"‘0 Scientifi Journal of Modern Physics, 2018, 9, 2223-2232
cientific ) . . )
‘ “ Research http://www.scirp.org/journal/imp

94% Publishing ISSN Online: 2153-120X
* ISSN Print: 2153-1196

Statistical Derivation of the Fundamental
Scalar Field

B. 1. Lev12

'"Bogolyubov Institute for Theoretical Physics of the NAS of Ukraine, Kyiv, Ukraine
2Department of Physics, Chungnam National University, Daejeon, Korea

Email: bohdan.lev@gmail.com

How to cite this paper: Lev, B.L. (2018)  Abstract
Statistical Derivation of the Fundamental
Scalar Field. Journal of Modern Physics,9, ~ Based on a nonequilibrium statistical operator, it has been shown that the

2223-2232. fundamental scalar field provides a natural representation of the repulsive in-
https://doi.org/10.4236/jmp.2018.912140

teraction that produces scattering in the system and thus motivates law of en-

Received: September 14, 2018 tropy increasing.

Accepted: October 15, 2018
Published: October 18, 2018 Keywords

Copyright © 2018 by author and Statistical Physics, Fundamental Scalar

Scientific Research Publishing Inc.
This work is licensed under the Creative
Commons Attribution International

License (CC BY 4.0). The standard methods of the equilibrium statistical mechanics cannot be applied
http://creativecommons.org/licenses/by/4.0/

to the study of systems with long-range interactions because relevant thermody-

namic ensembles can be nonequivalent inasmuch as equilibrium states corres-

pond only to local entropy maxima [1] [2], in particular, since energy is
not-additive, and cannot use the canonical ensemble to study the system with
long-range interaction. Two types of approaches (statistical and thermodynamic)
have been developed to determination the equilibrium states of such interacting
system and describe possible phase transition. It is generally believed that mean
field theory is exact for systems. Since in mean field theory any thermodynamically
function depends on the thermodynamically variables only through the dimen-
sionless combinations and the system is thermodynamically stable but the ther-
modynamically limit does exist [3].

The purpose of this paper is to develop a new approach [4] [5] to the statistic-
al description of a system of interacting particles with regard for spatial inho-
mogeneity of the particle or the field distribution. In order to describe such
structures, it is necessary to work out a method that would enable us to select the

states with thermodynamically stable particle distributions [6]. The main idea is
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to give a detailed treatment of an interacting system in terms of the principles of
nonequilibrium statistical mechanics [7]. The representation of the partition
function in terms of the functional integral over external fields makes it possible
to employ the methods of the quantum field theory [8]-[15]. The extension to
the complex plane provides a possibility to apply the saddle-point method to
find the dominant contributions to the partition function and to obtain all the
thermodynamical functions of the system. It allows selecting the system states
associated both with homogeneous and inhomogeneous particle distributions.

This method is based on the Hubbard-Stratonovich representation of the par-
tition function [16]. We employ the saddle-point approximation taking into ac-
count the conservation laws for the number of particles and energy and thus ob-
tain a nonlinear equation. The latter provides a statistical description in terms of
mathematical physics and may be treated as a natural definition of the field va-
riables. In this way we can answer the question of how the fundamental scalar
field appears in the field theory with the necessary condition, to consider the
nature of this field and the spatial features of its behavior. The answer to this
question should follow from the statistical nature of the interaction and the
thermodynamic law of entropy increase.

The phenomenological thermodynamics is based on the conservation laws for
the average values of physical parameters, ie, the number of particles, energy,
and momentum. The statistical thermodynamics of nonequilibrium systems is
also based on the conservation laws, but for the dynamical variables rather than
their average values. It represents local conservation laws for the dynamical va-
riables. In order to determine the thermodynamical functions of a nonequili-
brium system, a representation of the relevant statistical ensembles is needed
with allowance for the nonequilibrium states of the system. The concept of
Gibbs ensemble can provide a description of nonequilibrium stationary states. In
this case we can determine a nonequilibrium ensemble as a totality of systems
contained under similar stationary external conditions. To determine a local
equilibrium ensemble exactly, we have to find the distribution function or the
statistical operator of the system [7]. We can assume that nonequilibrium states
of the system can be written in terms of the spatial distribution energy H(r)
and the microscopic particle density n(r)z Z[é' (r—rl.). Then the statistical

operator [7] of the local equilibrium distribution is given by:
0 :J.DFexp{—J.(,b’(r)H(r)—n(r)n(r))dr} (1)

