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Abstract 

In this paper, we mainly deal with a class of higher-order coupled Kir-
chhoff-type equations. At first, we take advantage of Hadamard’s graph to get 
the equivalent form of the original equations. Then, the inertial manifolds are 
proved by using spectral gap condition. The main result we gained is that the 
inertial manifolds are established under the proper assumptions of ( )M s  

and ( ), , 1, 2ig u v i = . 
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1. Introduction 

This paper mainly deals with existence of inertial manifolds for a class of high-
er-order coupled Kirchhoff-type equations: 

( )( ) ( ) ( ) ( )2 2
1 1,m m

tt tu M u v u u g u v f xβ+ ∇ + ∇ −∆ + −∆ + = ,     (1.1) 

( )( ) ( ) ( ) ( )2 2
2 2,m m

tt tv M u v v v g u v f xβ+ ∇ + ∇ −∆ + −∆ + = ,    (1.2) 

( ) ( ) ( ) ( )0 1,0 , ,0 ,tu x u x u x u x x= = ∈Ω ,           (1.3) 

( ) ( ) ( ) ( )0 1,0 , ,0 ,tv x v x v x v x x= = ∈Ω ,           (1.4) 

0, 0, 1,2,3, , 1
i

i

uu i m
µ∂Ω ∂Ω
∂

= = = −
∂

 ,            (1.5) 

0, 0, 1,2,3, , 1
i

i

vv i m
v∂Ω ∂Ω
∂

= = = −
∂


,             (1.6) 
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where 1m >  is an integer constant, Ω  is a bounded domain of nR  with a 
smooth Dirichlet boundary ∂Ω , ( ) ( ) ( ) ( )0 1 0 1, , ,u x u x v x v x  are the initial value. 

iµ  and iv  are the unit outward normal on ∂Ω , ( )M s  is a nonnegative 1C  
function, ( )m

tu−∆  and ( )m
tv−∆  are strongly damping, ( )1 ,g u v  and 

( )2 ,g u v  are nonlinear source terms, ( )1f x  and ( )2f x  are given forcing 
functions. 

It is significant to establish inertial manifolds for the study of the long-time 
behavior of infinite dimensional dynamical systems, because it is an important 
bridge between infinite-dimensional dynamic system and finite-dimensional 
dynamical system. 

To better carry out our work, let’s recall some results regarding wave equa-
tions. 

Jingzhu Wu and Guoguang Lin [1] studied the following two-dimensional 
strong damping Boussinesq equation while 2α > : 

( ) ( )2 1 , , , ,k
tt tu u u u f x y x yα +− ∆ − ∆ + = ∈Ω            (1.7) 

( ) ( ) ( )0, ,0 , , , ,u x y u x y x y= ∈Ω                  (1.8) 

( ) ( ) ( ) ( ), , π, , , π, 0, , ,u x y t u x y t u x y t x y= + = + = ∈Ω          (1.9) 

where ( ) ( )0, π 0, π , 0R R tΩ = × ⊂ × > . They obtained result that is existence of 
inertial manifolds. 

Guigui Xu, Libo Wang and Guoguang Lin [2] investigated the strongly 
damped wave equation: 

( ) ( ) ( )2 , , , ,tt tu u u u g u f x t x t Rα β γ +− ∆ + ∆ − ∆ + = ∈Ω×       (1.10) 

( ) ( ) ( ) ( )0 1,0 , ,0 , ,tu x u x u x u x x= = ∈Ω             (1.11) 

( )0, 0, , .u u x t R+
∂Ω ∂Ω= ∆ = ∈∂Ω×               (1.12) 

They gave some assumptions for the nonlinearity term ( )g u  to satisfy the 
following inequalities: 

(A1) ( ) ( ) ( )2 0
lim inf 0, , d

s

s

G s
s R G s g r r

s→∞
≥ ∈ = ∫ . 

