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Abstract 
In this article, we propose efficient methods for solving two stage transship-
ment problems. Transshipment problem is the special case of Minimum cost 
flow problem in which arc capacities are infinite. We start by proposing a 
novel problem formulation for a two stage transshipment problem. Later, spe-
cial structure of our problem formulation is utilized to devise two dual based 
heuristics solutions with computational complexity of O (n2), and O (n3) re-
spectively. These methods are motivated by the methods developed by Sharma 
and Saxena [1], Sinha and Sharma [2]. Our methods differ in the initialization 
and the subsequent variation of the dual variables associated with the trans-
shipment nodes along the shortest path. Lastly, a method is proposed to ex-
tract a very good primal solution from the given dual solutions with a com-
putational complexity of O (n2). Efficacy of these methods is demonstrated by 
our numerical analysis on 200 random problems. 
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1. Introduction 

Minimum cost flow problem can be described as a preparation of minimum cost 
plan for the transportation of certain number of units from source to sink to sa-
tisfy the demand at each sink. One or more layers of transshipment nodes are 
present between the sources and sinks, which act as buffer. Weintraub [3] is at-
tributed with the development of one of the first primal based algorithms to 
solve minimum cost flow problem with convex costs. A variant of negative cycle 
algorithm is used which aims to identify most negative cycle and subsequently 
induces it iteratively into the feasible flow. Plotkin and Tardos [4] later proposed 
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a polynomial time algorithm for min cost flow with computational complexity of 
O (m4). Pseudo flow is maintained by the algorithm such that it satisfies the 
complimentary slackness conditions while performing flow augmentation from 
the nodes with positive excess to nodes with negative excess. Algorithm is ter-
minated when all the excesses are reduced to zero. Ahuja et al. [5] has employed 
advanced data structures to solve primal simplex algorithm for min-cost flow. 
They have further documented that transshipment problem can be solved by 
enhanced capacity scaling algorithm in O (n log (n) S (n, m)) time, where n and 
m are the number of nodes and number of arcs in a network respectively. S (n, 
m) refers to running time of shortest path problem with n nodes and m arcs. 
Enhanced capacity scaling algorithm and repeated capacity scaling algorithm 
runs in O (n3 log (n)) and O (n2 log (n) S (n, m)) time respectively (Ahuja et al. 
[5]). Further cost scaling algorithm can be used to solve min cost flow problem 
in O (n3 log (n)). Hence, best primal based approach solves the transshipment 
problem with the time complexity of O (n3 log (n)). Recently Juman and Hoque 
[6] have proposed an efficient heuristic with O (n3) running time to solve unca-
pacitated balanced transportation problem. Performance of this heuristic is bet-
ter than Vogel’s Approximation Method (VAM), which is one of the most pop-
ular primal based methods to obtain a very good initial basic feasible solution. 

Next, we review some popular dual based procedures to solve min cost flow 
problem. Busakar and Gowan [7] are attributed for developing successive short-
est path algorithm. It successively identifies the least cost paths between the 
source and sink and allocates the maximum capacity on the residual network 
while maintaining the dual feasibility. Algorithm terminates when residual net-
work contains no admissible path between the source and the sink or when the 
flow is maximal (primal feasibility is achieved). First polynomial time algorithm 
to solve min cost flow problem was proposed by Edmonds and Karp [8]. It is a 
specific implementation of Ford-Fulkerson algorithm in which breadth first 
search is used to find the shortest path in intermediate stages. Computational 
complexity of the algorithm is O ((n + m) log U). Helgason and Kennington [9] 
has used linear programming formulation of the network flow problem to ana-
lyze dual simplex method. Plotkin and Tardos [4] had proposed an efficient pi-
voting strategy with complexity of O (m2n) for the dual simplex method pro-
posed by Orlin [10]. This reduces the number of pivoting steps required for dual 
simplex method. According to Ali et al. [11], efficient execution of each pivot in 
dual based methods requires less number of iterations when compared with 
primal based algorithm. However, each pivot operation may require higher 
computational effort.  

Our approach in this article to solve two stage transshipment problems is dif-
ferent from the approaches discussed above. We pose the two stage transship-
ment problem differently and exploit the special structure of the problem to de-
vise two computationally attractive dual based procedures with the computa-
tional complexity of O (n2) and O (n3) respectively. We also propose a method 
(with computational complexity of O (n2)) to extract good primal solution from 
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an existing dual solution. These methods are motivated by Sharma and Saxena 
[1], and Sinha and Sharma [2]. Solution proposed by these methods can be used 
as an initial basic feasible solution to get an advanced start for the exact methods 
proposed by Orlin [10], Plotkin and Tardos [4], and Ali et al. [11]. Next we give 
problem formulation for two stage transshipment problem.  

