discussed in this subsection), coefficient
u=02 is fixed, and (b,q) are treated as tunable parameters. In version B
(discussed in next subsection), b is estimated separately without using the equa-
tions of first two moments, and ( ,u,q) are treated as tunable parameters. Again,
we work with the general formulation in three variables ( ,u,b,q) , to accommo-
date both version A and version B. We construct the equations for ( ,u,b,q) by
matching the first two moments of P(w) and the candidate distribution. The

first two moments of mixture (35) are:

1 . q ..
X N—unlf(o’b) +?trla(

g+1 0.4b)
qg 1 1 1 2uqg+3
E|X|=———(ub -—b= b
[ ] qg+1 3(,u )+q+l 2 6(q+1)
1 » 11 wqg+2
E[x*|=-L— .~ (ub b = b
[ ] q+1 6('u ) +q+l 3 6(q+l)

Equating the first two moments of mixture (35) to those of P(w) gives us

two equations:

2uq+3
b= 36
6(g+1) (36)
2
Hq+2 , 2 2
b =(o 37
6(a+1) (6p) +p, (37)

In version A of mixture (35), we proceed with x=0.2, and solve for (b,q)

from (36) and (37). The derivation is given in Appendix 2A. The solution result
is

u=02
q-= 24 (38)
de,m 8c,u 2CA;u2
1- 1-
””)( 3¢<y>+J 3¢(ﬂ)+9¢2(ﬂ)J
_6(q+1)
b= 2ug+3 Pa (39)

where ¢, =

When the injury probability P(@) is governed by (35), the corresponding
crowd injury outcome N has a compound distribution. It draws P(®) from the
mixture of triangle and uniform distributions given in (35). Then it generates

the crowd injury outcome N using the binomial distribution with parameters
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(n.,P()). To obtain the PMF of binomial compounded with model distribu-
tion (35), we first derive the PMF of binomial compounded with tria(ovb) , which
is expressed as an integral of binomial PMF weighted by density

. 2 2
tria (p)= Z_b_zpz .
P(w)~ tria, ), N~ Bin(nc’[,(w))
b(2 2 (ne—k)
Pry = C(nc,k)_[g (Z_b_zpjpk (1-p)"dp

- C(nc,k)[%B(b;kH,nc k)2 Bk 2, —k+1)j

We recall identity (23) and the identity
F(u+1)F(V) _u
C(u+v+1) Cu+y

B(b;u+1,v) = B(b;u,v) (40)
Using these identities, we write out the PMF of binomial compounded with

tria(o’b)

2(k+1
(’1(—+_2))b](b) (k+2,nc —k+1)

- (41)
(np+1)b

21, (k+Ln, —k+1)-

Plivay =

The PMF of binomial compounded with distribution (35) is a mixture of two
PMFs: one of form (24) with @ =0 and the other of form (41).
N ~ Bin

0,ub)?

1 . q .
P(w)~ —umf(o)b) +Ttrla( (e P(@)

q+1

1 29
Pry g MR +1)(q+1)b(1(b) (k+1,n, —k+1)+71(ﬂb) (k+1,n, —k+1)

2q(k+1)
(n,+2)1*b

(42)
Ly (k+2,m, —k + I)J

PMF expression (42) of crowd injury outcome NN is good for both version A
and version B of (35). In version A, x=0.2 is fixed, and (q,b) are expressed
in terms of (pa,5p) in (38) and (39). Thus, PMF (42) is indirectly specified by
the two flash bang parameters (p,,dp), along with the number of subjects ..

This statement is also true for version B of (35), as we will see in next subsection.

3.6. Model 6: Mixture of Triangle and Uniform Distributions for
P(w), Version B

The mixture of triangle and uniform distributions given in (35) for modeling
P(a)) has three parameters: (,u,b,q). To determine (,u,b,q) from the two
given flash bang parameters (p,,5p), we need to introduce additional condi-
tion. In version A (discussed in previous subsection), we solved for (b,q) at
fixed #=0.2. In this subsection, we consider version B in which we set
b=23 (5 p) and solve for the two remaining unknowns (q, ,u) from Equa-
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tions (36) and (37). The derivation is presented in Appendix 2B. The solution

result is
b=23(5p) (43)
3(1-
g= (2c) (44)
2¢, —1+\/c§ —4c, +3
-1
L= 3(03 L ] (45)
2 q
where ¢, = P

V3(sp)

The corresponding distribution of crowd injury outcome N has the same gen-
eral expression as given in (42). For version B of mixture (35), PMF (42) is indi-
rectly specified by the two flash bang parameters ( D0 p), via (43), (44) and
(45), along with the crowd size n.