(A2) There is positive constant 1C  such that  
( ) ( )1

2lim inf 0,
s

sg s C G s
s R

s→∞

−
≥ ∈ . 

According to the above assumptions, they proved the inertial manifolds by 
using the Hadamard’s graph transformation method. 

Ruijin Lou, Penhui Lv, Guoguang Lin [3] considered a class of generalized 
nonlinear Kirchhoff-Sine-Gordon equation: 

( ) ( ) ( )2 sintt t tu u u u u g u f xβ α φ− ∆ + − ∇ ∆ + = ,         (1.13) 

( ), 0, , 0,u x t x t= ∈Ω ≥                  (1.14) 

( ) ( ) ( ) ( )0 1,0 , ,0 , .tu x u x u x u x x= = ∈Ω                (1.15) 

Under some reasonable assumptions, they obtained some results that are 
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squeezing property of the nonlinear semigroup associated with this equation and 
the existence of exponential attractors and inertial manifolds. 

Lin Chen, Wei Wang and Guoguang Lin [4] studied higher-order Kir-
chhoff-type equation with nonlinear strong dissipation in n dimensional space: 

( ) ( )( ) ( ) ( )2 , , 0, 1,m m
tt tu u u u g u f x x t mφ+ −∆ + ∇ −∆ + = ∈Ω > >   (1.16) 

( ), 0, 0, 1, 2, , 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂


        (1.17) 

( ) ( ) ( ) ( )0 1,0 , ,0 .tu x u x u x u x= =              (1.18) 

For the above equation, they made some suitable assumptions about ( )sφ  
and ( )g u  to get existence of exponential attractors and inertial manifolds. 

In this article, we first take advantage of Hadamard’s graph to transform equ-
ations (1.1)-(1.2) into an equivalent one-order system of form. Then, we proved 
the inertial manifolds by using spectral gap condition. 

2. Preliminaries 

We denote the some simple symbols, ⋅  and (,) stand for norm and inner 
product of H and ( )m mH H= Ω , ( ) ( ) ( )1

0 0
m mH H HΩ = Ω ∩ Ω ,  

( ) ( ) ( )2 2 1
0 0

m mH H HΩ = Ω ∩ Ω , ( )2H L= Ω , ( ) ( ), 1, 2i if f x i= = ,  
2 2u vυ = ∇ + ∇ , ( )2 2 , 1, 2,k k ku v kυ = ∇ + ∇ = 

, ( )2L Ω
⋅ = ⋅ ,  

( ) ( ) ( ) ( )2 2
0 0
m mX H H L L= Ω × Ω × Ω × Ω , ( )L∞∞ Ω

⋅ = ⋅ . ( ), 1, 2,ic i =   are vari-
ous positive constants. 

Next, we give some assumptions needed for problem (1.1)-(1.6). 

(H1) ( ) ( ) ( ) ( )1, , 1, 2 ,ig u v i M s C R= ∈ .          (2.1) 

(H2) ( )
2

1
0 1

1
4

m M s m β µ
ε

−
≤ ≤ ≤ = .           (2.2) 

Then, we give the basic concepts below. 
Definition 2.1. [6] An inertial manifold μ is a finite-dimensional manifold 

enjoying the following three properties: 
1) μ is Lipschitz, 
2) μ is positively invariant for the semi-group ( ){ } 0t

S t
≥

, i.e.  
( ) , 0S t tµ µ⊂ ∀ ≥ , 
(3) μ attracts exponentially all the orbits of the solution. 
Definition 2.2. [6] Let :A X X→  be an operator and assume that 

( ),bF C X X∈  satisfies the Lipschitz condition: 

( ) ( ) , , ,F XX
F U F V l U V U V X− ≤ − ∈            (2.3) 

where ( ) ( ) ( ) ( )2 2
0 0
m mX H H L L= Ω × Ω × Ω × Ω . The operator A is said to satisfy 

the spectral gap condition relative to F, if the point spectrum of the operator A 
can be divided into two parts 1σ  and 2σ , of which 1σ  is finite, and such that, 
if 

