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and Physics, 6, 2589-2599.
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together with the optimization theorem of John. Besides, we also consider the
weaker optimization problem:

min{(/,(¢K))" : ¢K < By ,¢K NS"" #D,¢ € GL(n)} . As an application, we
give the geometric distance between the unit ball B) and a centrally sym-

metric convex body K.
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1. Introduction

2
_bt®

Let y, be the classical Gaussian probability measure with density ———e 2 ,
(2z)'

and ||-||; is the Minkowski functional of a convex body K < R". An impor-

tant quantity on local theory of Banach space is the associated /norm:
1K) =, [l x[ledy, (x).
The minimum of the functional

Je

under the constraint ¢K < B; is attained for ¢ =1 , then a convex body K'is

JPCAC)

in the Gauss-John position, where ¢ € GL(n), B, is the Euclidean unit ball
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and I, isthe identity mapping from R" to R".

For xeR"\{o}, the map x®x:R" -5 R" is the rank 1 linear operator
v (x, y)x.

Giannopoulos et al. in [1] showed that if K'is in the Gauss-John position, then
there exist m<n(n+1)/2 contact points x,,x,, X, € 0K NS""', and con-
stants ¢;,c,, ¢, >0 suchthat » ¢, =1 and

i=1

[ c®x=1)]x]dy,(x) =] ,,|x||Kdy,,<x)[ch-x,-®x,}
i=1

Note that the Gauss-John position is not equivalent to the classical John posi-
tion. Giannopoulos et al. [1] pointed out that, when Kis in the Gauss-John posi-
tion, the distance between the unit ball B) and the John ellipsoid is of order
Jn/logn.

Notice that the study of the classical John theorem went back to John [2]. It
states that each convex body K contains a unique ellipsoid of maximal volume,
and when B; is the maximal ellipsoid in X; it can be characterized by points of
contact between the boundary of K and that of B} . John’s theorem also holds
for arbitrary centrally symmetric convex bodies, which was proved by Lewis [3]
and Milman [4]. It was provided in [5] that a generalization of John’s theorem
for the maximal volume position of two arbitrary smooth convex bodies. Bastero
and Romance [6] proved another version of John’s representation removing
smoothness condition but with assumptions of connectedness. For more infor-
mation about the study of its extensions and applications, please see [7]-[13].

Recall that a convex body K is a position of K if K =@¢K +a, for some
non-degenerate linear mapping ¢ € GL(n) and some a R". We say that K'is
in a position of maximal volume in Zif K < L and for any position K of K
such that K — L we have vol, (K)< vol, (K), where vol (-) denotes the vo-
lume of appropriate dimension.

Recently, Li and Leng in [14] generalized the Gauss-John position to a general

situation. For p 21, denote /,-norm by

1
LK) = ([N x 1 d7, ()7 (L1)
They consider the following extremal problem:

min{l,(¢K):0 € ¢K < L,§ € GL(n)}, (1.2)

where L is a given convex body in R" and Kis a convex body containing the
origin osuchthat oe K c L.

Li and Leng [14] showed that let Z be a given convex body in R"” and Kbe a
convex body such that oe K < L. If Kis in extremal position of (1.2), then

there exist m<n’ contact pairs (x,),).., Oof (K,L), and constants

m

1 =], c®xdu(x) - pYex ®y. D =1,
i=1

i=1
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where dgu(x) is the probability measure on R" with normalized density
dp(x) =l x (g dy, (x)/ (, (K))".

In this paper, we first present a dual concept of /,-norm /,(K) . The genera-
lizations of John’s theorem and Li and Leng [14] play a critical role. It would be
impossible to overstate our reliance on their work.

For p 21, we define the dual , -norm of convex body Kby

1

1K) = ([, pc ()" d7, ()7, (1.3)

where p, is the radial function of the star body K'about the origin.
Now, we consider the extremal problem:

min{ip (¢K):0€¢K c L,g € GL(n)}, (1.4)

where L is a given convex body in R" and Kis a convex body containing the
origin osuchthat oe K c L.

Then we prove that the necessary conditions for K'to be in extremal position
in terms of a decomposition of the identity.