4. Comparison of the Six Models

We examine the six model distributions for P(a)) formulated in the previous
section, each parameterized by (p,,dp). We compare their performances in
predicting the distribution of crowd injury outcome N. We judge the perfor-
mance using the difference between the true distribution of NV and the distribu-
tion of N predicted from ( p,,0 p) using each of the six models. At each prob-
lem setup, we first run Monte Carlo simulations of the full computational model
[5] to generate large number of independent realizations of crowd injury outcome N,
and we use the collection of independent samples to approximate the true distribu-
tion of V. In a two-parameter phenomenological model for M, the injury effect of the
flash bang situation is characterized by (p,,5p), calculated from the Monte Carlo
samples of N. The pair ( D0 p) serves as a two-parameter summary of the flash
bang situation. This is similar to RSI serving as a single-parameter characteriza-
tion of the flash bang situation. A single-parameter or two-parameter characte-
rization of the flash bang situation is a high level coarse description without the
details of the full computational model. We study how well the behavior of
crowd injury outcome can be predicted solely based on such a high level coarse
description. We apply each of the six models to predict the distribution of N us-
ing only the values of (p,,6p), and we calculate the prediction accuracy of
each model accordingly.

We test the six models over various problem setups that yield a diverse range for
characterization parameters ( P,,0 p). Specifically, let o = std(aiming error) , the
standard deviation of random aiming error. We carry out tests for o €[0,30 m].
At each value of g, Monte Carlo runs are repeated to generate a set of m =10°
independent realizations of N. This large sample set serves two roles in our
comparison study: a) it provides the observed distribution of N (which we re-
gard as the true distribution), and b) we use it to calculate the characterization

parameters ( p,,0 p) . The predicted distribution of N uses only the information
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of ( P.,0 p) , not the Monte Carlo sample set. The performance of each model is
evaluated by comparing the predicted distribution and the observed distribution.
Table 1 displays values of o = std(aiming error) vs parameters (p,,5p) and
coefficient x/g(ép)/pa . Recall that in models 3 - 6, condition \/g(é‘p)/pa >1
is used as the indicator when switching from a single mode uniform distribution
for P(a)) to a mixture distribution. The results of the six candidate models
formulated in previous section are displayed in Figures 1-6. For each candidate
model, we calculate the errors in the predicted distribution of N relative to the
observed distribution. We calculate both errors in the probability mass function
(PMF) and those in the cumulative distribution function (CDF). In each figure, we
compare the observed and the predicted distributions of NV at aiming errors of vari-
ous magnitudes, and we study the prediction errors vs. o = std(aiming error), the
standard deviation of random aiming error. Each of Figures 1-6 has six panels
listed below.

Top left panel: comparison of the observed distribution of Nat o= 10 m and
the distribution predicted from the values of ( D0 p) using a two-parameter
model distribution for injury probability P(a)) The observed distribution of N
in Monte Carlo simulations of the full model is regarded as the true distribution.

Top right panel: error in PMF and error in CDF at =10 m.

Middle left panel: comparison of the observed distribution of Nat o= 25m
and the distribution predicted from the values of (p,,5p) using a two-parameter

model.

Table 1. Std (aiming error) vs. (p,,6p) and x/g(é'p)/pa .

Std (aiming error), o p, = E[P(a))] Sp= std[P(a))] \/g(ﬁp)/pa
0m 7.753% 0.411% 0.092
2m 7.547% 0.492% 0.113
4m 7.046% 0.834% 0.205
6 m 6.373% 1.300% 0.353
8 m 5.625% 1.730% 0.533
10 m 4.899% 2.034% 0.719
12m 4.239% 2.219% 0.907
14 m 3.672% 2.304% 1.087
16 m 3.194% 2.327% 1.262
18 m 2.784% 2.304% 1.434
20 m 2.437% 2.256% 1.603
22 m 2.155% 2.197% 1.766
24 m 1.910% 2.125% 1.927
26 m 1.708% 2.052% 2.081
28 m 1.533% 1.981% 2.238
30 m 1.382% 1.908% 2.391
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Figure 1. Performance of predictions based on parameters (p,,5p) using model 1. Model 1 is a delta function

0.2

Middle right panel: error in PMF and error in CDF at o= 25 m.