{ } { }1 1 2 2sup Re , sup Re ,λ λ σ λ λ σΛ = ∈ Λ = ∈        (2.4) 
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and 

{ }, 1, 2.i j iX span j iω σ= ∈ =                 (2.5) 

Then 

2 1 4 FlΛ −Λ > .                       (2.6) 

And the orthogonal decomposition 

1 2 ,X X X= ⊕                         (2.7) 

holds with continuous orthogonal projections 1 1:P X X→  and 1 2:P X X→ . 
Lemma 2.1. [7] Let the eigenvalues , 1j jλ± ≥  be arranged in nondecreasing 

order, for all m N∈ , there is N m≥  such that Nλ
−  and 1Nλ

−
+  are consecutive. 

3. Inertial Manifold 

In this section, we use the Hadamard’s graph transformation method to prove 
the existence of inertial manifolds of problem (1.1)-(1.6) when N is sufficiently 
large. 

Equations (1.1)-(1.2) are equivalent to the following one order evolution equ-
ation: 

( )tU HU F U+ = ,                       (3.1) 

where ( ), , , , ,t tU u v p q p u q v= = = , 

( )( ) ( )
( )( ) ( )

0 0 0
0 0 0

0 0

0 0

m m

m m

I
I

H
M

M

υ β

υ β

− 
 − 

=  −∆ −∆ 
 −∆ −∆ 

,    (3.2) 

( ) ( ) ( )
( ) ( )

1 1

2 2

0
0

,
,

F U
f x g u v
f x g u v

 
 
 =  −
  − 

,                 (3.3) 

( ) ( ){ }2 2, , , m m m mD H u v p q H H H H= ∈ × × × .           (3.4) 

In X, we denote the usual graph norm, which is introduced by the scalar 
product as the following form 

( ) ( )( ) ( )( )
( ) ( )

1 2

1 2

, , ,

, ,

m m m m
XU V M s u y M s v y

z p z q

= ⋅∇ ∇ + ⋅∇ ∇

+ +
,    (3.5) 

where ( ) ( )1 2 1 2, , , , , , ,U u v p q V y y z z= = . 1 2 1 2, , ,y y z z  denote the conjugation of 

1 2 1 2, , ,y y z z  respectively, ( ) ( )2
1 2 0 1 2 0, , , , , , ,m mu v y y H p q z z H∈ Ω ∈ Ω . 

For ( )U D H∈ , we have 

( ) ( )( ) ( )( )
( )( ) ( )( )
( )( ) ( )( )
2 2

, , ,

,

,

0.

m m m m
X

m m

m m

m m

HU U M p u M q v

p M u p

q M v q

p q

υ υ

υ β

υ β

β β

= − ∇ ∇ + − ∇ ∇

+ −∆ + −∆

+ −∆ + −∆

= ∇ + ∇ ≥

       (3.6) 
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Therefore, the operator H in (3.2) is monotone, and ( ), XHU U  is a nonneg-
ative and real number. 

To obtain the eigenvalues of H, we consider the following eigenvalue equa-
tion: 

( ), , , ,HU U U u v p q Xλ= = ∈ ,                (3.7) 

That is 

( )( ) ( )
( )( ) ( )

,
,

.

.

m m

m m

p u
q v

M u p p

M v q q

λ
λ

υ β λ

υ β λ

− =
− =
 −∆ + −∆ =
 −∆ + −∆ =

             (3.8) 

The first two equations in (3.8) are brought into the last two equations in (3.8) 
respectively, we get 

( )( ) ( )
( )( ) ( )

2

2

0,

0,

0, 0, 1, 2,3, , 1,

0, 0, 1, 2,3, , 1.

m m

m m

i

i

i

i

u M u u

v M v v

uu i m

vv i m
v

λ υ βλ

λ υ βλ

µ∂Ω ∂Ω

∂Ω ∂Ω

 + −∆ − −∆ =

 + −∆ − −∆ =
 ∂ = = = −
 ∂


∂ = = = − ∂





          (3.9) 