Theorem 1.1. Let Z be a given convex body in R"” and K'be a convex body
such that oe K c L. If K is in extremal position of (1.4), then there exist
m<n’ contact pairs (x,,),).., of (K,L),and c¢,c,,,c, >0 such that

L=, (x®xMA(x) - pYcx @y, De =1,

where dji(x) is the probability measure on R”" with normalized density
da(o) = x|l dy, (x)/ 1, (K))".

Next the following result is obtained, which is an restriction that is weaker

than the extremal problem (1.4):

min{(ip((ﬁK))p (9K B, pKNS""' D, ¢ e GL(n)}. (1.5)

Theoren 1.2. Let K be a given convex body in R".If ] is the solution of
the extremal problem (1.5), then there exist contact points u,u’ of Kand B}
such that

(uw.0) <(I, (K))” [ <th0 (x), 9>(x, 0)dy,(x)<(u,0), (1.6)

for every feS"".
The rest of this paper is organized as follows: In Section 2, some basic nota-
tion and preliminaries are provided. We prove Theorem 1.1 and Theorem 1.2 in

Section 3. In particular, as an application of the extremal problem of

min{(ip (¢K))" ‘0e¢K < B!, ¢ e GL(n)!}, (1.7)

Section 3 shows the geometric distance between the unit ball B; and a cen-

trally symmetric convex body K.
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2. Notation and Preliminaries

In this section, we present some basic concepts and various facts that are needed
in our investigations. We shall work in R" equipped with the canonical Eucli-
dean scalar product (--) and write |-| for the corresponding Euclidean
norm. We denote the unit sphere by S"'.

Let K be a convex body (compact, convex sets with non-empty interiors) in

R" . The support function of Kis defined by
he (x) =max{(x,y): ye K}, xeR".

Obviously, /iy (x) = hy (¢'x) for ¢eGL(n), where ¢' denotes the trans-
pose of ¢.

A set K cR" is said to be a star body about the origin, if the line segment
from the origin to any point x € K is contained in K'and Khas continuous and
positive radial function p, (). Here, the radial function of K, p, :S"" —[0,%0),
is defined by

Py (u)=max{l:Au e K}.

Note that if K'be a star body (about the origin) in R”", then K can be uniquely

determined by its radial function p, (-) and vice verse. If « >0, we have
px(ax) = ailpK (x) and  p, (x) = apy (x).

More generally, from the definition of the radial function it follows imme-
diately that for ¢ € GL(n) the radial function of the image ¢K ={gy:ye K}
of star body Kis given by p,,(x) = py (¢7'x), forall xeR".

If K,LeS! and A,u>0 (not both zero), then for p >0, the L, -radial
combination, 1K+, uL €S, is defined by (see [15])

p(lK —T_p luL")p = lp(Ka)p +:up(L7')p' (2.1)

If a star body K contains the origin o as its interior point, then the Minkowski

functional ||-||, of Kis defined by
|| x]|x=min{iA>0:xe AK}.
In this case,
1x1lc= g (¥) = he (),
where K~ denotes the polar set of K; which is defined by
K ={xeR":(x,y)<lforall ye K}.
It is easy to verify that for ¢ € GL(n),
(¢K) =¢ 'K,

where ¢ denotes the reverse of the transpose of ¢. Obviously, (K') =K
(see [13] for details).

Let K and L be two convex bodies in R" . According to [4], if

oeKc LcR", we call a pair (x,y) e R"xR"a contact pair for (K,L) if it

satisfies:
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1) xeKnoL,
2) yeL nokK’,
3) (x,y)=1.
If x,yeR", we denote by x®y the rank one projection defined by
x®yw)=(x,uyy forall ueR".
The geometric distance J;(K,L) of the convex bodies K'and L is defined by
o (K, L)y=inf{laf:a>0,>0,(1/ ) Lc K cal}.

3. Proof of Main Results

First, we prove that ] , (") is a norm with respect to L -radial combination in
S;'. Apparently, 1 (K)>0 and [,(K)=0 if and only if K ={o}. At the
same time, l;(cK) =cl~P(K) if real constant ¢ >0. In addition, it is follows
that

L(K¥, L)< (K)+1 (L).

Indeed, we have

1

LT, 0=([,, o8, (97,0)"

= ([, PE A7, )+ [, pf ()7, ()7

<([, Pt 0, (x))i +([.. Pt 7, ()7
=1 (K)+1,(L).

Therefore, I; () is a norm with respect to L, -radial combination and S,
is normed space for /().

