/
oo Resmurch
0.00 Publishing

Journal of Modern Physics, 2019, 10, 294-301
http://www.scirp.org/journal/imp

ISSN Online: 2153-120X

ISSN Print: 2153-1196

P-V Criticality of a Modified BTZ Black Hole in
2 + 1 Dimensional Intrinsic Time Quantum

Gravity

A. S. Kubeka

Department of Mathematical Sciences, University of South Africa, Science Campus, Florida, South Africa

Email: kubekas@unisa.ac.za

How to cite this paper: Kubeka, A.S.
(2019) P-V Criticality of a Modified BTZ
Black Hole in 2 + 1 Dimensional Intrinsic
Time Quantum Gravity. Journal of Modern
Physics, 10, 294-301.
https://doi.org/10.4236/jmp.2019.103020

Received: December 14, 2018
Accepted: March 8, 2019
Published: March 11, 2019

Copyright © 2019 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

Intrinsic time quantum geometrodynamics is a formulation of quantum
gravity naturally adapted to 3 + 1 dimensions. In this paper we construct its
analogous 2 + 1 formulation, taking note of the mathematical structures
which are preserved. We apply the resulting construction to convert the BTZ
black hole metric to ITQG framework. We then modify the BTZ black hole in
order to investigate the existence of the P-V criticality in ITQG theory.
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1. Introduction

P-V criticality of a modified BTZ black hole was recently studied by Kubeka and
Sadeghi in [1]. They introduced some anstaz that gives a modified BTZ black
hole and then showed that this modified BTZ black hole is satisfied by the equa-
tion of state of Liquid-gas phase transition. Also Sadeghi [2] studied the P-V
criticality of Logarithmic corrected Dyonic charged AdS black hole by consider-
ing a charged AdS black hole which is in fact a holographic dual of a van der
Waals fluid. They showed that the holographic picture is still valid. The loga-
rithmic corrections arise due to the fluctuations in thermal properties which are
important when the black hole is small and these fluctuations are interpreted as
quantum effects.

The theory of quantum Gravity that encompasses the notion of intrinsic time
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(Intrinsic Time Quantum Geometrodynamics, ITQG) was recently formulated
by Ita et al [3]. The foundational work for the theory was laid down in [4]-[10].
In [11], Ita et al solved the long outstanding Wheeler-DeWitte equation in
Quantum Geometrodynamics and derived cosmological exact solutions that are
characterized by the Schrodinger wave functionals that in turn have two physical
degrees of freedom in accordance with the Yamade problem in quantum gravity.
The theory seems to resolve all the outstanding problems in quantum gravity
that have been highlighted by other prominent theories of quantum gravity like
Loop Quantum Gravity (LQG) in one single stroke and in clean manner Ita ef al.
[12]. The success and validity of this theory will be tested by future research.

In this paper we study the transform of the modified BTZ black hole into the
ITQG formalism and then establish the existence of the P-V criticality as done in
the literature. The paper is structured as follow: In Sec. 2, we reformulate the
ITQG formalism in 2-dimension, and in Sec. 3, we reformulate the BTZ black
hole within the context of ITQG. In Sec. 4, we study and establish the existence
of the P-V criticality of a modified BTZ black in ITQG theory, and then lastly in
Sec. 5 conclude the paper.

2. Quantum Gravity in 2 + 1 Dimension

In [3] a formulation of intrinsic time quantum geometrodynamics (ITQG) is
presented, which is applicable to 3 + 1 dimensional spacetime. We would like to
study an analogous 2 + 1 formulation corresponding to two spatial and one
temporal dimension. There are a few similarities and differences which will be
noted in this paper. Let us start off by taking, as the basic variables, a unimodu-
lar spatial two-metric E,.j with detlj.j =1 and a mixed-index, traceless, mo-
mentric variable 7; with &/7; =0. For index conventions in this paper, lower
case Latin symbols i, j,--- will denote spatial indices in two-space, taking values 1

and 2. Upon these variables let us confer the following commutation relations

[‘71/‘ (x)’qkl (y)J =0 [q_y (x)’ﬁlk (y)] = ihE,’Eij)é(x—y); 0
(7 ()7 ()] = (07t =807 )3 (x- ),

where ¢ (x— y) denotes the two dimensional delta function, and

= 1
E, = E(é‘i" 3, +61q, -5 q_,/) is a traceless projector, with
SiEiy) =T Efy,

=0,and E,’Ek/.) = %‘71/ . Let us define generators

1

T:l (.X) = hé‘(o)

matrices. Then contracting the middle relation of (1) with (o, ); we get the

(O'a )lj 771’ (x) , Where (aa )lj for a=1,2,3 denote the Pauli spin

following relation

(4,02, 00))=r(e.) 3, 2o ¥
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namely that the two-metric ¢, transforms in the spin-two irreducible repre-
sentation of SU(2). Contraction of the last relation of (1) with (o, )I’ (o, );
yields the relation

(7, (x).1,(2)] = ST, % 3)

which is the SU(2) Lie algebra with structure constants ¢, . Hence the mo-
mentric variables in the 2 + 1 formulation of ITQG transform, as a triplet of
SU (2) generators, in the adjoint representation of SU(2).