The integration in this formula should be carried out over the whole phase
space of the system. It should be noted that in the case of local equilibrium dis-
tributions the Lagrange multipliers f (r) and 77(r) are functions of spatial
points. The local equilibrium distributions may be introduced provided the re-
laxation time of the whole system is much longer than the relaxation time in any
local macroscopic area contained in this system. The thermodynamic relation
for interacting systems can be obtained under this condition. The variation of
the statistical operator with respect to the Lagrange multipliers yields the
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olnQ,

required thermodynamic relations as given by [7] _é'ﬂ( ):<H(r)>1 and
r
i ln(Q—; :<n(r)>l. These relations provide a natural general extension of the
n\r

well-known relation for equilibrium systems to the case of non-equilibrium sys-
tems.
In the general case, the Hamiltonian of a system of interacting particles can be

written as
p 1
H=> 1 +=->U(rr, (2)
Z,-:Zmi ZIZ]: ( ! )
where p, and m, is impulse and mass every particle and U (r,.rj) deter-
mines the energy of the repulsive interaction. The energy density can present in

the form:

H(r)= 5;((:.))n(r)+%jU(r,r’)n(r)n(r’)dr' (3)

The nonequilibrium statistical operator of an interacting system is given by

0= _[DF exp{—j{ﬂ(r) 5;((:_)) - U(r)}n(r)dr

= Iﬂ(r)U(r,r’)n(r)n(r')drdr'}

(4)

1
where DI'=—— | |drl.dpl. for the integration over the phase space.
2nh)

In order to perform formal integration in the second term of this presentation,
we introduce additional field variables within the context of the theory of Gaus-

sian integrals [8] [16] Ze.,

oxp {_% Iﬂ(r)a)(r,r')n(r)n(r’)drdr'} -

= ID(// exp {—%J‘ﬂ(r)a)l (r,r" )y (r)y (r')drdr’ — VIWW (r)n(r)dr}
l:[d v,
Jdet2nfo(r,r')

satisfies the condition @' (r,r')a)(r’,r”) = 5(r—r") . Thus, the interaction

where Dy = and o' (r,r') is the inverse operator that

energy is represented by the Green function for this operator and v* =#1 in
accordance with the sign of the interaction of the potential energy. The intro-
duced field variable ¢(r) contains information similar to the original distribu-
tion function, Ze., complete information concerning probable spatial states of
the system. In this way introduced field which describe behavior of the distribu-
tion of the interacting particles.

The statistical operator can be rewritten in the form given by
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= J.DFJ-D!// exp {—I(ﬂ(r) 5;((1;)) -n(r)- imz// (r)Jn(r)dl} 0, (6)

where Q,, =exp {—%J‘ﬁ (r)U((r, l")_1 w(r)y(r) drdr'} follows from the interaction

in terms of the field variable. The latter general functional integral can be inte-
grated over the phase space. We substitute the definition expression for the den-

sity, then the nonequilibrium statistical operator reduces to

0= v i Tt >exp{[ 2l ]} "

where &(r)=expn(r) is the chemical activity. Integration over all the mo-

Zh) N!

ments reduces the real part of the non-equilibrium statistical operator to a sim-
ple expression [4] [9] given by

3

Q,=JDwQ,,,,expjf(r)(szjz s(VB(rw (r)) |dr (8)

For the general case of long-range interaction, e.g., Coulomb like or Newto-
nian gravitation interaction in continuum, the limiting inverse operator should
be treated in the operator sense, ie, U~ (r,r')=-L =-L.6(r—r'). For the
case of long-range interaction between particles, the non-equilibrium statistical

operator can be written as

= oy e { [ (1) o () + €00 (e)eos((BTI (1) Jar] 9

0| —

h2
where A(r)= (ﬂj is the thermal de-Broglie wavelength in each spatial

2m(r)

point. In the general case, the non-equilibrium statistical operator is given by
= [Dy exp{S (v (r).&(r). B(r))} (10)

with the effective non-equilibrium “local entropy” being described by the ex-

pression

S = j[ r)Ly(r)+<&(r cos(my/(r )]dr (11)

The statistical operator is suitable to apply the efficient methods developed in
the quantum field theory without additional restrictions on either integration
over the field variables or the perturbation theory. The functional
S(y/(r),é(r),ﬁ (r)) depends on the field distribution, the chemical activity,
and the inverse temperature. After that we can apply the saddle-point method to
find the asymptotic value of the statistical operator O, as the number of par-
ticles NV tends to infinity. The dominant contribution is given by the states that
satisfy the extremum condition for the functional. It can be easily shown that the

saddle-point equation represents the thermodynamic relation and can be
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reduced to an equation for the field variable, =0, the normalization

oS
Sy (r)

condition j £(r)dr =N, and the energy conservation law for the system

S
3 (r)

I 5,2‘—‘(91‘)5 (r)dr = E . The solution of this equation completely determines all the
thermodynamical functions and describes the general behavior of interacting
systems with both spatially homogeneous and inhomogeneous particle distribu-
tions. The above set of equations in principle solves the many-particle problem
in the thermodynamical limiting case. The spatially inhomogeneous solution of
these equations corresponds to the distribution of interacting particles. It is very
important to note that only this approach makes it possible to take into account
the inhomogeneous distribution of the temperature that can depend on the spa-
tial distribution of particles in the system.