Let ku  and kv  replace u and v in (3.9) respectively. And then taking ku  
and kv  inner product respectively, we obtain 

( )
2 222 0m m

k k k ku M u uλ υ βλ+ ∇ − ∇ = .          (3.10) 

( )
2 222 0m m

k k k kv M v vλ υ βλ+ ∇ − ∇ = .          (3.11) 

Summing up (3.10) and (3.11), we get 

( ) ( )( ) ( )2 2 2 22 22 0m m m mm
k k k k k k ku v M u v u vλ µ βλ+ + ∇ + ∇ − ∇ + ∇ = . 

(3.12) 

When (3.12) is considered an a yuan quadratic equation on λ, we can get 

( )2 2 4

2

m
k k k k

k

Mβµ β µ µ µ
λ±

± −
= ,           (3.13) 

where kµ  is the eigenvalue of ( )m−∆  in 2
0

mH , then 0

m
n

k c kµ = . if 

( )2 4 m
k kMβ µ µ≥ , that is 2

14k mβ µ ≥ , the eigenvalues of H are all positive and 
real numbers, the corresponding eigenfunction have the form  

( ), , ,k k k k k k kU u v u vλ λ± ± ±= − − . For (3.13) and future reference, we observe that for 
all 1k ≥ , 

2 2 2 22 2 1, 1, .m m m m
k k k k k k k

k

u v u v u vµ
µ

− −∇ + ∇ = + = ∇ + ∇ =  (3.14) 

Lemma 3.1 0 0 0 0: , 1, 2m m m m
ig H H H H i× → × =  is uniformly bounded and glo-

bally Lipschitz continuous. 
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Proof. ( )1 2 1 2 0, , , mu u v v H∀ ∈ Ω , we get 

( ) ( ) ( ) ( )
0 00 0

1 1 2 2 1 1 2 2 1 2, , , ,m mm mi i iu ivH HH H
g u v g u v g v u u g u v vξ η

× ∞ ∞
− ≤ − + − ,

 (3.15) 

where ( ) ( )1 2 1 21 , 1 ,0 1u u v vξ θ θ η θ θ θ= + − = + − < < . According to (H1), we can 
obtain 

( ) ( )

( )
0 0

0 0 0 0

1 1 2 2

1 1 2 2 1 2 1 2 1 2

, ,

2

m m

m m m m

i i H H

H H H H

g u v g u v

lC u u C v v u u v v

×
−

≤ − + − ≤ − + −
.   (3.16) 

Theorem 3.1 If 2
14k mβ µ ≥  holds, 2l  is maximum Lipschitz constant of 

( ) ( ), , 1, 2ig u v i = , and if 1N N∈  is sufficiently large such that when 1N N≥ , 
the following inequality holds: 

( ) 2
1 1 2

1

1 4 24 1
2 2 4

N N k

k

lm
m

β
µ µ β µ

β µ
+

 − − − ≥ + 
  −

,       (3.17) 

Then the operator H satisfies the spectral gap condition of (2.6). 
Proof. When 2

14k mβ µ ≥ , all the eigenvalues of H are real and positive, and  
we can easily know that both sequences { }

1k k
λ−

≥
 and { }

1k k
λ+

≥
 are increasing. 