Bottom left panel: maximum errors over all n >0, respectively, in PMF and

in CDF, as functions of o

Bottom right panel: Comparison of the observed and the predicted
p(N > 10) , as functions of o. Here p(N > 10) EPr(N > 10|n :100) is the prob-

ability of having more than 10 injured in a crowd of 100 subjects.

Model 1 is actually a single-parameter description of flash bang situation specified

Model 1: binomial distribution

Observed
[l Predicted

0.15

Model 1: binomial distribution

=0~ Error in p(N=n)
—{O—Error in p(N<=n)

std(aiming error)=10m

o, std(aiming error), (meter)

o, std(aiming error), (meter)

30

distribution for injury probability P(w), discussed in subsection 3.1. The predicted crowd injury outcome follows

a binomial distribution. See text for a description of the 6 panels.

DOI: 10.4236/ajor.2019.93005

95

American Journal of Operations Research


https://doi.org/10.4236/ajor.2019.93005

H.Y. Wangetal.

by RSI. As shown in Figure 1, Model 1 has large errors in predicted distribution and
in predicted probabilities; in particular, the predicted probability Pr(N > 10) is very
different from the observed one. Models 2 - 6 are two-parameter descriptions of flash
bang situation specified by ( P, =RSL6p). In comparison with Model 1, mod-
els 2 - 6 all show significant improvements in predictions (Figures 2-6). Figure
7 compares the six models by plotting the maximum error in the predicted PMF
of Nas a function of o for each of the six models. Overall, the highest accuracy

Model 2: beta-binomial distribution

Model 2: beta-binomial distribution ; T
. : ; . : X : | | - in |
0.15 [ ]Observed | 0.03 O E:;z: :n E(m<=)
I Predicted -
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5 = S 001}
A g
>10.09 r 8
k<]
3 1 o
5008 5-001Ff
o £
0.03 2-0.02
i
-0.03
0 1 L L 1 1 L 1
0 2 4 6 8 10 12 14

0 2 4 6 8 10 12 14

n, Number of injured -
n, Number of injured

Model 2: beta-binomial distribution

Model 2: beta-binomial distribution T
‘ ‘ ' ‘ ‘ y — Error in p(N

. J =n)
Observed : .
] E Predicted —0~Error in p(N<=n)
0.4+ —

o
o
w

>
= 002+t std(aiming error)=25m
. std(aiming error)=25m 2
T 8
é . L 4 _ r 1 9
Q_o 3 _g_ 0.0
2 o
b} O or
§ 0.2 ] g
o o
o <-0.01
0.1 1 S
10 -0.02 -
0 Ll
0 2 4 6 8 10 12 14 -0.03 — : ; ' ' ‘ !
n, Number of injured 0 2 4 6 8 . 10 12 14
n, Number of injured
0.05 Model 2: beta-binomial distribution Model 2: beta-binomial distribution
—— Observed p(N>10)
—O—Predicted p(N>10) | |
2004+
=
< L
Q
[
a.0.03 -
e
[0
s
Boo2"
s L
£
20.01 " I
w —O—Max{error in p(N=n)}
— Max{error in p(N<=n)}
0 . . ! I 0 . . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30
o, std(aiming error), (meter) o, std(aiming error), (meter)

Figure 2. Performance of predictions based on parameters (p,,5p) using Model 2. Model 2 is a beta distribution
for P(w), discussed in Subsection 3.2. The predicted crowd injury outcome follows a beta-binomial distribution.

See text for a description of the 6 panels.
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is achieved by model 6. For aiming errors of magnitude o <28 m, the error in
PMF p(n) for model 6 is less than 2% over all 7> 0. The maximum error in
PMF p(n) over n>2 is smaller than the unconstrained maximum. Figure 8
examines the accuracies of the six models in predicting probabilities p(N > 10)
and p(N>5) where p(N>n
wlerncei1jUred in a crowd of 100 subjects. Again, the highest accuracy is
achieved by model 6, with error in p(N >10) bounded by 0.0054 (0.54%) and

is the probability of having more than

tolerance )

