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httpy//creativecommons.org/licenses/by/4.0/ e of the most important object in astrodynamics is the restricted three-body

(oHom
P problem, which has many applications in space missions. It deals with the

motion of an infinitesimal mass under the effect of gravitational attraction of

1. Introduction

two bodies, called primaries, which move in a Keplerian orbit around their
common center of mass.

This problem has five libration points: three of them are called the collinear
points L,,L, and L., which lie on the line joining the two primaries; the other
two are called the triangular points L, and L [1] [2]. Several studies have
been carried out on the collinear libration points by considering the oblateness
of one or two primaries for the circular restricted three-body problem. Sharma
and Subbarao [3] investigated the the locations of the five libration points under

the effect of oblateness of the more massive primary for some systems of celestial
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bodies. Ibrahim A. [4] investigated the libration points for the Sun-Earth-Moon
System. Ismail M. [5] studied the effect of solar radiation pressure on the
libration points of the restricted four-body problem.

The existence of the periodic orbits near the collinear libration points was
treated by many authors. Grgory A. [6] determined a class of Eight Lissajous
orbits near collinear libration points by using Lindstedt Poincares technique.
Celletti A. [7] analyzed the Lissajous and halo orbits near the collinear libration
points by using the classical perturbation theory. In this paper, the restricted
three-body problem is studied by considering the more massive primary as an
oblate spheroid. The Lissajous orbits in this case are presented, and also the

phase spaces are obtained.

2. Equations of Motion

Using a barycentric-synodic coordinate system (&,7,{) and dimensionless
variables, the equations of motion of a test particle in the circular restricted
three-body problem under the effects of oblateness of the bigger primary can be

expressed as

£-2mp =U; M
fj+2nf:U” (2)
¢=U, (3)
where,
U, =én _(1—ﬂ)(3u+§)_(A(l—u)s)(f—ﬂ)_u(u+3§—1), "
Rl R] RZ

U, :nzn_n(l_s‘u)_ﬂ<A(15_ﬂ))_% (5)

R, R R;

1- A(l-

y, -4 3#)_5( (1 #))_4_;; ©

R, R R;

where R =p+¢& and R, =pu+&-1.
The mean motion n of the primaires is given by n’ :1+(3/2)A , where
A :(re2 —rp2 ) / (5R2) is the oblateness coefficient of m, having the equatorial

and polar radiias r, and r,, respectively.

3. Location of the Libration Points

The collinear equilibrium points can be obtained by solving Equations (4), (5)
and (6) when 7=¢ =0 thatyields
s (1w (u+é) (AQ=m))(E-#) p(u+é-1)

U.=én - - - )
TR R B

The coordinate of the collinear Points L,,L, and L, are

S=p-l-x, &=pu-1+x, &=p+x
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where x,x, and x,; satisfy seventh degree polynomials:
(3A+ 2))617 +(—3A,u +154-2u +10)xl6 +(—12A,u +304-8u+ 20))615
+(—18A4p+304 124 +22)x; +(-12Au+154—-4p+14)x] (8)
+(—6A4p+6A4+8u+4)x) +8ux, +2u=0
(3A + 2)x27 + (3Ay —154+2u— 10)x26 + (—12A,u +304-8u+ 20)x§
+(184u—30A4+12p—22)x) +(—124p+154— 4 +14)x; ©)
+(6Au—6A4-8u—4)x; +8ux, —2u=0
(34+2)x] +(3Ap+6A+2u+4)x] +(6Ap+3A4+4p+2)x;
+(3A;1+2,u—2)x;‘-i—(3A,u—3A—i-2,u—2)x33 (10)
+(6A4u—6A4—8u—4)x; +8ux,—2u=0
Each of Equations (8), (9) and (10) has three complex pairs roots, whose equal
imaginary parts in magnitude and only one real number represents the position
of corresponding collinear point. The intersections of curves for Figure 1 with

horizontal axis represent the three collinear libration points under the effect of

oblateness.

