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1. Notation and Introduction

All the notation and terminology is adopted from [1]. Given a complex number

gwith |q<1, the g-shifted factorial is defined for any complex parameter a by
(a0),=1 (209),=(1-a)(1-aq)- -(1— aq”‘l);
For notational brevity, we write
(ab,-,cq), =(aa), (b;a),-(ca),,

and

{a,b,--uc.} (a:9), (b:q),(cia),

UV, W _(U;q)n(V;q)n.“(W;q)n.

The basic hypergeometric series is defined by

a, -, ,| - ® (ai,...’ar;q)k 7 o [2
r¢s|:bll""bs,q, :|_Z-f:3(bl"”1bs;q)k (q;q)k ( 1) |

Furthermore, Gaussian binomial coefficient is defined by
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=1(a:9), (a9),,
0, k<OQork>n.

{H %, O<k<n;

In 1973, Gould and Hsu [2] found their well-known inverse relations. At the
same time, Carlitz [3] found the g-analogue of Gould-Hsu inversions. Chu [4]
extended Gould-Hsu inversions to evaluate the terminating hypergeometric
series identities, which can equivalently be reproduced as follows. Let {ak}kzo
and {b, }kzo be any two complex sequences such that 7-polynomials defined by

7(x,0)=1, r(x;n):ﬁ(ak+xbk), n=12,-- (1.1)
k=0

where x is an indeterminate and » is a non-negative integer. Let A be a

complex number. Then the following inverse relations are equivalent:

F(n)=>(-1)" (:jf(“";”)f(_k;n)ﬁ

G(k), (1.2)

k+1

G(n):i(—l)k(nja”(“k)bk 5K ik FKR), a3)

k)r(A+nk+1) 7(-n;k+1)
provided that the sequence-transforms involved are non-singular; ie.
r(A+mm+1), z(-nm+1), (1+n)

integers m<n , where the shifted-factorial is defined for any complex

. do not vanish for non-negative

parameter a by
(a),=1 (a),=a(a+1)---(a+n-1).

Chu [5] also extended Carlitz inverse relations to demonstrate numerous

strange g-hypergeometric identities, which can be reproduced as follows.

F(n)= Zn:(—l)k {Hr(ﬂqk;n)r(q‘k;n)%G(k),
" (1.4)

- k| N [n;k] a +49'b, a, +q7'b, K.
G(n=2,-1 { }q z'(/lq";k +l) T(qin;k +l) </1q ,q)” P (k)
provided that the sequence-transforms involved are non-singular; Ze.
T(ﬁq"; m +1) R z’(q’”; m +1) R (/lq” : q)m+1 do not vanish for non-negative
integers m<n, where r-polynomials are defined by (1.1). To evaluate a class of
terminating balanced .F, -series, the duplicate form of Gould-Hsu inversions
has been devised by Chu [6], where the multiplicate form is also constructed.
Later, the duplicated form of Carlitz inversions, which has been obtained by Wei
et al. [7], is utilized to evaluate three special cases of g-Saalschiitz theorem.
Recently, the triplicate form of Gould-Hsu inversions is used to investigate the
dual relations of the Pfaft-Saalschiitz summation theorem by Chen and Chu [8]
and Wei et al. [9].

In the next section, we use another method to prove the duplicate form of the
generalized Gould-Hsu inversions, which have been obtained by Shi and Zhang

in [10], and construct the duplicate form of the generalized Carlitz inversions.
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Applying the duplicate inversions to the specialized g-Dougall theorem ([5],
Equation (4.3a))

1 152 n n n o nd
a,qaz,—qaz,b—zlququ 2 lq Z!q 2
8¢7 1 1 2 1- ﬂ n 1+n'q,q
az_q2 2020 ° ag” ag'2aq?
a b b (1.5)
> a 1
b n aq ’B 1 bzqz
:(__J 1 |q2 a !q 1
a1 b’g? b 1
a 'a aq® |,

we derive several terminating basic hypergeometric identities in Section 3.