Having conferred upon the fundamental variables a SU(2) Lie-algebraic
interpretation, it is next of interest to determine the SU(2) invariants and

their physical interpretation. From the Fierz identity for SU(2)
i k 1 i ok 1 i ok
(0.),(0.), 25(515f _55]'51 j (4)
We have, upon carrying out a contraction with 7/7, , the following relation

(hs(0)) 7.1, :%7?{77". A, 5)

J

namely that the quadratic Casimir invariant for SU(2) is proportional to the
traceless modes of the Wheeler-DeWitt kinetic operator, forming the Hamilto-

nian for the free theory.
The dynamics of the evolution of the basic variables of the theory with respect
to 7 and the gauge invariant part of the intrinsic time Ing"” are encoded in the

Physical Hamiltonian which we define as H,, :%Ld%\/z , and a unitary

evolution operator
ir " s
U(T.T))= Texp[g _[TOHP,U,S (T")6T } (6)

This acts on a basis of states forming a separate SU (2) multiplet at each

spatial point l—Lc|m,l>)r , satisfying the SU(2) angular momentum relations
L,(x)[T|m.0), =m[T|m.0),; NATT|m.1), =0 (0)J1(1+1)[T|m.2), . (7)
y y y y

One can construct from this a basis of SU (2) spin-network states, with the
SU(2) singlets being diffeomorphism invariant. In this analogy to Loop
Quantum Gravity, these states must be deemed to be in a momentum space re-

presentation.

3. The BTZ Black Hole in Intrinsic Qquantum Gravity

Let us consider the metric for a BTZ black hole

2 _ 2 2 01\
ds’ = g, dr* +g,dr + g, (dp+ N°dr)", (8)
where we have defined
2 r’ jz 1 2 J
s =N =Ml g g = v 0 o
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We will now put the metric (8) into the language of ITQG by calculating the

fundamental basic variables of the theory. From the determinant of the spatial
2

r
two-metric ¢=g4,,4,, = — > We can construct the unimodular spa-
ro.J
M+ —+
ro4r
tial two-metric
-2
1 2 2
—| -M +r—2+]—2 0
_ "y r I© 4r
9, =99 " = N (10)
0 r| —M +r—2+J—2
I~ 4r

with detg; =1. Next, we will construct the momentric variables 77; The ex-

1 .
trinsic curvature is given by K :ﬁ(_q"f +V,N, +Vj.Nl.). We will need the
lowered index form of the shift vector
- 1 j
N, =q,N +4,,N°=0; N,=q,N +q,,N°=r (_z_zj = —%. (11)
r

Since the three-metric is time independent, then g,, =0 and only the cova-

riant derivatives of the shift vector components will contribute

K, = ! V.N =0, K, = ! \% =0

=N N =0, 0N oN,=0. (12)

For the covariant derivatives we have

r . a)q a,,rz j J
VLN, =N, TN, ST, =0, (/2)-0- N, =S
(44

_ ] _ J .
VN, =0,N, =T, N, =[N, =0-0+=; (13)

7

2 .2
Using N :4/—M+;—2+4]7 and substituting (13) and (12), we have

o = —/_ with the following representation

r
. 2 .2 -1/2
Jj g 0 1
K =L|-Mm++L_ . 14
Y Zr[ r 4r2j (1 Oj (14)
The contravariant form is given by
. 2 .2 -1/2
ij im mj J r J 0 1
KV =g"K, q" =L T L : 15
7 Fmd Zr( g 4r2j (1 oj =

which after the matrix multiplication yields the same components as K. To get

the momentric variables we must first compute the traceless form of K7, which
is already traceless. In the ADM metric theory, we denote spatial 3-metric and its
barred conjugate momentum on a spatial slice £ of four dimensional space-

time of topology M =XxR by ¢, and 7’ respectively. The ADM conjugate
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=1 . . 1 .
momentum is given by 7Y :Eﬁ(K” —q”K)zE\/gK”. These leads to the

barred momentum

i :q1/2(ﬁ.ij __qijﬁj:%Kif’ (16)

with matrix representation

_/2
1 2 2\
S 0 —(—M +r—2+]—2j
_j]/' r2 j2 r l 4}" (17)
=—|-M+—+-— s

4 > 4r 2 2 /

r(—M+—2+—2j 0
4

4. P-V Criticality in Modified BTZ Black Hole
in Intrinsic Quantum Gravity

_ 1
To modify the BTZ black hole metric, we have from (10), q; = (—) where
T g (r
2 .2