2. Problem Formulation 

We next present the mathematical formulation of the primal problem and dual 
problem respectively. 

2.1. Constants of the Problem  

lD  refers to the absolute demand at the lth demand node, while ld  is the de-
mand at market l as a fraction of total market demand. Hence we have 

1

L

l l l
l

d D D
=

 =   
∑  and 

1
1

L

l
l

d
=

=∑ , 

where L is the total number of demand nodes. Similarly iS  refers to to absolute 
number of units available for transportation at the source node i and  

1

L

i i l
l

s S D
=

 =   
∑ . If the problem is balanced, then we have 

1 1

I L

i l
i l

s d
= =

=∑ ∑ , I is the 

total number of supply nodes. 1 , 2 , 3ij jk klC C C  is the cost of transporting 
1

L

l
l

D
=
∑  

units from node i to j, j to k and k to l respectively.  

2.2. Decision Variables  

1 , 2 , 3ij jk klx x x  is the absolute number of units transported from node i to j, j to k 
and k to l respectively. We further have  

1 1 1
1 1 , 2 2 , 3 3

L L L

ij ij l jk jk l kl kl l
l l l

X x D X x D X x D
= = =

     = = =          
∑ ∑ ∑  

Primal of the problem can be formulated as under – 

2.3. Primal (P) 

Minimize:  

1 1 1 1 1 1
1 1 2 2 3 3

I J J K K L

ij ij jk jk kl kl
i j j k k l

C X C X C X
= = = = = =

+ +∑∑ ∑∑ ∑∑             (1) 

Subject to:  

1 1
1 1 ,

I J

ij
i j

X i I j J
= =

= ∀ ∈ ∈∑∑                     (2) 

1 1
2 1 ,

J K

jk
j k

X j J k K
= =

= ∀ ∈ ∈∑∑                    (3) 

1 1
3 1 ,

K L

kl
k l

X k K l L
= =

= ∀ ∈ ∈∑∑                    (4) 
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( ); ,
1ij i

j i j N
X s i I

∈

− ≥ − ∀ ∈∑                    (5) 

( ); ,
3kl l

k k l N
X d l L

∈

− ≥ − ∀ ∈∑                   (6) 

( ) ( ); , ; ,
2 1 0jk ij

k j k N i i j N
X X j J

∈ ∈

− = ∀ ∈∑ ∑               (7) 

( ) ( ); , ; ,
3 2 0kl jk

l k l N j j k N
X X k K

∈ ∈

− = ∀ ∈∑ ∑              (8) 

1 , 2 , 3 0 , ,ij jk klX X X i I j J k K≥ ∀ ∈ ∈ ∈  and l L∈         (9) 

In this formulation we assume forward unidirectional flows. Equation (1) mi-
nimizes the cost of transportation of units from source nodes to sink nodes 
while satisfying the supply and demand constraints. Equation (2) ensures that 
entire supply is transported from supply nodes to meet the demand, which is va-
lid for the balanced problem. Equation (3) and Equation (4) ensures that the en-
tire supply is transported between the layers of transshipment nodes and de-
mand nodes respectively. Equation (5) and Equation (6) are supply and demand 
constraints respectively. Equation (7) and equation (8) ensures that no inventory 
is accumulated on any transshipment nodes. Equation (9) is the non-negativity 
constraint. 

2.4. Dual of the Problem (DP) 

In this section we present the dual of the problem P. We associate  
1, 2, 3, , , 1 , 2i l j kV V V U V W W  as the dual variables corresponding to (2), (3), (4), 

(5), (6), (7) and (8) respectively. We first state the dual of the problem as DP and 
then divide it into two parts as DP1 and DP2 for computational simplicity.  

1) DP 
Maximize:  

1 2 3 i i l l
i I l L

V V V sU d V
∈ ∈

+ + − −∑ ∑                (10) 

Subject to:  

1 1 1 ,i j ijV U W C i I j J− − ≤ ∀ ∈ ∈              (11) 

2 1 2 2 ,j k jkV W W C j J k K+ − ≤ ∀ ∈ ∈            (12) 

3 2 3 ,l k klV V W C k K l L− + ≤ ∀ ∈ ∈             (13) 

, 0i lU V ≥ , 1, 2, 3, 1 , 2j kV V V W W  unrestricted         (14) 

2) DP1 
Maximize:  

1 2 i i
i I

V V sU
∈

+ −∑                     (15) 

Subject to:  

1 1 1 ,i j ijV U W C i I j J− − ≤ ∀ ∈ ∈             (16) 

2 1 2 2 ,j k jkV W W C j J k K+ − ≤ ∀ ∈ ∈           (17) 
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0iU ≥ , 1, 2, 1 , 2j kV V W W  unrestricted          (18) 

3) DP2  
Maximize:  

3 l l
l L

V d V
∈

−∑                       (19) 

Subject to:  

3 2 3 ,l k klV V W C k K l L− + ≤ ∀ ∈ ∈             (20) 

0lV ≥ , 3, 2kV W  unrestricted              (21) 

3. Theoretical Results 

We start with the development of the heuristic for the dual solution, and then 
move on to develop heuristic for the primal. Let ilSP  denote the length of 
shortest path from i to l such that kljkijilSP λλλ ++= , such that  

kljkij λλλ ,, denotes the length of path from i to j, j to k and k to l in a shortest 
path ilSP . 