n

Model 3: (uniform mixture)-binomial, version A

o
=)
©

=0 Error in p(
Observed !
EPredicted —O—Error in p(N

std(aiming error)=10m

o

o

=
T

7 std(aiming error)=10m

-0.01 -

Error in predicted probability
o

0
0 2 4 6 8 10 12 14 -0.02 : . : ! : . :
n, Number of injured 0 2 4 6 8 . 10 12 14
n, Number of injured
’ i i ) ) Model 3: (uniform mixture)-binomial, version A
Model 3: (uniform mixture)-binomial, version A 0.02 — T T T T T T T
‘ ‘ ‘ ‘ ' ‘ ‘ : —O Error in p(N=n)
[ 1Observe . _
’ = 001 std(aiming error)=25m
. std(aiming error)=25m 8
[ o
I o)
203+ - 5
Q: he) 0 L
> Q
£ ks
% 0.2+ 1 g_
& = -0.01 [
0.1 1 8
m
-0.02 -
0 L L L 1 L 1 L 1
0 2 4 6 8 10 12 14
n, Number of injured 0 2 4 6 8 . 10 12 14
n, Number of injured
Model 3: (uniform mixture)-binomial, version A Model 3: (uniform mixture)-binomial, version A
—O—Max{error in p(N=n)} —— Observed p(N>10)
0.04 | — Max{error in p(N<=n)} 1015 —0 Predicted p(N>10) | |
>
;:1 0.12
-8 0.03 - b
= S
E % 0.09 -
Q L 1 Z
8 0.02 5
s 0.06 -
£
50011 1
o 0.03
o . . . . . 0 . .
0 5 10 15 20 25 30 0 5 10 15 20 25 30
o, std(aiming error), (meter) o, std(aiming error), (meter)

Figure 3. Performance of predictions based on parameters (p,,6p) using Model 3. Model 3 is a mixture of uni-

form distributions for P(w), discussed in Subsection 3.3. The predicted crowd injury outcome is a mixture of

uniform-binomial distributions. See text for a description of the 6 panels.
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error in  p(N >5) bounded by 0.016 (1.6%), for aiming errors of magnitude

oc<30m.

5. S ummary

We studied the injury outcome caused by multiple flash bang submunitions. The
injury outcome for a crowd of n_ subjects is measured by the actual number of

injured M. The crowd injury outcome N is random, influenced by two factors: i)
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Figure 4. Performance of predictions based on parameters (p,,5p) using Model 4. Model 4 is a mixture of uni-

form distributions for P(w), discussed in Subsection 3.4. The predicted crowd injury outcome is a mixture of

uniform-binomial distributions. See text for a description of the 6 panels.
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Figure 5. Performance of predictions based on parameters (p,,5p) using Model 5. Model 5 is a mixture of tri-
angle and uniform distributions for P(w), discussed in Subsection 3.5. The predicted crowd injury outcome is a

mixture of triangle-binomial and uniform-binomial distributions. See text for a description of the 6 panels.

the hidden injury probability P(@) corresponding to a realized spatial distri-
bution @ of n, submunitions, and ii) the randomness other than the submuni-
tions distribution. Factor i) contains the aiming error of flash bang mortar and
the uncertainty in submunitions dispersion upon mortar burst. Factor ii) in-
cludes the uncertainty in the amount of acoustic dose propagating toward and
reaching individual subjects and the biovariability of individual subjects’ reac-

tions to a given acoustic dose received.
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Figure 6. Performance of predictions based on parameters (p,,8p) using Model 6. Model 6 is a mixture of tri-

angle and uniform distributions for P(w), discussed in Subsection 3.6. The predicted crowd injury outcome is a

mixture of triangle-binomial and uniform-binomial distributions. See text for a description of the 6 panels.

The distribution of crowd injury outcome N is fully described by the Monte

Carlo computational model with all relevant parameters [5]. For practical field

operations, it is desirable to avoid the complexity of the Monte Carlo model, and

to do prediction based on a concise description of N using only one or two pa-

rameters. Conventionally, the overall injuring effect of the flash bang situation is

simply characterized by the average fraction of injured, which is called the risk of

significant injury (RSI). While the RSI description achieves the simplicity of only

one parameter, it lacks information about fluctuations and uncertainties in the
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n>2 (right panel). Error is plotted as a function of std(aiming error).
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function of std(aiming error). Left panel: error in  p(N >10). Right panel: error in p(N >5).

injured in a crowd of 100 subjects. Error is plotted as a

actual number of injured. In particular, the RSI description excludes the effect of

random aiming error, which tends to change the injury probability up and down

simultaneously for all individual subjects in a crowd. To capture the uncertainty

in the crowd injury outcome, we adopt a two-parameter framework in which an

injury probability P(@) is drawn from a two-parameter model distribution

and then given the injury probability drawn, the conditional crowd injury out-

come is modeled as a binomial random variable. The model distribution for in-

jury probability P(@) is specified by parameters p,=FE [P(a))] and

op=std [P (a))] The selection of these two parameters is motivated by their

unique properties. First, (p,,6p) as the mean and standard deviation, are a

natural choice for characterizing the distribution of P(®). Second, despite the

fact that the hidden injury probability P(@) is not observable, quantities

(p.,6p) can be calculated based on observed samples of crowd injury outcome
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N The resulting two-parameter model for N is completely specified by (p,,dp)
and it serves as a high level coarse description for the flash bang situation.