The whole process of proof is divided into four steps. 
Step 1. Since kλ

±  is arranged in nondecreasing order. According to Lemma 
2.1, given N such that Nλ

−  and 1Nλ
−
+  are consecutive, we separate the eigenva-

lue of H as 

{ }{ }1 , max , ,j k j k Nσ λ λ λ λ λ− + − + −= ≤              (3.18) 

{ }{ }2 , min , ,j k j N j kσ λ λ λ λ λ λ− ± − − − ±= ≤ ≤            (3.19) 

Step 2. We make decomposition of X 

{ }1 1, , .j k j kX span U U λ λ σ− + − += ∈                (3.20) 

{ }2 2, , .j k j kX span U U λ λ σ+ ± − += ∈                (3.21) 

In order to make these two subspaces orthogonal and satisfy spectral inequa-
lity (2.6) 1 2 1,N Nλ λ− −

+Λ = Λ = , we further decompose 

2 ,c RX X X= ⊕                        (3.22) 

with 

{ }c j j N jX span U λ λ λ+ − − += ≤ < ,                 (3.23) 

{ }R R N kX span U λ λ± − ±= ≤ .                   (3.24) 

And let 1N cX X X= ⊕ . Next, we stipulate an eigenvalue scale product of X 
such that 1X  and 2X  are orthogonal, therefore we need to introduce two 
functions: 

Let : , :N RX R X RψΦ → → . 
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( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )( )

( )( ) ( )( ) ( )( )

1 1 2

2 1 1

2 2 1

2 2
1 2 2

, , 2 , 2 ,

2 , 2 , 4 ,

2 , 4 , 4 ,

2 , 4 , 2 , ,

m m m m m m

m m m m m m

m m m m

m m m m

U V u y z u v y

z v p y p z

q y q z M u y

u y M v y v y

β β β

β β

β υ

β β υ β β

−

− − − −

− − −

Φ = ∇ ∇ + ∇ ∇ + ∇ ∇

+ ∇ ∇ + ∇ ∇ + ∇ ∇

+ ∇ ∇ + ∇ ∇ −

+ − ∇ ∇ − + − ∇ ∇

(3.25) 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( )

( ) ( )( ) ( )

1 2 1 2

1 2 1

2 2
1 2 2

, , , 2 , 2 ,

, , 4 ,

2 , 4 , 2 , ,

m m m m m m m m

m m m m

m m m m

U V u y v y z u z v

z p z q M u y

u y M v y v y

ψ

υ

β υ β

− −

− − − −

= ∇ ∇ + ∇ ∇ + ∇ ∇ + ∇ ∇

+ ∇ ∇ + ∇ ∇ −

+ ∇ ∇ − + ∇ ∇

(3.26) 

where ( ) ( )1 2 1 2, , , , , , ,U u v p q V y y z z= = . 1 2 1 2, , ,y y z z  respectively are the con-
jugation of 1 2 1 2, , ,y y z z . 

Let ( ), , , NU u v p q X= ∈ , then 
( )
( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( )( ) ( )( )
( )( ) ( )( )

2

2

,

, 2 , , 2 ,

2 , 4 , 2 ,

4 , 4 , 2 ,

4 , 2 ,

m m m m m m m m

m m m m m m

m m m m

m m

U U

u u p u v v q v

p u p p q v

q q M u u u u

M v v v v

β β β β

β β

υ β β

υ β β

− −

− − − −

− −

Φ

= ∇ ∇ + ∇ ∇ + ∇ ∇ + ∇ ∇

+ ∇ ∇ + ∇ ∇ + ∇ ∇

+ ∇ ∇ − + − ∇ ∇

− + − ∇ ∇

 

( ) ( ) ( ) ( )

2 22 2 2 2 2 2

2 22 2 2 2 2 2

2 22 22 2

2 2
2 2

2 4 2 4
2 2

4 2 4 2

m m m m m m

m m m m m m

m m

u p u v q v

p u p q v q

M u u M v v

β ββ β

β β

υ β β υ β β

− −

− − − −

= ∇ − ∇ − ∇ + ∇ − ∇ − ∇

− ∇ − ∇ + ∇ − ∇ − ∇ + ∇

− + − ∇ − + − ∇

(3.27) 

( ) ( )( )
( )( )( )

( )( )

2 2 2 22

2 22
1

2 22
1 1

4

4

4 .

m mu v M u v

M u v

m u v

β υ

β µ υ

β µ

≥ ∇ + ∇ − +

≥ − +

≥ − +

 

Since ( )2
1 1 0 14 ,m m M s mβ µ > ≤ ≤  holds, we can know ( ), 0U UΦ ≥ . 