SPS = { ilSP : ilSP  is the shortest path between i and l} ,i I l L∀ ∈ ∈  
Problem TP 
Minimize:  

,
il il

i l
X SP∑                          (22) 

Subject to:  

il i
l L

X s i I
∈

= ∀ ∈∑                      (23) 

il l
i I

X d l L
∈

= ∀ ∈∑                      (24) 

0 ,ilX i I l L≥ ∀ ∈ ∈                     (25) 

Theorem 1: Problem P and Problem TP are equivalent. 
Proof: Since all the arcs capacities are unbounded in the transshipment prob-

lem, hence optimal flow for a pair of source and sink nodes will always be on 

ilSP . This ensures that any further reduction in the objective function value is not 
possible. Therefore optimal solution to problem TP gives the optimal solution to 
problem P and hence problem TP and P are equivalent. Hence proved. 

4. Solution Procedures  
4.1. Description of Heuristic 1 (H1) 

We extend this heuristic from our previous article on single stage transshipment 
Sinha and Sharma [2] problem to two stage transshipment problem. Unlike heu-
ristic developed for single stage transshipment problem, we will decrease the 

1 jW  along the shortest path after substituting 0iU i I= ∀ ∈ . We next describe 
this heuristic in detail. 

Step 1: Sort ,ilSP i I j J∀ ∈ ∈  in the ascending order and select the ilSP  
from top of the list. 
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Step 2: Assign 1 , 2 , 3ij jk klV V Vλ λ λ= = = , and ( )1 max 1 1j j ijW V C j J= − ∀ ∈  
Step 3: ( )2 max 2 1 2k j j jkW V W C k K= + − ∀ ∈  

( )max 1 1 1i j j ijU V W C i I= − − ∀ ∈  
( )max 3 2 3l k k klV V W C l L= + − ∀ ∈  

Step 4: Evaluate DP = DP1 + DP2 and retain the best solution. 
Step 5: Repeat step 3 by decreasing value of 1 jW  in steps j J∀ ∈ . 
Step 6: Goto step 1 and repeat the entire process for all ilSP  from the sorted 

list. 
Result 1: Computational complexity of the algorithm is O (n2). 
Proof: Complexity of this algorithm is dominated by the step 1 which can be 

solved in O (n2) time. 

4.2. Description of Heuristic 2 (H2) 

In the previous algorithm, we tinkered with value of 1 jW  along ilSP  l L∀ ∈ . 
There is no reason as to why we cannot tinker with the values of , , 2i k kU V W  
along ilSP . We define ( )1 1 1ij i jC V U W− + + , ( )2 2 2 1jk k jC V W W− + −  and  
( )3 3 2kl l kC V V W− + −  as source slack, transshipment slack and sink slack re-
spectively ( 1, 2, 3S S S ). Next we describe this heuristic in detail. 

Step 0: Sort values of ilSP  in SPS in ascending order and set ( )*
minil ilSP SP= ,  

1j = . 
Step 1: Set ( ) * * *1 max 1 1 , 1 , 2 , 3j j ij ij jk klW V C V V Vλ λ λ= − = = =  such that  

* * *, ,ij jk klλ λ λ  belongs to *
ilSP  j J∀ ∈ . 

Step 2: Compute max_value of DP1 and DP2 by increasing value of  
, , 2i l kU V W  and retain the maximum value of (DP1 + DP2). 
Step 3: Decrease the value of 1 jW  in steps and repeat the step 2. 
Step 4: 1j j= + , If j J> , then goto step 5 else goto step 1. 
Step 5: Stop 
Result 2: Heuristic 2 runs in O (n3) time. 
Proof: Complexity of the heuristic is dominated by step 2 which can be com-

pleted in O (n3) steps. 

