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Abstract

In this paper, we study the nonexistence of solutions of the following time
fractional nonlinear Schrédinger equations with nonlinear memory

iagD;lu+Au=ﬂoltI_y(|u|p)a XERN’ t>0,
u(0,x)=g(x), xeR",

where O<a<y<l1, i“ denotes the principal value of i, p>1, T>0,
2eC\{0} , u(t,x) is a complex-value function, /|7 denotes left

Riemann-Liouville fractional integrals of order 1-y and {Du is the

Caputo fractional derivative of order « . We obtain that the problem admits

2(a+1- -
no global weak solution when 1<p<1+(06—N)/) and l<p<1+l—y
a

a
under different conditions for initial data.
Keywords

Fractional Schrédinger Equation, Nonexistence, Cauchy Problems, Nonlinear
Memory

1. Introduction

This paper is concerned with the nonexistence of solutions to the Cauchy

problem for the time fractional nonlinear Schrédinger equations with nonlinear

memory
i“ng‘u+Au=ﬂ,oltl_7(|u|p), xeRY, >0, W
u(O,x) = g(x), xeRY,
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a a

where O<a<y<l, i denotes principal value of i, p>1, T>0,
A=A +24ieC\{0},4,4, eR, u=u(t,x) is a complex-valued function,
g(x)=g/(x)+g,(x)i, g(x) and g,(x) are real-valued functions. ./~
denotes left Riemann-Liouville fractional integrals of order 1-y and

%0];7“ (u(t,x) —u(O,x)).

For the nonlinear Schrédinger equations without gauge invariance (ie

Cna,, _
ODru_

a=y=1),

{iuz+Au:/1|up,xeRN,t>0, @)

u(O,x)zg(x), xeR",

Ikeda and Wakasugi [1] and Ikeda and Inui [2] [3] proved blow-up results of

solutions for (2) under different conditions for

2 4
l<p<l+— and l<p<l+—.
P N P N

The main tool they used is test function method. This method is based on
rescalings of a compactly support test function to prove blow-up results which is
first used by Mitidieri and Pohozaev [4] to show the blow-up results.

Recently, it has been seen that fractional differential equations have better
effects in many realistic applications than the classical ones. So, considerable
attention has been attracted to time fractional diffusion equation which arises in
electromagnetic, acoustic and mechanical phenomena etc. [5], and is derived
from classical diffusion equation by replacing the first-order time derivative by a
fractional derivative of order o with a e (0,1]. Fractional diffusion equation
was explicitly applied to physics by Nigmatullin [6] to describe diffusion in
media with fractal geometry (special types of porous media). There are many
papers about the existence and properties of solutions for fractional differential
equation, see for example [7] [8] [9] [10] [11] and the references therein.

For nonlinear time fractional Schrdodinger equations (Ze, (1) with y=1),
Zhang, Sun and Li [12] studied the nonexistence of this problem in C| (RN )

and proved that the problem admits no global weak solution with suitable initial

2
data when 1<p <1+ﬁ by using test function method, and also give some

conditions which imply the problem has no global weak solution for every
p>1.

In [13], Cazenave, Dickstein and Weissler considered a class of heat equation
with nonlinear memory. They obtained that the solution blows up in finite time
and under suitable conditions the solution exists globally. In [14], using test
function method, the authors considered a heat equation with nonlinear
memory, they determined Fujita critical exponent of the problem.

Motivated by above results, in present paper, our purpose is to study the
nonexistence of global weak solutions of (1) with a condition related to the sign

of initial data when
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2 1- -
M and 1<p<1+1—7/.

I<p<l+
P aN a

This paper is organized as follows. In Section 2, some preliminaries and the

main results are presented. In Section 3, we give proof of the main results.

2. Preliminaries and the Main Results

For convenience of statement, let us present some preliminaries that will be used
in next sections.
If ng“feLl(O,T) , geCl([O,T]) and g(T)=0, then we have the

following formula of integration by parts
[Tgoprfie = (f(r)-£(0)) D gdr. (3)

We need calculate Caputo fractional derivative of the following function,

which will be used in next sections. For given 7>0 and »n >0, if we let
t n
lI-—|, t<T,
o(1)= [ TJ

then

Dip() =g e (1-4] e,

F(n+1—a)

(see for example [15]).

Now, we present the definition of weak solution of (1).

Definition 2.1. Let geLl,Uc(RN) , 0<a<y<l and T>0, we call
uel’ ((O T),L;, (RN)) is a weak solution of (1) if

jRNIO A 07 <|u|p )(p +ig(x) (Df pdidx = J‘RNIOTu (Ago+ i’ fDﬁ(p) drdx

for every @eCl (RN X[O,T]) with  supppccR” and ¢@(x,T)=0 .
Moreover, if 7>0 can be arbitrarily chosen, then we call z is a global weak
solution for of (1).

Denote
(x)—cosﬂ2 gl(x)—smnzagz(x), Gz(x):cos%gz(x)+sin%gl(x)

and f=1-y.

The following theorems show main result of this paper.
2(a+
Theorem 2.2. Let 1< p<l1 +@[—Nﬁ). If gel (RN) and satisfies
a
Af G (x)dx>0, or 4 G, (x)dx>0,

then problem (1) admits no global weak solution.