Therefore, for all NU X∈ , analogously, for all RU X∈ , we can get 
( )
( ) ( ) ( ) ( )
( ) ( ) ( )( )

( ) ( )( ) ( )2 2

,

, , 2 , 2 ,

, , 4 ,

2 , 4 , 2 ,

m m m m m m m m

m m m m

m m m m

U U

u u v v p u q v

p p q q M u u

u u M v v v v

ψ

υ

β υ β

− −

− − − −

= ∇ ∇ + ∇ ∇ + ∇ ∇ + ∇ ∇

+ ∇ ∇ + ∇ ∇ −

+ ∇ ∇ − + ∇ ∇

 

( ) ( )
( ) ( )

( )( )( )
( )( )

2 2 2

2 2 22 22 2

2 22
1

222
1 1

2 , 2 ,

4 2 4 2

2 4

2 4 0.

m m m m m m m

m m m

u v p u q v p

q M u u M v v

M u v

m u v

υ β υ β

β µ υ

β µ

− − −

−

= ∇ + ∇ + ∇ ∇ + ∇ ∇ + ∇

+ ∇ − + ∇ − + ∇

≥ − +

≥ − + ≥

 (3.28) 
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From above, we know that for all RU X∈ , then ( ), 0U Uψ ≥  holds. So, we 
define a scale product with Φ and ψ in X. 

( ) ( ), , ,N N R RX
U V P U P V P U P Vψ= Φ + ,           (3.29) 

where NP , RP  are respectively the projection: NX X→ , RX X→ . 
In the inner product of X in (3.29), 1X  and 2X  are orthogonal. In fact, we 

need prove that 1X  and cX are orthogonal. 

( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )( )

( )( ) ( )( ) ( )2 2

, ,

, 2 , ,

2 , 2 , 4 ,

2 , 4 , 4 ,

2 , 4 , 2 ,

j j j jX

m m m m m m
j j j j j j j

m m m m m m
j j j j j j j j j j

m m m m m
j j j j j j j j j j

m m m mm
j j j j j j

U U U U

u u u u v v

v v u u u u

v v v v M u u

u u M v v v

β β λ β

β λ β λ λ λ

β λ λ λ µ

β β µ β β

− + − +

+ −

+ − − − + − − −

− − − + − − −

= Φ

= ∇ ∇ + − ∇ ∇ + ∇ ∇

+ − ∇ ∇ + − ∇ ∇ + − ∇ − ∇

+ − ∇ ∇ + − ∇ − ∇ −

+ − ∇ ∇ − + − ∇ ∇( )jv

 

( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( )

2 2 2

2 22 2

2 222 2

2

2

2 4 4

2 4 2

12 2 4 4 0.

m m
j j j j j

m m m
j j j j j j j j j

m mm
j j j j

m
j j j j j j

j

u v u

v u v M u

u M v v

M

β β β λ λ

β λ λ λ λ µ

β β µ β β

β µ β λ λ λ λ µ
µ

+ −

+ − − + − −

+ − − +

= ∇ + ∇ − +

− + + ∇ + ∇ −

+ − ∇ − + − ∇

= − + + − =

  (3.30) 

According to 
2 2

1j ju v+ = , 
2 2m m

j j ju v µ∇ + ∇ = ,  

2 2 1m m
j j

j

u v
µ

− −∇ + ∇ =  and j j jλ λ βµ+ −+ = , ( )m
j j j jMλ λ µ µ+ − = , we can get  

the above results. 
Step 3. Next, we estimate the Lipschitz constant Fl  of F, 

( ) ( ) ( ) ( ) ( )( )T
1 1 2 20,0, , , , .F U f x g u v f x g u v= − −            (3.31) 

( ): , 1, 2m m m m
ig H H H H i× → × =  are globally Lipschitz continuous with  

maximum Lipschitz constant 
2
l  of ig  from (3.27), (3.28), for arbitrarily 

( ), , ,U u v p q X= ∈ , we have.  