4.3. Description of Heuristic 2 (H2) 

We refer Sharma and Prasad [12] for developing a heuristic to get a good primal 
solution after having yielded a good dual solution. This is due to the structural 
similarity between the two problems. Solution to dual problem DP can be ex-
pressed as ( ){ } ( ){ }, 1, 2, 3, 1, , ,i lDP V V V U U i I V V l i L= ∀ ∈ = ∀ = . Slack  

1, 2, 3S S S  is defined as following: 
1 1 1 1ij i jS C V U W= − + + , 2 2 2 1 2jk j kS C V W W= − − + ,  

3 3 3 2kl l kS C V V W= − + − ( ) ( ) ( )1, , 1, , 1,i I j J k K∀ ∈ ∈ ∈ . If 1 0, 2 0S S= =  
and 3 0S = , then 1 0ijX ≥ , 2 0jkX ≥  add 3 0klX ≥ . In other words primal 
variables for the arc ( ) ( ) ( ), , , , ,i j j k k l  (i.e. 1 , 2 , 3ij jk klX X X ) can assume posi-
tive value if the corresponding dual slacks for these arcs are zero. This is known 
as complementary slackness condition. We utilize this condition to devise a me-
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thod to extract good primal solution from an existing dual solution. Let ilSP  
denote the total slack for a shortest path between node i and node l i.e.  

,
, , ,

min 1 2 3il j k
i j j k k l

SP S S S
 

= + + 
 
∑ ∑ ∑ . 

We further define deviation number as *il il ilDN SP X= . According to compli-
mentary slackness condition, for a primal optimal solution, we have  

0il
i I l L

DN
∈ ∈

=∑∑ .  

If 0ilSP = , positive flow can be allocated to the corresponding path without vi-
olating the complimentary slackness property. Further, positive flow cannot be 
allocated to the path with 0ilSP > . As we are working with good dual solution 
(and not optimal dual solution), we may have to send positive flow along a path 
even if corresponding 0ilSP > . But the heuristic described below, tries to mi-
nimize ilDN  and hope to keep complementary slackness violations as low as 
possible to get good primal solution. If algorithm terminates with  

0il
i I l L

DN
∈ ∈

=∑∑ ,  

then we have the optimal primal solution. ilDN  is similar to Kilter number 
(Clasen [13]) for solving general min-cost-flow problem. 

We find shortest path from every source node “i” to every sink node “l” using 
these slacks as weights, and then make the allocations according to shortest path 
available. Detailed heuristic is described as under:  

Step 0: 0, , , ,ij jk klX X X i I j J k K l L= = = ∀ ∈ ∈ ∈ ∈  
Step 1: Compute ,min 1 2 3il j k ij jk klS S S S = + +  . Let min be at *j  and *k

, , ,i I j J k K l L∀ ∈ ∈ ∈ ∈ .  

1 1 1 1 ,

2 2 2 1 2 ,

3 3 3 3

ij ij i j

jk jk j k

kl kl l k

S C V U W

S C V W W

S C V V W

= − + +

= − − +

= − + −

 

Step 2: Sort all ilS  in increasing order. 
Step 3: Choose ilS  from the top of the list such that 0ld >  and 0is >  and 

goto step 4, if all Sil are processed then goto step 5 
Step 4: ( )* * * *

* * *min , , ,l i l i i l lij j k k
X X X s d a s s a d d a= = = = = − = − , remove 

ilS  from the list then goto step 3. 
Step 5: Stop. 
Result 3: Computational complexity of the algorithm is O (n2). 
Proof: Complexity of this algorithm is dominated by the step 2 which can be 

solved in O (n2) time. 

5. Numerical Analysis and Conclusions 

In this section, we discuss the efficacy of our methods by implementing them on 
large size randomly generated problems. 200 problems of the size 200 × 200 ×  
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Table 1. Numerical analysis. 