Theorem 2.3. If l<p<1+£, let y(x)= U ’VNZ*‘X dx) e’VNZ*‘X It
a
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ge L](RN) and satisfies

Af G (%) 2(x)dx >0, or 4 [ G, (x)z(x)dx>0,

then problem (1) admits no global weak solution.

3. Proofs of Main Result

In this section, we prove blow-up results and global existence of mild solutions
of (1).
Proof of Theorem 2.2. If

2(a+ﬁ)

l<p<l+——=%,
P aN

for the case ﬂ,lj G,(x)dx>0, we may as well suppose that 2 >0 and
I G, (x)dx>0. Let @eC (RN) such that ®(s)=1 for [s|<1, @(s)=0
for |s|>2 and 0<®(s)<1.For T >0, we define

2

o (x)= [@[TZ MDPPI AOE (1—%”1 m> max{l,@}, te0.7].

Let (p(x,t) = fo(p] (x)(z)2 (t) Assuming that u is a weak solution of (1), and

since a+ <1, wehave

Re| ["Alu|" g, +i"g (x) @, S Dy pydedx
= Re|_ f u(Ap,) (D, +iug, Dy ,didx.

t

that is
IRNJOT e oo, +[COS nza g —sin"- 5 gzj% \Df Py drdx
=IRNJ.Z(Reu)(A¢I)fDTﬂ¢2 (COSTREM —sm%lmujgol DEP g dedx  (4)

<.[ij |u|( Agol DT¢2+¢1CDg+ﬂ¢2)dtdx.

Note that
1 1

(A9,) SDL g, + 6, D5y < CT g (5)
for some positive constant C independent of 7. Then, by (4), (5) and Hélder
inequality, we have

AIRVJ‘ |u| go,(pzdtdx+j f [cosTgl—sm 5 gzjcpl D’ g, drdx
1 1
—(a+ T b p
<cr D[ [ ful o o) dxde
—(a+p)+ N el T 1
<CT [ ? J p (J.RNIO |u|p golgozdxdt)p

1aN P( ﬂ)
<CT * IRV.[ |u|p @ 0,drdx.
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Hence

I+ aNip(a-ﬁ-ﬂ)

[ G (x)pde<cT >

2 + +
Since p< 1+M , we have o+ f+— aN M <0. Therefore, if
aN 2 p-1
the solution of (1) exists globally, then taking 7 — oo, we obtain
[ 4Gy (x)dx <0,

which contradicts with the assumption.
For case /12.[ G, (x)dx >0, we have

Imf J Al g+ g (x) 0, Dy P gy
—ImJ. J A(pl Dﬁ¢2+z up, D p,dxdt.

Then by a similar proof as above, we can also obtain a contradiction.
Proof of Theorem 2.3. We only consider the case A4 >0

and

e (x) (x)dx >0, since other cases can be proved by a similar method. Take

welCy (RN) such that

|s
and 0<y(x)<1, xeR". Let y,(x) (fj = -. Suppose that z is a
n

bounded weak solution of (1), taking

o (%)= 2(x)v, (%), (¢) :[1_%)m . max{2,M}’

p-1

and define (D(X t) °Dip (x ( )(p2 (t) , then using the definition of weak solution

of (1) and since a + /3 <1, we derive that
Re| [ 2lu|" i, +ig (x) ¢, S Dy pydxdr
= Re|_, j u(A@,) DL, +i“up, D g, dxdt.
Since
Ap =A(xy,)=(Ax)y, +2Vr -V, +(Ay, ) x
and
N X’ Ei

|AZ|= - + + <3y,
W ef Nl (N2+IX|2)%

by (6) and dominated convergence theorem, let 7 — oo, we have

IRNJ.oTﬂl lu|” 2o, + z(cos%gl (x)—sin%g2 (x)j DI’ g, dxdt

r o . ma s
< J.]RN.[O 3Ju| x {Df o, + ;{[COSTReu —smTImu) D g, dxdt.

(6)

(7)
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Hence, by Jensen’s inequality and (7), we have

ﬂ'lJ.oT(J.RN |u| ;()p @,dtdx + J.RNJ.OTZ[COS%gl (x) - sin%g2 (x)) fD}“ﬂq)zdtdx

= jRNj()T3|u| 2 Dlo, + Z|”| Dy p,dxdt.

Denoting f(t)= IR‘N |u| ydx,and 4= J‘R‘V;((cos%gl (x) —sin%g2 (x)jdx ,

then we have

T TC a+,
Af fTpdi+ A, D p,di

T r a+,
<3 f(Dfp.di+] f(DF " pydt
N L1
= 3‘[0 fole,” fo¢)2dt+_[0 fore,” D op,dt
1 1

<A [T rgdi+ Cllp, 7 (CDf, )i di+ Cf g, (D2, ) d
=5k Pz + L)(Dz (z T%) I+ J.O(oz (z T (02) L.

Thus,

s (atp)
LA l-a-p 1’5—1 = p-1
5 jof @,dt + CAT™ 7 <C|T "' +T

So,

B mGar)

a+pf———

A<c|T "+T 7|,

B

since p<1+7, we get 4<0 by taking 7 — oo, which contradicts with the
o

assumption. Therefore, if ueC([O,T)xRN;R) is a solution of (1), then

T

<400,
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