From the normalization condition and definition Ip(r)dr=N can intro-
duce some new variable which present the macroscopic density function
p(r)=A" (r)f(r)cos(mw(r)) . In the case without interaction ¢(r)=0
for free particles, if write the chemical activity in terms of the chemical potential
£(r)= exp( u(r) ,B(r)) from present definition can obtain the well-known re-
lation f (r) ,u(r) =In p(l‘)/\3 (r) that generalizes the relation of the equili-
brium statistical mechanics [17] [18]. The equation for energy conservation in

this case can present in the new form:
%I%(g,_\/mw(r)tg(my/(r)))dr=E (12)

Derivation of the energy-conservation equation over the volume yields a rela-

tion for the chemical potential, Ze.,
Lo = A e (BT (1)) - S = aole) 12

hence the chemical potential is given by

3

1
u(r)B(x)=J =B (F)ie({B(r)w (1)) (14)
This approach also provides the equation of state for the system within the

168
context of the thermodynamic relation for pressure P :EW for the case of

energy conservation. The local equation of state is now reduced to
1
P(e)A(e) = () () $(0) 5 | 03

3
In the case of an ideal gas l//(r) =0 we have uf=— and obtain the usual

equation of state P = p. Thus the equation of state reproduces the equation of

3
state of the ideal gas. The energy of the system is equal to E ZENkT , this
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formula is in accordance with the previous well-known results [18]. Within the

context of the definition (15) we can conclude that, under the condition

1
,u(l')/)’(r) < 5 there appears negative pressure P(r) <0 that satisfies the

necessary vacuum condition in the cosmology. It holds under the special condi-

tion 1/ﬂ(r)!//(r)tg(,lﬁ(r)l//(r))<2, for constant temperature and for

1
the total energy of the system E <5NkT . This condition implies that the

energy of each particle is lower than the thermal energy. In this special case the
energy of the system is lower than the total thermal energy of particles, that is
impossible.

The possibility to apply the saddle-point method and thus to select the system
states whose contributions in the partition function are dominant [6]. The solu-
tions obtained equations associated with the finite values of the functional may
be regarded as thermodynamically stable particle and field distributions. On this
solution we must determine the general relation between thermodynamic para-
meter and their spatial dependence. Thus the spatially inhomogeneous distribu-
tion of the fields can be unambiguously related to the spatially inhomogeneous
particle distribution. In general approach all thermodynamic parameter ie.
(pressure, chemical potential, density) dependence from spatial point and de-
pendence one from other. Actually, this approach extends the average field ap-
proximation to involve into consideration spatially inhomogeneous field distribu-
tions. In our case the introduced field describes the nature of repulsive interac-
tion and can present the fundamental scalar field which correspond for the scat-
tering in the system.

If introduce the new field variable ¢ = W(//(r) and take into account the
definition of the chemical potential (14) can rewrite the macroscopic density in

the form given by

p(r)sAf(r)exp{—%gp(r)tg(p(r)}cosq)(r) (16)

. . o np(r)e \?
where the de-Broglie wavelength is renormalized, ie, A, = 2—() . The
m(r

local entropy in terms of the new variable after substitution obtained relation in

(11) is given by

S = I\/ﬂ \//f)r;) +A (r )exp{—%go(r)tgq)(r)}cosq)(r) dr (17)

For constant temperature and equal particles masses the local entropy in the

mean-field approximation can be presented as

5- j{ )L (r )+A;3exp{—%(p(r)tggo(r)}cosgo(r)}dr (1s)