2. Inverse Relations

Let {A(*chk’Dk}kzo be any four complex sequences such that the
¢-polynomial and y-polynomial defined by

n-1

2(x0)=1 o(xn)=T](A +xB), n=12,- (2.1)
k=0

v (x0)=1, t//(x;n):ﬁ(ck+ka), n=12, (2.2)
k=0

where xis an indeterminate and 1 is a non-negative integer.

Motivated by the proof of Theorem 2.1 in [11], we give a simple proof of
duplicate form of generalized Gould-Hsu inversions.

Theorem 2.1. ([10], Theorem 1) (Duplicate form of the generalized
Gould-Hsu inversions) With ¢ and y~polynomials defined respectively by (2.1)
and (2.2), the equation

n) (C +(4+2k)D,)(C, —2kD, )(A+2k),
Q(n):,;(ij(p(—n;k)(p(ﬂ+n;k)t//(—n;k+1)1y(/l+n;k+1) (k)

(2.3)
n ) (A +(A+2k+1)B ) (A —(2k+1)B, )(A+2k +1),
&l 2k +1 p(-nk+1)p(A+nmk+1)y (-nk+1)w (A+n;k +1) (k)
is equivalent to the system of equations
2n 2
f(n)= Z(—l)k[ kn](p(—k;n)(p(/1+k;n)y/(—k;n)y/(/1+k;n)
K= (2.4)
8 A+ 2k ()
(l+2n)k+1 ,
g(n)=2nil(—1)k[anJrljgo(—k;n)go(/1+k;n)z//(—k;n+1)¢//(/1+k;n+l)
k=0
(2.5)

y A+2k ( )
(A+2n+1) ’

provided that the sequence-transforms involved are non-singular, Ze.
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p(A+mm+1) , o(-nm+1) , @(A+nmm), o(-nm), w(A+mm+l),
w(-nm+1), (A+2n+1)  and (A+2n)
integers m<n.

do not vanish for non-negative

m+1 m+1

Proof. Now substituting (1.1) into (1.2) and (1.3) respectively, we get that

(-2 fla 2 0m)a-0) 2 2o o

k=0 i=0
if and only if

G(n)=>(-1)" ( j (ka” (k)b ) (3 —koy) (A+K), F(K).  @7)
-0 [T(a +(A+n)b)(a —nb)

i=0

Now we split (2.7) into two sums
n (8 +(A+2k)by, )(ay — 2k, )(2+2k), F(2k)
G(n):g;J oK

2k
H(ai+(/1+n)bi)(ai—nbi)
( n ](a2k+l +(A+2k+1)by,,
k>0

i=0
(Bges —(2k+1)by ;) (A +2k +1), F(2k+1)
2k +1 Zk“ a

)
( +(A+n)b ) a, —nb)
_y (ay + (/1+2k) )(a2k 2kb,, )(A+2k) F(2k)

k>0[2k} H(azm +(A+ n)b2i+l)(a2i+1 - nbzm)ﬁ(azi +(2+n)by, )(azi —nby;)

i=0 i=0

[ n ](azm+(/1+2k+1)b2k+1)(a2k+1—(2k+1)b2k+1)(l+2k+1)nF(2k+1)
k>0

2k +1) ¥
" [T (@i +(2+1)by ) (B =Ny ) (@ +(2 + )by ) (85 —Nby;)

i=0

Then setting
ay =Cy, by =Dy, ay,=A, by, =B,
G(n)=Q(n), F(2k)=f(k), F(2k+1)=g(k)
in the last equation, we obtain

a(n)- Z( n ] ((ck +(24+2k)D, )(C, —2kD, )(4+2k),

=0\ 2k o (—n;K) (A +n;K)yw (—-n;k +1)y (A +n;k+1) (k)

n ) (A+(A+2k+1)B)(A —(2k+1)B, )(A+2k +1),
_M{Zk+1Jgo(—n;k+1)go(/1+n;k+1)y/(—n;k+1)y/(/1+n;k+1) (),