Now, we prove the optimization theorem of John [2] (see [10] also).

Lemma 3.1. Let 7:R"Y - R bea C'-function. Let Sbe a compact metric
space and G:R"xS >R be continuous. Suppose that for every seS,
V.G(z,s) exists and is continuous on R" xS .

Let A={zeR":G(z,5)>0,forallseS} and z,e.A satisfy

F(zy) =min__, F(z).

Then, either V_F(z))=0 , or, for some 1<m<N , there exist
8,8,,,8, €S and A,4,,---,4, €R such that G(z,,s,)=0,42>0 for
1<i<m,and

V. F(z) =Y AV.6(z.5).
i=1

Using a similar argument as that in [1], we give the proof of Theorem 1.1.
Proof of Theorem 1.1. For N =n’, we define F:R" - R by

F@=1L,6K) = ([, 175 dr, )" (3.1)

where ¢eR" is the linear mapping from R” to R”".Clearly F is C'.For
S=KxL ,define G:R"xS >R by
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g(¢a (X,y)) = l_<¢xay>-
The set

A={zeR" :G(z,5) 20,58}

is just the set of elements ¢eR" such that ¢K < L. If Kis in extremal posi-

tion of min {l~ ,(#K):0epK < L,p € GL(n)}, then F attains its minimum on
A at [ ,namely,

F(1,)=1,(K)=min{l (¢K):0€ ¢K < L,¢ € GL(n)}.

Now we prove V,F(I,). It follows from (3.1) that

F@=([. 1651 a7, (x))%

x| %
[(2@ 27 xS e deJ

et Vo
[(2@ 2(detg)[ NI xlld e J :

It is easy to obtain that for non-degenerate ¢, we have

V¢g(¢’(x=y)) = —V¢<¢X,y> = V¢<x®y’¢> =—x®y

and
\¢x\ q
v¢f<¢)— 7). (det¢)JNHx||K e
\(N
<| @x) ety [Lllxlide
gl
-27) (det¢)‘|-R1|x||K e * x®xdx |,
where l+—= , (¢")" denotes conjugate of transposed transformation of
p

¢',and ¢ isinverse transform of ¢ e GL(n).

Since F attains its minimum on A at z, =/,, combining with Lemma

3.1, it follows that for some m < N, there exist 4,20, s, €8, 5 =(x,,
1<i<m,such that

(x,-,y,? zl—g(ln,(x,.,y,.)):L I<i<m,

and
1 _r
v, F,) = ;(z (K)) 7 [, (1, =x®x0) || x|l dy, (x)
Z ¢g(1n,(x,,y, ) (3.2)
= _Z%xi ®y;.
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From (xi,yi>=l,xi eKclL,y el cK°, we yield x,edL and y, €dK".
Taking the trace in (3.2), we have

T (V,F(1,))

: Tr[%(ip(K))_Z Jo (4, =x®x) || [l dy, (x)]

=%(1;(K))Z[nfwll x [ dy, ()= [, [P 1 dy, ()]
= l(ip (K))7§ [nj': r”""’lei%dr _ J’: I’"‘"”erzdr] J.SM 1617dS(0)
p

_r

1,- B -
=;(zp (K)) ¢ (Pl lIx I dr, ) =1,(K).
Suppose A = cl.l;7 (K) . Together with (3.2), we obtain

[, c®x-1)|x]7dy, (@) = pd, (K Xex ® ),

i=1

where Zci =1. This completes the proof. i

i=1
If L=B; and G(¢,x)=1-|¢x[’, then using the same method in the proof
of Theorem 1.1, we obtain
Corollary 3.2. Let K be a convex body such that o e K < B, . If Kis in ex-
tremal position of (1.7), then there exist contact points u,,u,,---,u, € 0K nS"!

with m<n* and €y, "5, >0, such that,
L =], (:®x)da(x)-pYcu, ®u, Ye =1,
i=1 i=1
where dji(x) is the probability measure on R" with normalized density

dii(x) =l| x|l dy, (x)/ (T, (K))".