S. No. 

Optimal Solution Heuristic Solutions 

Value 
No. of  

Iterations 

H1 H2 H3 

Value % closeness 
No. of  

iterations 
Value % closeness 

No. of  
iterations 

Value % closeness 

1 25.603 1902 24.724 96.57 915 24.841 97.02 1093 26.002 98.44 

2 28.389 1686 27.152 95.64 951 27.696 97.56 1136 29.069 97.6 

3 23.348 1996 22.579 96.71 989 22.923 98.18 1004 23.766 98.21 

4 26.266 1928 25.285 96.27 972 25.968 98.87 1007 27.448 95.5 

5 29.317 1602 28.05 95.68 1085 28.479 97.14 1405 30.387 96.35 

6 20.429 1897 19.761 96.73 1001 20.046 98.13 1347 20.963 97.39 

7 22.95 2070 22.234 96.88 932 22.425 97.71 1054 22.96 99.96 

8 24.807 1899 23.992 96.71 908 24.557 98.99 1118 25.76 96.16 

9 25.338 1622 24.373 96.19 1010 24.831 98 1139 26.013 97.34 

10 27.062 1608 26.063 96.31 992 26.321 97.26 1145 27.328 99.02 

11 32.236 1656 31.357 97.27 1008 31.904 98.97 1108 32.354 99.63 

12 22.552 1709 21.468 95.19 1035 22.321 98.98 1068 23.08 97.66 

13 29.848 1910 29.139 97.62 936 29.201 97.83 1013 30.015 99.44 

14 28.787 1868 27.936 97.04 923 28.486 98.95 1030 29.287 98.26 

15 33.297 1723 32.311 97.04 1062 32.889 98.77 1195 33.566 99.19 

16 27.195 1765 26.619 97.88 1041 26.752 98.37 1396 27.235 99.85 

17 36.083 1600 35.041 97.11 1042 35.703 98.95 1400 37.425 96.28 

18 38.338 1843 36.598 95.46 948 37.557 97.96 1110 38.432 99.75 

19 32.103 1924 30.855 96.11 915 31.371 97.72 1220 33.341 96.14 

20 32.501 1997 31.306 96.32 971 31.911 98.18 1217 32.937 98.66 

21 32.103 1870 31.091 96.85 939 31.205 97.2 1139 32.999 97.21 

22 28.521 1688 27.507 96.44 1038 28.031 98.28 1086 29.194 97.64 

23 33.562 1803 31.92 95.11 964 32.767 97.63 1057 34.862 96.13 

24 27.991 1921 26.914 96.15 1097 27.475 98.16 1268 28.573 97.92 

25 26.399 1789 25.341 95.99 960 26.113 98.92 1257 27.291 96.62 

26 30.113 1975 29.22 97.03 1001 29.441 97.77 1301 31.28 96.12 

27 31.175 1780 30.248 97.03 910 30.427 97.6 1142 31.648 98.48 

28 31.705 1717 30.929 97.55 1083 31.012 97.81 1225 32.16 98.56 

29 28.521 1790 27.34 95.86 977 27.817 97.53 1224 28.958 98.47 

30 32.103 1739 30.917 96.31 965 31.407 97.83 1230 33.207 96.56 

31 31.573 2066 30.315 96.02 1030 30.738 97.36 1154 33.149 95.01 

32 33.43 1744 32.073 95.94 1074 32.647 97.66 1191 33.92 98.53 

33 36.348 1963 34.536 95.01 949 35.449 97.53 1178 37.078 97.99 

34 28.919 1664 27.669 95.68 1076 28.479 98.48 1146 29.306 98.66 

35 32.634 1804 31.533 96.63 982 32.021 98.12 1135 32.783 99.54 

36 30.379 1772 29.458 96.97 1012 29.954 98.6 1118 30.674 99.03 

37 31.573 1920 30.342 96.1 1049 30.833 97.66 1412 32.254 97.84 

38 34.624 2033 33.096 95.59 983 34.175 98.7 1051 36.346 95.03 

39 33.562 1687 32.627 97.21 1097 32.631 97.23 1210 34.597 96.92 
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Continued 