(2.8)

which is (2.3).
On the other hand, we rewrite (2.6) as

=)= S0 T om0 0

i=0
2n 2n \n-1
=2(- 1)k ( K j (a2i+1 +(2+ k)bzm)(azm —kbyi.p)

G(k),

A+2k

(@ + (20 K) b ) (@ k) 77—

and
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2n

Y

F(2n+1)

o

i=0

1(_1)k (znk+1jﬁ(a2i+1 + (ﬂ + k)b2i+1)(azi+1 - kbzm)

[+ 0m) @ 0 o

N

iy

n

=~

0 i=0
n
<TT(a = (24108, o, m%)ﬁe(k).

Using (2.8), we can easily derive (2.4) and (2.5).

Starting with G(n) in (1.4) and carrying out the analogous calculations as in
Theorem 2.1, we get the following theorem.

Theorem 2.2. (Duplicate form of the generalized Carlitz inversions) With ¢
and y-polynomials defined respectively by (2.1) and (2.2), the equation

Q(n)- Z{ n :|q[ﬂ22k] (f:k +Aq% Dk)(ck +?—zk Dk)(lqzk;q)n "

e A (p(q ”;k)¢(/1q“;k)y/(q ”;k+1)y/(;tq”;k+1)
[ n } (n—zzk—lj (Ak+/1q2k+1Bk)(A(+q-2k-1Bk)(/1q2k+1;q)n
2] (g k) p(2q7 k )y (a ik Ly (207 k4L

(2.9)

_Z )g(k)

k>0

is equivalent to the system of equations

fn)= :Z-né(_l)k {an}q’(qk;“)<"(/1qk;”)!”(qk;n)w(;tqk;n)x( 1-49*

—————0(k), (2.10)
s,

g(n)= 2n21(—1)k Fnkﬂ}go(qk :n)o(Aa5n)y (a7 n+1)y (A9 ;n+1)

1- g
x (ﬁq2n+l; q)

k+1

(2.11)

(k).

provided that the sequence-transforms involved are non-singular, ie.
p(Aam) . p(a"im), e(2ahm+1) , e(aim+1) , w(igm+l)
y/(q’”;m+1) , (xlqz”;m+1) and (/lqzr”l;m+l) do not vanish for

non-negative integers m<n.

3. Applications

Using Theorem 2.2, we derive several terminating basic hypergeometric

identities and some limiting cases.

Theorem 3.1.
a
7n|a nl_lb 2
S LA O
Z b 1-n bZ 'q a ’q _?
k=0 q,q_lbqhn,_q aq,b )
a a K
aZ
ququyb_zxq
;9% |, n=2m;
=1 g2 29 b0’
‘bbb’ a m
0, n=2m+1.
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Proof. By the replacement g — g, (1.5) can be rewritten as

1 1 2

= > a
2 2
a,q°a?z,—q az,—bz,

bqn , bq1+n , q—n , q—(n—l)

(3.1)

Assume

we have

o(n)-¥,

k>0

2Kk

) (1aq4k>(1;‘3<bq2k:q>n

aZ
(b:q),, | &7, 0:0”
b
k

bZ 2
(2
a k

It is not difficult to see that (2.9) specified with

A=b, (p(x;n):(%;qzj and w(x;n):(%;qzj

X

n n

matches exactly (3.2) under the following settings

a.2
(b;a),, (a,bz,q;qzj

a(n)=0(n), f(n)- (bzqz;qz] and g(n)=0.
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The dual relations corresponding to (2.10) and (2.11) result respectively in the
following two formulae

xﬁ!)(k)z £(n),

k+1

a4l k[ 2n+1](ag"™  , vk, 2\ (a9 K. 2
[R5 ]

y 1_bq2k
(bq2n+1; q)k+1

Notice that

(k) =0.