To clarify, the two-parameter description of NV is not meant to completely re-
place the comprehensive Monte Carlo model as a tool for investigating the ef-
fects of various parameters on injury outcome. Rather, it is meant to provide an
improved alternative to the single-parameter RSI description as a high level
coarse description. Theoretically, parameters (p,,5p) are the mean and stan-
dard deviation of the non-observable injury probability P(@). Operationally,
parameters (p,,5p) are estimated from observed samples of random injury
outcome N, and the flash bang situation is specified by the estimated values of
(p,.6p) in a high level coarse description. We formulated and explored six
candidate models for approximating the distribution of hidden injury probabili-
ty P(w), each parameterized by (p,,5p). Once the distribution of P(®) is
constructed, the crowd injury outcome Nis predicted as the compound distribu-
tion N ~ Bin(nc’ P(0)) Thus, a two-parameter model for P (a)) leads to a
two-parameter description for the flash bang situation. We tested six models in
their performances of predicting the distribution of N. The best performer is
model 6 described in subsection 3.6, which uses a mixture of uniform and trian-
gle distributions for P(w). The corresponding two-parameter description for N
yields fairly accurate prediction, using only the values of (p,,8p). This
two-parameter description allows us to estimate the probability of crowd injury
outcome exceeding a prescribed tolerance, for example, the probability of having
more than 10 injured in a crowd of 100 subjects. We advocate the adoption of
this two-parameter description to replace the conventional single-parameter RSI
description. Whenever we need to give a high level coarse description of a flash
bang situation, instead of stating that the average injury risk is RSI, we say that
the injury risk is represented by the pair (p, =RSLSp). We will explore ex-
tending and revising this framework of two-parameter description to accom-

modate other situations with uncertain outcomes.
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Appendices
Appendix 1A
Solving for (b,q) from (26) and (27) at a given .
We divide (27) by the square of (26) to eliminate b. The resulting equation for
qis
4(g+1)(#2q+1) (5p) +p

3(,uq+l)2 pa
We rewrite it as
+1)(Pg+1
(q )(ﬂq ):1+CA
(1q+1)
3(5p) - p?
where cAEsz”.
4p,

Multiplying the equation for g by its denominator and moving all terms to

one side, we get a quadratic equation
2
c,q —[(1 — 1) —ZCAu}q +c, =0
Solving the quadratic equation gives us two solutions for g

2c,
[(1-n) —2cAﬂ}i\/[(1—ﬂ)2 ~2e,u] ~4c4

As functions of ¢, the two branches of solution satisfy respectively

q:

(Branch +): litr(hq(c/, )=0+

(g

(Branch —): lim g(c, )=+

c—0+

1 . .
In the mixture of uniform distributions, mumf(ogb) (p)+ qil unif, (p),

coefficient g is the relative weight of the second uniform mode. Recall that this
second uniform mode is used only in the case of B (6p)> p,» which corres-
ponds to ¢, >0.For ¢, <0, only the primary uniform mode, unif, (p),is
used; the second uniform mode is absent. Mathematically, when ¢, <0, the
second uniform mode has zero weight. For ¢, slightly above zero, the second
uniform mode is present but should have a small relative weight q(c ) - Fol-

lowing this reasoning, we select (Branch+). Simplifying the expression of g in
(Branch+) and then using equation (26) to express b in terms of g, we obtain the

solution of (g,b)

g= 2c,
2 4
(1—p) | 1=y i 2ol
(1-4) (1-4)
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2(g+1)

b= Da
Hq+1

which are reported as equations (28) and (29) in the main text.

Appendix 1B
Solving for (q,,u) from (26) and (27) at b= 2«/?(5[9).