40 32.766 2017 31.964 97.55 1048 32.378 98.82 1276 34.21 95.59 

41 33.828 1795 32.903 97.27 968 33.474 98.95 1276 34.84 97.01 

42 28.123 1984 27.533 97.9 1095 27.51 97.82 1220 28.862 97.37 

43 28.256 1894 27.006 95.58 981 27.972 98.99 1238 29.427 95.86 

44 30.777 1662 29.455 95.7 901 30.294 98.43 1047 31.647 97.17 

45 27.46 1912 26.143 95.2 1091 26.995 98.31 1323 27.668 99.24 

46 28.654 1868 27.282 95.21 977 28.074 97.98 1034 28.989 98.83 

47 30.246 1766 29.132 96.32 1100 29.717 98.25 1325 31.417 96.13 

48 27.593 1896 26.54 96.18 1084 26.841 97.27 1121 28.392 97.1 

49 30.379 1808 29.537 97.23 928 29.877 98.35 1129 30.866 98.4 

50 29.848 1945 29.079 97.42 977 29.197 97.82 1226 30.681 97.21 

51 31.573 1750 30.496 96.59 1097 31.16 98.69 1099 33.006 95.46 

52 29.317 1966 28.071 95.75 928 28.975 98.83 1008 30.075 97.41 

53 29.848 1699 28.388 95.11 958 29.046 97.31 1237 30.094 99.18 

54 30.644 1684 29.615 96.64 998 29.831 97.35 1263 30.885 99.21 

55 28.919 1922 27.515 95.15 1001 28.42 98.27 1230 29.989 96.3 

56 35.42 1885 33.791 95.4 1091 34.603 97.69 1223 36.64 96.56 

57 33.562 1875 32.533 96.93 1077 33.152 98.78 1139 33.788 99.33 

58 36.614 1853 34.998 95.59 945 35.967 98.23 1070 37.097 98.68 

59 35.95 1939 34.515 96.01 1095 35.326 98.26 1305 36.183 99.35 

60 33.032 1699 31.534 95.47 977 32.107 97.2 1148 33.21 99.46 

61 33.828 1826 32.918 97.31 908 33.372 98.65 948 34.395 98.32 

62 35.022 1858 34.046 97.21 904 34.557 98.67 922 36.04 97.09 

63 32.634 1934 31.154 95.46 1030 32.224 98.74 1141 33.557 97.17 

64 28.521 2089 27.782 97.41 982 27.785 97.42 1001 29.692 95.89 

65 31.705 2081 30.801 97.15 1046 30.757 97.01 1240 33.151 95.44 

66 30.777 1889 30.092 97.77 1091 30.078 97.73 1143 30.79 99.96 

67 32.899 2050 31.784 96.61 942 32.164 97.77 1181 33.478 98.24 

68 32.766 1835 31.181 95.16 1031 32.378 98.82 1065 33.969 96.33 

69 29.981 1810 28.593 95.37 1033 29.453 98.24 1332 30.401 98.6 

70 29.317 2072 28.279 96.46 1058 28.933 98.69 1317 30.329 96.55 

71 28.654 1807 27.92 97.44 994 28.062 97.93 1156 29.984 95.36 

72 30.246 1648 29.486 97.49 988 29.617 97.92 1017 31.496 95.87 

73 27.593 1748 26.433 95.8 912 26.874 97.39 971 28.582 96.42 

74 30.379 2011 29.242 96.26 1053 29.474 97.02 1171 31.868 95.1 

75 29.848 1618 28.395 95.13 1022 29.125 97.58 1267 30.08 99.22 

76 31.573 1775 30.619 96.98 973 30.689 97.2 1114 32.826 96.03 

77 29.317 1911 27.907 95.19 1014 28.624 97.64 1310 29.478 99.45 

78 29.848 1809 29.078 97.42 962 29.158 97.69 1056 30.743 97 

79 30.644 1862 29.983 97.84 1029 30.033 98.01 1229 31.761 96.35 

80 28.919 2056 27.679 95.71 1003 28.305 97.88 1058 28.994 99.74 

81 35.42 1952 34.63 97.77 948 34.373 97.04 1079 36.863 95.93 

82 33.562 1644 32.607 97.15 1030 32.67 97.34 1207 34.431 97.41 
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83 36.614 1635 35.325 96.48 989 35.862 97.95 1064 37.161 98.51 