(-)" [ﬂ _ qm[gj (a™5a), . {2n +1} _ q(2n+1)k_@ (aa), ,

k (a:), k (a:),

(29), (267"9)

CT) .
aq ™. a, _nk [ bQ a,
( b ‘q}k(b’qln | (a’ b9,
a) = 2n-k - 1-2n -
S
b k a k

After some simplification, we obtain Theorem 3.1.

(aquk;qz)n (aqk;qz)n _ (aqk;q)zn _

Remark 1. Theorem 3.1 is not only a result which Chu obtained in [5], it is

actually already a special case of an identity due to Jain and Verma, listed in [1]

as (2.16) (where a, b, ¢, and A, are specialized to aq", q™", —b\/g, and b,
a

respectively).

Theorem 3.2.

a
N q ., 2 2\
n b —.b b
> a2 e [—i)
a
—_ ag,b

k

q
a 1
—q aq
m [bq J2m+l( )Zm
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1

aq—n—l n-1 ’
(1 Y } (1 —aq )
applying the relation

(1— aq* )[1_%) _ [1_ aqt;HZk J(l_ aq™ )_ g2k (1_ bg?*" )(1_ g ){;_ZJ
we may restate the resulting identity as
b n n+l
(_a) Q(ZJ a,%,b bz_q

q a +q

ag " a1y| b?d bg’
oy e Ll

. —ag® 1) 1- & |(bg? -
R e
=L 2% | (aarse?), [ 20| (aa o)
b , k , “ b , k+1 , K

aZ
(bia),, | & 500’
b
k

- a |( b’
O S
{ n [HH] (1_aq4k+1)(1_t:q](qukﬂ;q)n
2
& +J aq ", n. R "
[ o ,qzjm(aq ,qz)m( o ,qu(aq hat)

(b;tq)2k+l(fs1.‘::§,q;qz]k (1—q2k“)[_aj

bg
~ a | b%g® '
] ey
k

It is not difficult to see that (2.9) specified with
-1
A=b, ca(x;n):(%;qzj and w(x;n)=(aqb X;qzj

matches exactly (3.3) under the following settings

oY ") a :
(_a] q a,B,b b*q
q aa |,

“(, ag" a1y| b%q bq’
T i e E

Proof Multiplying both sides of (3.2) by then

X

-2

k>0

X

(3.3)

n

a.2
(b;a),, (a,bz,q;qzj

2.2 !
(1- aq““‘l)(l—t;j(b; ;qzl
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(b;q)m{a,zz,q;qzj (1—q2””)(;2)

N

The dual relations corresponding to (2.10) and (2.11) result respectively in the

g(n)=

following two formulae

Z( o { K -4 ]n(aqk?qz)n[aq;_k ;qzl(aq“k;qz)n

(3.4)
2k
« 2229 o)< f(n),
(bq 'q)k+1
£ k| 2n+1|(ag™ ooy [adt 1k, 2
é(_l){ k }[ b n(aq 0’| S5 M(aq @),
1 bqZk
x————Q(k)=g(n
g 2K=9(0)
Carrying out the straightforward calculations, we get the desired result.
Theorem 3.3.
1-2n
g bq M g2 ag?, E bzq Lk
N+ a bq bq
Z b 2-2n b -2n a q _?
<ol g, q ’ q b2, _q aq,b )
a a a k
(1_q2n+1)<1 aqzn N ( J bq q 2n+1( b2 ’q q ]
) way(,_a ), ba®) ag . b’ o)
(1 aq )( bqj( _aj(b ’qln(a’q)zml( a a i
Proof (3.2) can be rewritten as follows
a
n o (n+ a,—,b 2
S I
_g q b2 b iq a !q
q q aq i
a
4K 4k-1 a 2.
0 (") (1-aq )(1—)(1 aq )( bqj(bq a)
= q (3.5)
k>0 2k

( ql %) ( b_ ;qzjkﬂ(aq";qz)m
(b:a), [ z,qu
- anKI)( bqj(b; ql.