4. The Motion around Collinear Libration Points

To study the motion of an infinitesimal neighborhood around the libration

points the variationally variables (&,7,{) are introduced such that

S=x-xL,n=y-yL,J=z-zIL

where, xL,yL,zL, represent the shift around the collinear points.

i

The resulting linear variationally equations for motion about L, are written

as follows,
§-2mj=¢U +nU, +¢U,, (11)
fji+2né=nU, +{U,_ +EU,, (12)
201
15|

10fF

_5}

-10fF

-15 —

Figure 1. The positions of collinear libration points.

DOI: 10.4236/wjm.2018.86020 244 World Journal of Mechanics


https://doi.org/10.4236/wjm.2018.86020

A. H. Ibrahim et al.

where,
—— 34(1- p) N 154(1- pz) (e +x)’ L34
xx 5/2 7/2
2((,u+x)2+y2+zz)/ 2((y+x)2+y2+zz)/ 2
3ﬂ(ﬂ+x—1)2 N u
2 2 2 512 2 2 2 372
((,u+x—l) +y +z) ((,u+x—1) +y +z)
. 1-p 30— (ptx)
3/2 2
((y+x)2+y2+z2)/ ((y+x)2+y2+zz>5/
— 2 a—
U}yzl_ 15A(21 ﬂ)y 72 3A2(1 Iu) 5/2 +37A
2((,u+x) +y2+22) 2((y+x) +y2+zz)
3y’ 3(1-p)y°
- 2 5/2+ 2 2 2\
((/l+x—1) +y2+zz) ((,u+x) +y +Z)
_ H _ 1-u
3/2 3/2
((,u+x—1)2+y2+22)/ ((,u+x)2+y2+zz)/
U - 54(1-u)2 A(1-p)
zz 7/2 5/2
((,u+x)2+y2+22)/ ((/1+x)2+y2+22)/
. 3uz’ 3(1-)
2 2
((,Lt+x—l)2+y2+zz)5/ ((,u+x)2+y2+zz)5/
_ H _ 1-u
((,u+x—1)2+yz+zz)3/2 ((,u+x)2+yz+zz)3/2
_ 154 p)y(utx)  Buy(u+x-)
Xy »x 2((ﬂ+x)2+y2+22)7/2 ((ﬂ+x_1)2+y2+22)5/2
3(1-p) y(p+x)
((,u+x)2+y2+22)5/2
L 154(1- pt) z(u+x) ~ Buz(pu+x-1)
Xz zx 2((/_l+x)2+y2+22)7/2 ((ﬂ+x_1)2+y2+22)5/2
3(1-p)z(pu+x)
5/2
((,u+x)2+y2+zz)/
U U < 15A(1—,u)yz N 3(1—,u)yz
vz 2y ) 5 NE ) R 552
2((,u+x) +y +z) ((,u+x) +y +z)
3uyz

+ 52

((u+x—1)2+y2+zz)
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Because of all the libration points are in-plane, the partial derivatives
containing z-components are vanished. Therefore, Equations (11) through (13)

become
E-2mp=¢U, +nU,, (14)
fi+2né=nU, +¢&U, (15)
Then characteristic equation corresponding to Equations (14) and (15) is [8]
24U -U, +4n%)) 2 +U U, - U2, =0 (16)

At the collinear points the values of U >0, U, <0 and U, =0 hence
v.u,-u fy <0 so the roots of the characteristic Equation (16) are found to be
A, =4, A, =%is, 1 and sare real. Let the variational of elements depend

on time given by

§=4i&’ (17)

n= ﬂiZe”l" (18)

4(4-U.)

where 4, and f, are constant coefficients. and S = U
i Yy

(i=1,2,3,4).
To get the values of constants 4, and f,. Let &,7,,&, and 7, be the

=Ac »

initial coordinates and components of velocity then Equations (17) and (18) give

att=20
Ey = A+ A+ A4, + A, (19)
E =AM+ A2, + A + A, (20)
M =c (A4 +4,)+ic(A+4,) (21)
o =0k (4 +4,)+isc(4,+4,) (22)

