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Abstract

In this paper, we prove two formulas involving Mertens and Chebyshev func-
tions. The first formula was done by Mertens himself without a proof. The
second formula is a new one. Using these formulas, we estimate the Mertens
function in such manner that we obtain a sufficient condition to approve the
Riemann hypothesis.
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1. Introduction

The Mertens function M (n) is defined as
M(n)=%, . n(k) 1

where y(k) is the Mobius function. The function was named in honor of F.C.J.
Mertens. Franz Carol Joseph Mertens was born on March 20th, 1840 in Sroda
Prussia (now Sroda Wielkopolska, Poland). He died on March 5th, 1927 in
Vienna, Austria. The history of the attemps to proof the Riemann hypothesis
started in 1885. Still in the records of the French Academy of Sciences, on July
13th, 1885, there is a note presented by Charles Hermite (the member of
Academy) and written by a dutch mathematician Thomas Stjeltjes. He claims to
have demonstrated the Riemann hypothese on one small page! The proof
appeared false and Hermite explained why [1]. Stjeltjes never published the
proof of the Riemann hypothesis. In 1897, Mertens based on empirical evidence
claimed |M (n)| </n, n>1 named for him the “Mertens conjecture” [2]. In
1985, Mertens conjecture was disproved by te Riele and Odlyzko using a
high-speed computer [2]. There are several popular books about the Riemann
hypothesis. For the list of those books, we can find in the Google [3]. In [1], we

have the history of the zeta function of Riemann. Throughout this article, we will
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use letters: & n for natural numbers, p for prime numbers and x for real numbers,
and also we assume k < x . The function log(x)=1logx =log, (x)=Inx. We will

use Mertens function also for real numbers x>0. M (x) is defined by

M(0)=0, (2)

M ([x])= Zké[x]'u(k) : (3)

The estimation of Mertens function is important for the number theory by the
theorem proved in 1912 by J. E. Littlewood [4] (p. 261).
Theorem: The statement

M(x)= o(é”} (4)

for every >0 is equivalent to the Riemann hypothesis.

2. Some Properties of the Mertens Function

First we recall formula [5]

XM [%j =1. ®)

Next, we give the new formula involving Mertens function and Chebychev

function
w(x)=2 u. log(p). 6)

Proposition 1.

M (x)log (x) = zk<xy(k)(1og(%]-w(%n. @)
S W) ton( 3 -] - 080 B (1) B e (t) @
OIIGT R TEIMER WGINOS WG EI NS

:M(x)log(x) (10)

because

X, u(k)iox(k) =X, u(w 5 | a

(6] (p. 107).

We shall prove the formula which was given by Mertens himself [7], without a
proof, (proposition 2.)

Formula is of the form

Proposition 2.
()= X, 5 Joe(h). (12

We state one of generalized Mdbius inversion formulas [8] (p. 405) in the
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following form: let f(x) be a function for x>1 and
g(x)=2.f [%j (13)
Then for x>1
(%)= Zmﬂ(k)g(ﬂ (14)

and reciprocally (vice versa).
Applying the M&bius formula as above to proposition 1 we get

quM( jlog(kj log(x) - (x). (15)
On the other hand we have

%, (2 g 2= %, £ iog(x)- 5,0 XJoe) 19

o2 ()X, M [ 2], £ o0 a
 log(x) - Zk<M( jlog(k) (18)
Finally we have
log ()~ v (x) = log(x)- 3, M ( Jlog(k) 19)
()= M [ (0. )

This completes the proof.
Notice. The formulas used in the paper are some kind of identities. They

follow from the properties of Mertens and Chebyshev functions.

3. The Estimation of Mertens Function

From proposition 1 we have

M ()iox(x) = X, kg 3 |- T3] @

o o) = B on - F (2] e
sl +(3)
S log( j w(%)
Because logx <0(x) forall x3>1,where
0(x)=> _log(p) (24)
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X

we replaced log(%j by something greater, ie. by H(kj and we get
x x x x

log| = |[-yw|—| < ol = |-w|—|

Og(k] ”’(kj‘ Lk (k) ‘”(kj

w(x)=2. 0(x"") (25)

Zka

We have

forall x>1, [8] p. 318,

and

ey

Notice. We use the symbol of sigma from 1 to infinity but the number of

summand different from zero is always finite.

1/m
Next note that on the right hand side of above formula if (%) <2 then

Im
e([%} J = 0. (27)

=g ) le2) o)) 2) - L2122 o

the corresponding summands

Let

If m> log x

log2

then

9[(%}W ] =0. (29)
e
(i) 2ol ()

0(x)=0(xlog(x)) (32)

(rezef ) e
= o[(%jﬁ log [%n D emeiog “ /]Og(z)o((%jm log? (%n (34)

We know [8], p. 319

and
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_ 0((%)1/2 log [%j] (35)

X
(There are at most log (;j nonzero terms in last sum).

4. Results

Finally, according to

|M () log ()|
PGl fR) e

soofi i)t e

< Zkéx

we obtain
|M(x)|log(x) = O(xI/2 log(x)). (38)

1
From the definition of big “O” notation we have |M(x)|log(x) < Kx? log(x)

forall x>1 where K >0.
1

Thus |M (x)| <Kx?, x>1 ie

M (x)= O(xz} (39)
The result
M(x)= O(ﬁj (40)

is the sufficient condition for the approval of Riemann hypothesis.

In [4] chapter 12.1, we can find more about that.

5. Conclusion

The estimation of the Mertens function M (x) is in the form as in theorem of
the Lttlewood [4]. The result means the Riemann hypothesis is the theorem. The
future problem is to find an exact formula for an imaginary part of the zeros of

the Riemann zeta function.
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