1
Multiplying both sides of (3.5) by - )
aq n-1
[1— . j(l— aq"")
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relation

)
_ (1_ aq":*z" j(l_ aqn+2k71 ) _ q1+2k7n (1_ bq2k+n )(l— qn—2k )[__az}

bq
we have
n n+l
(_bj qu azb | [bg
: >l e

ag " way| b%d by’ ’
1- 1- — a
[ b J( )T L

I
-n-1 -n
0| 2k [aqb _qzjk (aqnl;qz)k(a?) ;qzjkﬂ(aqn;qz)k+1

2
(b:q)Zk[ay""z,q:qzj
b k
_ b2q?
1— ag*t 1_1 e
(12 )[ bqj(a q)k

n [n—zzk—lj (1_aq4k)(1_b22](bq2k+l;q)n
|:2k +1:|q aq—n—l L, L aq_n . —
( b ,q jk 1(aq ,q )kﬂ( b ,q jk l(aq ’q )k+l

(b;q)zk[a,gz,q:qzj (1‘q2k+1)(1_bq2k)(1_3(;}.

X

-2

k>0

(3.6)

X k

o -SSP

It is easy to see that (2.9) specified with

-1

A=b, <0(><:n)=[z"qbX:qzjn and e//(x:n){ﬂ;qzjn

matches exactly (3.6) under the following settings

b n [n+1j a
4 [age e
(n)= - bzbb )| a9’
ag " -1\ | b by
e B L
aZ
(b:Q)Zn[aybzvq:qzj
f(n)= n

(1_aq4nl)(l_l;j[b2;2 ;qzl
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o(n) - (l—qznﬂ)(l—Ej{;j(b;q)m(a,sz,q;qzl |
) o

The dual relation corresponding to (2.10) is (3.4), and the dual relation

corresponding to (2.11) is

2n+1 J2n+1 aq_k_l‘ o aq‘k . -
Z(_l) |: k :|(T’q2 (aqk l’qz)n b ,qz 1(aqk’q2)n+l

k=0

1-bg*
w4
(bq2n+1; q)k+1

Carrying out the straightforward calculations, we get the desired result.

Q(k)=g(n).

Taking some special limits, we have the following cases.

Casel b — o in Theorem 3.2:

n q—n7aqn—1. qk
;[ q ’q}k(aq;qz)

k

(a,q;qZ)m (_1)m amqu .

| (a0 (@a),,, o
(a,q;qz)m (1_q2m+1)(_1)m a.m+lqm2+2m N
(1_aq4m+1)(a;q)2m ) = +1.

Case2 b—>o, a— o inTheorem 3.2:
G ¢[00 o
=l B IR (a:q )m(q“—l)q mLn=2m+l.

Case 3 a=bqg® in Theorem 3.2:
(1_ qum )(1_ q2m+2 )

, =2m;
Zn:(1_qk+1)(1_bqk71)(1_bq2k)(_1)k ) (1—bq4m+l)(1+q) n m
k=0 (1_bql+2k)(l_bq2kil) ) (1_bq2m)(1_q2m+2)(—q) n=2m+1
(1_bq4m+3)(l+q) ' = .
Case4 b—0 in Theorem 3.2:
(a’q;qz) (_1)m q7m2+2m
v m n=2m
i{q",aqnl-q} q[2]+2k ~ (1-a0")(a;0),,, | |
Lo h(aae’) ((agg?) (1) (<) g™ o omat
(1-ag*™*)(a:q),, o |

Case5 b—>0, a=0 in Theorem 3.2:

(@:07), (1-g*"*)(-1)"a™, n=2m+1,
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