12
g(r):r[—M+;—2+4]7j +h(r,p) (18)

and h(r,p) is function that must be determined. After differentiation and

further simplification we get

-1/2_2 -1/2 .2
<>M[MTMJL[MTMJJ_

M2 (2 2 M2 7 2
- — | + = | +A'(r,
2 [12 2 47 (r.p)

But the position of the black hole event horizon is determined by the larger

(19)

root of g(r,)=0, and by using the Euclidean trick we have the black hole tem-

perature given by

T :l: g'(r'*')
p 4n
12 -1/2_2 -1/2 .2
=_Aj +4L(M2 ! —Ml/zrzjg?’tp+4l(MT+M1/2]:—z (20)
T T T r

124 2 -12 2 \?
_ 1M 8 P2+M €1 ]—2 +h'(r,p)
4 2 2 2 A4xnl 4r

where in the case of the asymptotically BTZ black hole the pressure Pis

TR
8n 8m I
38%P:1i2. (21)

From the Wan der Waals relation
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T:(P—izj(wb):Pv—Pmﬁ—@, (22)
v v oy
with
v=2r, (23)
we have
T=2Pr, —Pb+i—“—l’2. (24)
2r,  4r;
Now in order to find /(r,P) we use the anstaz
h(r,P)=A(r)+PB(r,P), (25)
with
W (r,P)=A'(r)+PB'(r,P). (26)
So from (20), (24) and (26) we have
-1/2_2 - .
-M"? . MV M2 EP+ M Vi ]_ZL
47 2 3 2 4r 4n
-2 4 2 20 20 g P'B
_M—L 8_7[ P2 _|_M— j_2 LJ’_ (7")+ (r) (27)
2 4w\ 3 2 \4r, ) 4n 4n 4n
opr P-4y,
2r, 4r;

From which we have the following two independent equations

MV22 P M p: PB'(r
e ]

3 2 "\3) 4n 4n

12 -1/2 .2 -1/2 2 \? A
_M +L M—_|_Ml/2 ‘]_2+M—L J_Z + (r)_i+a_b2:(), (28)
4n 4wl 2 4r 2 4m\ 4r; 4m  2r

+ + +

for which we are able to solve for 4(r) and B(r) as follows

a 1 M2 2 (2 2 1
A(r)=47t—ln(r+)+7tab—+Ml/2r++ Ry AL AR S >
2 7 2 4r 6 4 -

+ + r

5 2 -1/2.3 /2.3
B(r)=4nrf—4nbr++M_l/2£ 8n P- M M7 8_1t (29)
10\ 3 6 3 3
But putting the above results for 4(r) and B(r) into (25) and then put
the resulting explicit expression for 4 (r,P) into (18), and using (22) we get the
modified expression for g(r) given by

) 2 12
g(r)zr{—M+}lﬂ—2+4j—2} +2na1n(r)+ﬂb+Ml/2r
r r
-1/2 2 12 (2202 2
+ M +M1/2 J__M_ ]_ +3L_ﬁ (30)

2 4  6r (4 20 21

M (MRS g 1

FE - =

10/ 6 3 /
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which gives us the modified BTZ black hole from which

1
T=—2g'(r
4T[g( )r:r+ (31)
-1/2.2 /2.2 -2,2
MR MR 4h o oprepp| My | 2R
3 3 2r 4r

thus solving for the pressure Pand further simplifications we get

1 a ab
P=—— | T——+—|. 32
[—b + Zr] { 2 47 } (32)

From the above, we observe that Equation (32) was also derived in [1] in
another different formalism of quantum gravity. Thus we have shown that Equ-
ation (32) must be universal for the modified BTZ black hole irrespective of the
formalism used. Thus continuing further we are then able to find the BTZ black

hole critical points 7., P ,and V, as
V. =3b,

R==
27b

and

8a

= 33
<=7 (33)

using the conditions

=0. (34)

%z 0 and P

Then finally from (33) we are able to find an interesting relation which is ex-
actly the same as for the Van der Waals fluid called the thermodynamic critical
compressibility factor and it is universal number predicted for the modified BTZ
black hole [1].

PV 3
e -2 35
TR (35)

Therefore from above results, we conclude that the modified BTZ black hole
also exhibit the thermodynamic P-V criticality behavior in ITQG framework.

5. Conclusion

It is a well known fact that usual BTZ black does not have the critical behavior in
P, T., V..Butin order for the black hole to have these behaviors, it needs to
be modified and we do the transformation by using a suitable anstaz as function
h(r, p) . In our case, we modified the BTZ black hole within the frame work of
ITQG formalism and we showed that indeed the modified BTZ black hole exhi-
bits the P-V criticality and thus the results are the same as that of the Van der
Waals fluid.
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