Proof of Theorem 1.2. Suppose that ¢ L(R",R") and &>0 is small
enough. Then

¢ = (min_,, || u—epull )L, —ep)”
satisfies @K < Bs,pK NS"" # @ . Therefore
[L 1= egx [ dy, () < (@, (K (min__. [[u—agull) "
Let u, beapointon S"" atwhich the minimum is attained. Observe that
[ x—egx |l =l x|l +epllx [l (VA (x).4x)+ O(e”)
and
\u, —egu, ["=1+eplu,,du,)+0(g).

Since u, € S""' and ||-||,>|-|, we have
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[ P I (Vi (), 9x)dy, (x)+ O(e)

. -P
(min, o, llu—egull) 1

3 (3.3)
)p lu, —egu, 7 -1

o P
s(lp(K))
s(ip([()
= (LK) (p{u,.gu,) + O(2)).

If uis a contact point of Kand B, then
Itel @Il u—egullc2lu, —epu, | 2llu, [l —ll 1l

It follows that
Iy, g <1+2¢] 9| (3.4)

In order to obtain a sequence & —0 and a point ueS""' such that
u, >u.lIf k — oo, it follows from (3.4) that ||u||,= %irn llu,, [=1. Namely, u
—®0

is a contain point of K'and B . By (3.3), we obtain
[NV A (), 8x)dy, () < (1, (K)) Cu, pu).

Taking ¢ for —¢, we can find another contact point u' of K and B)
such that

[ 1127 (VA (), )y, () = (KDY s g,
Choosing ¢,(x) =(x,0)0 with 0eS"", we get (1.6). i

4. Estimate of the Distance

Lemma 4.1. (see [16]) Let x =(x,,x,,=-,x,) € R" and
J’:(J’p)’za’”,yn)eR”. If

O<m<x, <M, 0<m, <y, <M,, k=1--,n,

then

2
\/Mle +\/m1m2 ,
n n mm M M n
sofr |l g
k=1

Lemma 4.1 implies that if x,y eR", then there exist a constant c¢ e (0,1)
such that

[(x.y)2clxlly]. (4.1)

Suppose that K'is a centrally symmetric convex body in R" such that Kis in
the extremal position of (1.7). Now we estimate the geometric distance between
Kand Bj.

Theorem 4.1. Let K = B, be a centrally symmetric convex body in R". If
Kis in the extremal position of (1.7) and 1< p <3, then

~ n n
¢,,B, cKcB,
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where

o LB Jrep+
n,p \/;

r s ,ce(0,1).
EY iy 4
2 2T (——
( 5 )

Proof. It follows from Corollary 3.2 that K satisfies

m

I, = jR,, (X®x)dﬁ(x)—p§c,.ui ®u,, IZ:;C" =1,

where dji(x) is the probability measure on R”" with normalized density
da(x) =l x [l dy, (0 /@, (K))".

For yeK and u, €S""'. By (4.1), there exists a constant ce(0,1) such
that |[(y,u,)[>c|y|.So we obtain

[P =y P)daE 2| yP Yo =ap| vl -

i=1

That is,
(ep+ D[ yP< ], 10x) P dii(x).

Since || x| 2[{x,»)|, we have

[ ) Pllx Il dy, (o) < [ K B2 dy, ()

2

=27) [, KO, [ dS(O)[ """ "e 2 dr
_r 1 -
=22l
2
From John’s theorem, for every centrally symmetric convex body K'in R",
there is a corresponding to the ball 1B’ such that AB! ¢ K = \nAB} (1>0).

Take A =1/~/n.We obtain LB; c K ¢ B) . Thus,

n

Lip (B)Y<I (K)<I (B)).
n

Therefore, we get

]—E 3_p P
2 2I'(—)
|y\s~ﬁ 2
1B Vr(ep+1)

and the result yields. i
Giannopoulos et al. in [5] proved that if Kis in a position of maximal volume

1
in L, then K c L cnK, which is equivalent to —| x|, <|| x|, <|| x|y for all
n

xeR" . Hence it follows that
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Furthermore, let ¢ € GL(n) . Since ¢K < B, isin the maximal volume posi-

1
tion of K contained in B, , we have — B, c ¢K < B, . Thus

N

Ls 5’(¢K)<1.

Jn 1B T

Finally, we propose the following concept of /,-norm: Let K be a convex

bodyin R", we define / -norm by
I,(K)=exp([ , log || x| 7,(x)).

We propose an open question as follows: How should we solve the extreme

problem

min{/,(¢pK):0€¢K c L, € GL(n)}?
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