84 35.95 2083 34.376 95.62 1010 34.983 97.31 1112 35.959 99.97 

85 33.032 1621 31.486 95.32 961 32.315 97.83 1034 34.665 95.06 

86 33.828 1655 32.966 97.45 1078 33.328 98.52 1091 33.844 99.95 

87 35.022 1739 33.572 95.86 1041 34.336 98.04 1161 35.794 97.8 

88 32.634 1882 31.102 95.31 1073 32.127 98.45 1347 33.935 96.01 

89 28.521 1833 27.607 96.8 997 27.671 97.02 1319 29.437 96.79 

90 31.705 1908 30.177 95.18 1044 31.282 98.67 1179 32.171 98.53 

91 28.654 2100 27.304 95.29 1090 28.216 98.47 1256 29.47 97.15 

92 30.246 1623 29.174 96.46 964 29.584 97.81 972 31.334 96.4 

93 27.593 1761 26.694 96.74 1070 26.936 97.62 1100 28.672 96.09 

94 30.379 1732 29.673 97.68 1097 29.641 97.57 1216 31.743 95.51 

95 29.848 1746 29.165 97.71 1092 29.038 97.29 1145 31.008 96.11 

96 31.573 2093 30.271 95.88 933 30.749 97.39 1095 31.814 99.24 

97 29.317 1792 28.009 95.54 1096 28.583 97.5 1293 30.008 97.64 

98 29.848 1973 28.944 96.97 951 29.271 98.07 1072 30.638 97.35 

99 30.644 1805 29.88 97.51 944 29.793 97.22 1176 31.521 97.14 

100 28.919 2051 28.073 97.07 991 28.373 98.11 1250 29.095 99.39 

101 35.42 1989 33.983 95.94 922 34.713 98 968 36.873 95.9 

102 33.562 1635 32.64 97.25 1074 32.678 97.37 1321 34.599 96.91 

103 36.614 1637 35.487 96.92 967 35.72 97.56 973 38.221 95.61 

104 35.95 1847 35.098 97.63 991 35.24 98.03 1008 37.664 95.23 

105 33.032 1672 32.005 96.89 1010 32.055 97.04 1158 34.67 95.04 

106 33.828 1910 32.56 96.25 948 33.322 98.5 1233 34.991 96.56 

107 35.022 1873 34.029 97.16 922 34.45 98.37 1070 36.456 95.91 

108 32.634 1867 31.951 97.91 1022 31.71 97.17 1188 33.124 98.5 

109 28.521 1639 27.166 95.25 904 27.937 97.95 1119 29.465 96.69 

110 31.705 2062 30.197 95.24 919 31.28 98.66 1023 32.43 97.71 

111 28.654 1648 27.823 97.1 1000 28.245 98.57 1099 29.432 97.28 

112 30.246 1725 29.14 96.34 941 29.813 98.57 1075 31.376 96.26 

113 27.593 1876 26.26 95.17 1098 27.149 98.39 1396 27.987 98.57 

114 30.379 1845 29.487 97.06 1065 29.637 97.56 1272 30.767 98.72 

115 29.848 1947 28.453 95.33 1096 29.219 97.89 1123 30.496 97.83 

116 31.573 1670 30.896 97.86 986 30.726 97.32 995 31.97 98.74 

117 29.317 1997 27.993 95.48 1024 28.873 98.49 1291 30.492 95.99 

118 29.848 1902 28.961 97.03 991 28.976 97.08 1094 29.996 99.5 

119 30.644 1707 29.963 97.78 965 30.195 98.53 1251 32.093 95.27 

120 28.919 1714 27.974 96.73 1017 28.537 98.68 1167 30.3 95.22 

121 35.42 1697 34.098 96.27 1078 34.58 97.63 1422 36.336 97.41 

122 33.562 1672 32.465 96.73 1042 32.567 97.04 1361 33.799 99.29 

123 36.614 1632 35.431 96.77 1064 36.16 98.76 1384 38.335 95.3 

124 35.95 1945 34.944 97.2 1046 35.484 98.7 1271 35.982 99.91 

125 33.032 1993 31.835 96.38 901 32.269 97.69 1204 33.681 98.04 
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126 33.828 1975 32.522 96.14 947 33.38 98.68 1039 34.969 96.63 