DOI: 10.4236/jmp.2018.912140

2228 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.912140

B.I. Lev

Now the equation for the field variable can be rewritten as

dv
2L,,rco(r')—ﬁ%=0 (19)

where the potential energy V (¢)=p(r)=A; exp[—%qz)(r)tggo(r)jcos o(r) is

a function of the field variable in the above form. This potential has a minimum
for 3sin2¢p=-2¢. For small values of ¢ we have two different solutions
¢=0 and ¢’ =1.Forsmall ¢ the effective potential is given by a very simple
expression V((p)z(l—goz) and the equation for the field variable reduces to
2L..¢(r')+2Pp(r')=0. In the general case the potential energy of the field
possesses oscillation character with decreasing amplitude. This fully relation
with necessary condition of the cosmological model natural inflation was pro-
posed in article [19]. After that we can analyze the probable spatial solution for
the field variable and the behavior of the field in the time. In order to provide
this, the knowledge of particle interaction energy with relevant specifics is re-
quired. It is well-known from cosmology reasoning that galaxy scattering is as-
sociated with the fundamental scalar field. We have shown above that the repul-
sive statistical interaction can be described in terms of the field ¢= Wl// (r) .
We suppose that the introduced fields are fundamental scalar fields responsible
for the statistical motivation of the scattering of matter. From this assumption
we can find the energy of interaction between two masses located in different
spatial point. As follows from cosmology, two masses scatter with the velocity
v=H (r-r') where H is the Hubble constant and r—r’ is the distance be-
tween them. The kinetic energy of the relative motion for each mass is given by

m(r

T= %H 2(r- r')2 and thus the energy of interaction between two masses lo-
m(r m(r'
cated in different spatial points is W (r—r') = %Hz (r—r') + (T)H2 (r—r').
For homogeneous distribution of masses, the last expression can be rewritten as
W(r—v')=m(r)H*(r—r')". In terms of such interaction energy, the inverse
operator is given by

1 &

o T T2 12 (20)
mH~ dr

Having determined the inverse operator, we can present the spatial depen-

dence of the fundamental scalar field as the solution of the equation

2 d’ dv
Lo _p0(0)_,, 1)
mH”* dr do
For small values of ¢ the latter transforms to the equation
d’p 2
—+ PmHp=0 (22)
dr

that has a periodical solution ¢:cos(«/m/3Hr) with the spatial period

. For distances shorter than this value we can regard the fundamental

1
JmpH
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scalar field to be invariable. However, the fundamental scalar field can change in
time. To describe the evolution of such fields, we can present a dynamical equa-
tion.

In our case, however, this field motivates the repulsive interaction in the sys-
tem and the entropy increase. The behavior of the solution of the equation is
similar to the behavior that follows from the usual equation for the scalar field
and formation of a new-phase bubble of the fundamental scalar field. The
present solution can describe the formation of a bubble of a new phase in the
theory of inflation of the Universe [20] [21] [22], and the field variable intro-
duced plays the role of the fundamental scalar field and takes into account the
repulsive interaction in the system under consideration. In the general presenta-
tion, formula (11) can describe the condition of new phase formation, the size of
the bubble, and other parameters of the thermodynamical behavior of such sys-
tems. This non-equilibrium statistical description concerns only probable dilute
structures of such systems, it does not describe metastable states and tells noth-
ing about the time scales in the dynamical theory. In this way, however, we can
solve complicated problems of the statistical description of interacting systems.
For this purpose we have to derive a dynamical equation for the field. In this
sense we can use the Ginsburg-Landau equation for the fundamental scalar field

in the standard form given by

op(r,1) SS

ot i Sp(r) 23)

where y is the dynamical viscosity coefficient [23]. In this case all the neces-
sary conditions satisfy the thermodynamic relation. We can suppose that the
motivation of the Universe dynamics is associated with the entropy increase.
The evolution in the non-equilibrium state is governed by the local entropy
landscape and the morphological instabilities of the parameter. The dynamics of
the system is dissipative, and it should result in the decrease of the local entropy.
This solution obtained equation which gives the answer on the equation: what is
motive scattering of the matter. Dynamic of formed Universe can be only dissip-
ative and for description of existence of Universe we must take into account its
nonequilibrium conditions.

Interacting particle systems are non-equilibrium a priory. Before relaxing to
the thermodynamic equilibrium, isolated systems with long-range interactions
are trapped in non-equilibrium quasi-stationary states whose lifetimes diverge as
the number of particles increases. A theory was presented which allows us to
quantitatively predict the instability threshold for spontaneous symmetry
breaking for a class of d-dimensional systems [24]. Non-equilibrium stationary
states of the systems were described in article [25] which concluded that
three-dimensional systems do not evolve to thermodynamic equilibrium but are
trapped in non-equilibrium quasi-stationary states. We propose an approach
that provides a possibility to quantitatively predict the particle distribution in a

system with special repulsive interaction. In this way we can solve the compli-
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cated problem of the statistical description of systems with special repulsive in-
teractions and introduce a new field variable that reduces this task to the solu-
tion of the cosmological problem. Moreover, this method may also be applied
for the further development of physics of self-gravitating and similar systems

that are not far from equilibrium.
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