By putting 4, =4, =0 to eliminate unstable frequencies A, and 4,, then
the Equations (19) through (22) become

Ey=A,+ 4, (23)
1, =ic( A+ 4,) (24)
1o =isc( A4y + 4,) (25)
E = A+ A4, (26)
& Ml
A4, =221 27
2 2 @7)
So . Mol
A, ==+— 28
2 2 (28)

Then Equations (17) and (18) become

. (Uoi)(em —efm) _ 1y sin(st)
2c - c

5 :%980 (e—ist +eist)

+¢&, cos(st) (29)
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n= %(Cfo)(em —e™ ) + %ino (e”” +e ) =1, cos(st)—c&ysin(st)  (30)

Lissajoues Orbits at Collinear Points for Earth-Moon System

To get the Lissajoues orbits around collinear points under the elffect of
oblateness, put 77, =0, in Equations (29) and (30) then 4, =4, = 4, =E§0

&[t]= A4; cos(st+9) (31)
n[t]=—A;sin(st + ) (32)
C[t] =4, cos(o +1v) (33)

where, ¢ and o are the phase angle.
Equations (31), (32) and (33) are used to determine the halo and Lissajoues
orbits around any collinear libration points under the effect of oblateness.

5. Phase Spaces at Libration Points

To get the periodic orbits about the libration points the following technique will
be used. This technique depends on the solution of the system of Equations (1),
(2) and (3) taken into account the location of libration point as initial values, it is

needed to reduce the order of the differential equations system as follows, let

x(t)=u(t) (34)
y(t)=v(1) (35)
z(t)=w(r) (36)
()= (1) + 2 (1) - L2 2(0)
R (1) 37)
_,u(,u+x(t)—l)_Al(y+1)(/1+x(t))
R, (1) 0
(e ()— 2 () L2 (0)  py ()
TR T Ry -
_Al(,u+1)(,u+x(t))
R (1)
()= m)2(0)  pe(t) (39)

6. Results and Discussion

The system of Equations (31), (32) and (33) are used to generate the periodic
orbits around libration point Z, which Figure 2 displays Lyabnuov planer orbit.
Figure 3 and Figure 4 demonstrate the Lissajoues orbits around Z, for the
Earth-Moon system. The system of differential Equations (34) through (39) can
be solved numerically, a code with MATHEMATICA was constructed to solve
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Figure 2. Lyapunov orbit around L2.

this system using Implist Runge Kutta method. Figure 5 displays the phase
space for the motion near L1, also Figure 6 and Figure 7 display the phase space
near L2 and L3 for the Earth-Moon-spacecraft system. Table 1 displays the
collinear libration points and the eigen values at each point when the coefficient
of oblateness 4 = 0, and A = 0.001.

7. Conclusion

Periodic orbits around collinear points in the restricted three-body problem
have been studied under the effect of oblateness due to the bigger primary which
enables the uses of these effects in the space missions. The obtained Lissijous

orbit is one aim of the maneuvers through the path of any space craft.
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Figure 3. Lissajoues orbit (x, 2).

Table 1. Earth-Moon libration points at x=0.0121505816 and components of

charcterstic roots.

A L1 Ao Z

0 0.837659 +2.93205 +2.33438 i
0.001 0.837799 +2.95411 +2.34699 i

A L2 Aa A4

0 1.1551 +2.17167 +1.87026i
0.001 1.00501 +2.2905. +1.93957i

A L3 Aa e

0 —-1.1551 +0.276486 +1.02477i
0.001 —1.15476 +0.278137 +1.02144i
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Figure 4. Lissajoues orbit (; 2).

Figure 5. Phase space at L1.
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Figure 6. Phase space at L2.

———r— §

\__

Figure 7. Phase space at L3.
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