Using (26), we express u interms of ¢

cp—1

H=cy+

where

2
¢ ZPu __ Pa (46)

b «/3(517)

Note that ¢, defined in (46) is always positive. Substituting x into (27), we
get

2
(C‘B +CB_1J q+1=(q+1)c2
q

where

3((6p) +p2) _(3p) 4 1] )
b 4(6p)

&)

Multiplying by ¢ and moving all terms to one side yields a quadratic equation
(02 —cé)q2 +[(c2 —cé)—(cB —l)z}q—(clg —1)2 =0

Using ¢, :%(3@2? +1) and dividing by (1-c,), we simplify the quadratic

equation to
1 5 3
Z(1+CB)6]2+|:ZCB—Z:|q—(1—CB)=O (48)

Recall that g is the relative weight of the second uniform mode in mixture
distribution (25). The second mode is present only when ~/3 (6p)> p,» which
corresponds to ¢, <1. For 0<c, <1, quadratic Equation (48) has two roots:
one positive, the other negative. Since g has the meaning of relative weight in the
mixture distribution, clearly a negative value does not make sense. Solving qua-
dratic Equation (48), selecting the positive root for g, and expressing u in

terms of g, we obtain the solution of (q, ﬂ)

4(1-cy)
1+¢,

cp—1

H=cy+
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which are reported as Equations (32) and (33) in the main text.

Appendix 2A

Solving for (b,q) from (36) and (37) ata given .
We divide (37) by the square of (36) to eliminate b. The resulting equation for
qis
6lae0(a+2) (o)

(2uq+3) P

We rewrite it as

3(sp) - p?
4p;

Multiplying the equation for g by its denominator and moving all terms to

where ¢, =

one side, we get a quadratic equation
4 1Y) 5, 4
—Cc,—— - -—c +c, =0
(9 y 18]””] [¢(u) 3 A/qu 4

du o’
h =1-——4+
where ¢(u) 3 +=

Solving the quadratic equation gives us two solutions for g

2c,

[¢(ﬂ)—4‘f;“jij[¢<u>—4c;“f—4cA[4‘fg“z -]

As functions of ¢, the two branches of solution satisfy respectively

(Branch +): C/}i_r&q(c[ﬂ )=0+

(Branch —): lim g(c,)=-o

c—0+
Note that coefficient g is the relative weight of the triangle mode in the mix-

ture ﬁunif(o’b)(p)+ﬁtria(0,#b)(p), for modeling P(w). The triangle

mode is added only in the case of NG (6p)> p,» which corresponds to ¢, >0.
When ¢, <0, the mixture reverts back to a single uniform distribution with
zero weight for the triangle mode. For ¢, slightly above zero, the triangle mode
in the mixture should have a small relative weight ¢(c A) . This observation sug-
gests us to select (Branch+). Simplifying the expression of gin (Branch+) and then

using Equation (36) to express bin terms of g, we obtain the solution of (q,b)
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q =
¢(ﬂ)[1— e oS 2eur J

39(u) \° 36(u) 94 (u)
6(q+1)
b:2;11+3p“

which are reported as Equations (38) and (39) in the main text.

Appendix 2B

Solving for (q,,u) from (36) and (37) at b= 2\/5(517).
In (36), we express u in terms of ¢
2p, Py

—i C J,_QR__I
H 5| 7
where ¢, =—%=

b Bop)

Substituting u into (37) yields an equation for ¢

2
%(CB + 5 _1] q+1=(q+1)c2
3((6pY' +02) (5p) + 0
where ¢, = 3 = 4(51))2 .

Multiplying by g and moving all terms to one side yields a quadratic equation

9 9 9 1 9
(Cz —gcﬁjqz {(Cz —gczzsj—g(% -1y’ +§}1—§(03 -1y =0

Using ¢, = %(3c§ +1) and dividing by %(1 —¢y ), we simplify the quadratic

equation to

I-c¢,

(2_303Jq2+(1203—6)q—9(1—cB)=0 (49)

Quadratic Equation (49) for g is relevant only when the triangle mode is
present in the mixture distribution for P (a)) , which occurs in the case of
NG (6p)> p,» corresponding to ¢, <1. As ¢, decreases from 1, the relative
weight of the triangle mode ¢(c;) increases from 0. Quadratic Equation (49)
has two roots. Both branches of solution are positive for ¢, slightly below 1. As
c, decreases further toward the critical threshold defined by 2-3c; =0, one
branch of solution remains regular and positive. The other branch becomes sin-
gular near 2-3c; =0, diverging to positive infinity when approaching the crit-
ical threshold from above and diverging to negative infinity when approaching
the critical threshold from below. Selecting the regular and positive branch for ¢

and expressing u in terms of g, we obtain the solution of (q, ,u)
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3(1—cB)
2¢, —1+\/c§ —4c, +3

3 +CB_1
H 5|8 7

which are reported as Equations (44) and (45) in the main text.

q:
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