127 35.022 1802 34.284 97.89 1029 34.039 97.19 1311 36.592 95.52 

128 32.634 1710 31.804 97.46 978 31.755 97.31 1082 32.809 99.46 

129 28.521 2036 27.511 96.46 923 27.68 97.05 1189 29.437 96.79 

130 31.705 1945 30.32 95.63 907 31.305 98.74 1178 32.816 96.5 

131 28.654 1709 27.329 95.38 1023 28.345 98.92 1208 29.311 97.71 

132 30.246 1696 29.613 97.91 911 29.535 97.65 930 31.162 96.97 

133 27.593 1789 27.014 97.9 926 27.091 98.18 1201 28.907 95.24 

134 30.379 1688 29.253 96.29 997 29.672 97.67 1128 31.763 95.44 

135 35.42 1938 34.468 97.31 909 34.359 97 1183 35.656 99.33 

136 33.562 1783 32.864 97.92 927 32.785 97.68 1168 34.262 97.91 

137 36.614 1872 35.053 95.74 1082 35.981 98.27 1432 38.223 95.61 

138 35.95 1661 35.187 97.88 931 34.965 97.26 990 37.1 96.8 

139 33.032 1874 31.656 95.83 1011 32.544 98.52 1330 34.014 97.03 

140 33.828 1728 32.797 96.95 1078 33.337 98.55 1246 34.237 98.79 

141 35.022 1825 33.467 95.56 1043 34.125 97.44 1160 35.261 99.32 

142 32.634 2086 31.325 95.99 919 31.877 97.68 1067 34.034 95.71 

143 28.521 1647 27.504 96.43 1077 27.907 97.85 1090 28.917 98.61 

144 31.705 2018 30.83 97.24 1062 30.881 97.4 1145 32.629 97.09 

145 30.777 1999 29.414 95.57 1094 30.424 98.85 1380 31.287 98.34 

146 32.899 1759 32.042 97.4 1062 32.172 97.79 1113 33.638 97.75 

147 32.766 1692 31.13 95.01 966 32.031 97.76 1027 32.906 99.57 

148 29.981 1690 28.568 95.29 904 29.574 98.64 907 30.3 98.94 

149 29.317 1939 28.522 97.29 1030 28.654 97.74 1038 29.728 98.6 

150 28.654 1720 27.827 97.11 1012 28.286 98.72 1307 29.607 96.67 

151 31.811 1632 31.137 97.88 1087 31.035 97.56 1386 32.632 97.42 

152 29.53 1666 28.483 96.45 1083 28.911 97.9 1441 29.802 99.08 

153 30.074 1800 29.327 97.52 1053 29.246 97.25 1406 30.424 98.84 

154 30.869 2084 29.676 96.14 951 30.324 98.23 1264 32.205 95.67 

155 29.132 1762 28.216 96.86 1046 28.46 97.69 1063 29.344 99.27 

156 35.685 1963 34.605 96.97 916 35.129 98.44 1013 37.414 95.15 

157 33.814 1725 32.64 96.53 904 33.176 98.11 1198 34.084 99.2 

158 36.879 1774 35.697 96.79 922 36.113 97.92 1214 38.068 96.78 

159 36.216 1639 35.334 97.56 986 35.306 97.49 1135 37.799 95.63 

160 33.271 1907 31.929 95.97 928 32.537 97.79 989 34.617 95.95 

161 34.08 1896 32.697 95.94 928 33.367 97.91 973 35.279 96.48 

162 35.274 1782 34.415 97.56 926 34.365 97.42 1191 35.909 98.2 

163 32.873 1948 32.085 97.6 1070 31.967 97.24 1100 34.001 96.57 

164 28.734 1796 27.386 95.31 1032 28.01 97.48 1064 29.12 98.66 

165 31.944 1875 30.738 96.22 914 31.341 98.11 1165 33.383 95.5 

166 31.002 1632 30.117 97.15 917 30.22 97.48 1179 31.638 97.95 

167 33.138 1760 32.371 97.69 1093 32.459 97.95 1122 34.161 96.91 

168 33.005 1679 32.263 97.75 1051 32.343 97.99 1085 33.857 97.42 
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169 30.206 1690 29.525 97.75 924 29.786 98.61 1148 30.683 98.42 

170 29.53 1904 28.175 95.41 983 29.142 98.69 1251 30.241 97.59 

171 28.866 2099 27.465 95.15 1022 28.497 98.72 1063 29.962 96.2 

172 30.471 1844 29.125 95.58 1013 30.116 98.83 1152 30.899 98.6 

173 27.792 1925 26.911 96.83 1075 27.284 98.17 1288 28.518 97.39 

174 30.604 1613 29.843 97.51 1046 30.265 98.89 1169 31.232 97.95 

175 30.074 1796 29.029 96.53 916 29.263 97.3 1195 30.437 98.79 

176 31.811 1868 30.529 95.97 954 31.036 97.56 1080 32.345 98.32 

177 29.53 1925 28.805 97.54 991 29.178 98.81 1041 30.377 97.13 

178 30.074 2083 28.801 95.77 1066 29.306 97.45 1235 31.112 96.55 

179 30.869 1919 29.589 95.85 927 30 97.18 952 31.952 96.49 

180 29.132 2088 28.527 97.92 943 28.324 97.23 990 30.496 95.32 

181 35.685 1690 34.545 96.81 1012 35.057 98.24 1062 37.088 96.07 

182 33.814 2034 32.961 97.48 1019 33.378 98.71 1128 34.447 98.13 

183 36.879 2022 35.037 95.01 1095 36.445 98.82 1417 37.817 97.46 

184 36.216 1620 34.491 95.24 1032 35.826 98.92 1243 37.65 96.04 

185 33.271 2002 32.55 97.83 1030 32.451 97.54 1079 33.854 98.25 

186 34.08 1758 32.565 95.55 1074 33.42 98.06 1393 35.392 96.15 

187 35.274 1891 33.892 96.08 1080 34.277 97.17 1323 36.225 97.3 

188 32.873 2086 31.872 96.95 928 32.105 97.66 1086 33.52 98.03 

189 28.734 2032 28.011 97.48 934 28.154 97.98 1126 28.784 99.83 

190 31.944 1978 30.427 95.25 1049 31.009 97.07 1201 32.8 97.32 

191 28.866 2012 28.272 97.94 968 28.319 98.11 1230 29.195 98.86 

192 30.471 1810 29.861 98 1046 30.158 98.97 1249 31.487 96.67 

193 27.792 2088 27.171 97.77 988 27.048 97.32 1078 27.85 99.79 

194 30.604 1643 29.799 97.37 1083 29.753 97.22 1324 30.702 99.68 

195 30.074 2005 28.642 95.24 977 29.371 97.66 1075 30.22 99.51 

196 31.811 1891 31.098 97.76 967 31.208 98.1 1145 32.195 98.79 

197 29.53 1692 28.792 97.5 1050 29.006 98.23 1300 30.518 96.65 

198 30.074 1786 28.779 95.69 975 29.507 98.11 1033 31.367 95.7 

199 30.869 1981 30.046 97.33 1034 30.071 97.41 1394 30.943 99.76 

200 29.132 1879 28.038 96.24 998 28.819 98.93 1206 29.394 99.1 

 
200 × 200 are solved. Heuristic methods on these problems are implemented in 
C++. Optimal solution was obtained from problem implementation in CPLEX 
in GAMS. We compare the number of iterations and the duality gap for these 
problems in Table 1. As shown, our methods are capable of reducing the com-
putational effort (number of iterations) significantly while not compromising 
much on duality gap. Heuristic solutions by H1 and H2 are capable of achieving 
on an average 96% and 98% closeness to optimal solution. Computational com-
plexity of these methods has already been discussed. We later intend to extend 
this work to general case of Minimum cost flow problem with finite arc capaci-
ties. 
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