Let 1 1 2 2: , :P X X P X X→ →  are the orthogonal projection. 
If ( ), , ,U u v p q X= ∈ , ( )1 1 1 1 1 1, , ,U u v p q PU= = , ( )2 2 2 2 2 2, , ,U u v p q PU= =  

hold, then 1 1 1 1 2 2 2 2, , ,Pu u Pv v P u u P v v= = = = . 

( ) ( )

( )( )( ) ( )( )( )
( )( )

2
1 1 2 2

2 2 2 22 2
1 1 1 1 1 2 2 2

2 22
1 1

, ,

4 2 4

4 .

XU PU PU PU PU

M u v M u v

m u v

β µ υ β µ υ

β µ

= Φ +Ψ

≥ − + + − +

≥ − +

(3.32) 

Let ( ) ( )1 1 1 1 2 2 2 2, , , , , , ,U u v u v V u v u v= = , then 
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( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( )

0 0 0 0

0 0 0 0

0 0

1 1 1 1 2 2 2 1 1 2 2 2

1 2 1 2 1 2 1 2

1 2 1 2 2
1 1

, , , ,

2 2

2 .
4

m m m m

m m m m

m m

X

H H H H

H H H H

H H X

F U F V

g u v g u v g u v g u v

l lu u v v u u v v

ll u u v v U V
mβ µ

× ×

−

= − + −

≤ − + − + − + −

= − + − ≤ −
−

   (3.33) 

Therefore 
2

1 1

2

4
F

ll
mβ µ

≤
−

. 

Step 4. Now, we need prove the spectral gap condition (2.6) holds. 
From the above mentioned 1 Nλ

−Λ =  and 2 1Nλ
−
+Λ = , we can get 

( ) ( ) ( )( )2 1 1 1
1 1 ,

2 2N N N N R N R Nβ
λ λ µ µ− −

+ +Λ −Λ = − = − + − +    (3.34) 

where ( ) ( )2 2 4 m
N N NR N Mβ µ µ µ= − . 

We determine 1 0N >  such that for all 1N N≥ , let 

( ) ( )
2

1
1 2 2

1 1 1 1

41
4 4N

mR N
m m

β
β µ µ β µ

= − −
− − ,          (3.35) 

we can get 

( ) ( ) ( )

( ) ( )( )

2
1 1 1

2
1 1 1 1 1

1 4

4 1 .

N N

N N

R N R N m

m R N R N

β µ µ µ

β µ µ µ

+

+

− + + − −

= − + −            (3.36) 

According to the previous hypothesis ( )
2

1
0 1

1
4

m M s m β µ
ε

−
< ≤ ≤ = , we can 

know 

( ) ( ) ( )( )2
1 1 1lim 1 4 0N NN

R N R N mβ µ µ µ+→∞
− + + − − =

.        
 (3.37)

 

Then, combining (3.33), (3.34), (3.17) and (3.37), we obtain 

( ) 2
2 1 1 1 1

2
1 1

1 4 1
2 2

4 2 4 .
4

N N

F

m

l l
m

β
µ µ β µ

β µ

+
 Λ −Λ > − − − − 
 

≥ ≥
−

         (3.38) 

The proof is completed. 
Theorem 3.2. [8] Under the condition of Theorem 3.1, the initial boundary 

value problem (1.1)-(1.6) admits an inertial manifold μ in X of the form 

( ) ( ){ }1: ,graph Xµ ρ ω ρ ζ ζ= = + ∈          (3.39) 

where 1X , 2X  are as in (3.20), (3.21) and 1 2: X Xρ →  is a Lipschitz conti-
nuous function. 

4. Conclusion 

In this paper, we prove the existence of the inertial manifolds for a class of high-
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er-order coupled Kirchhoff-type equations. In the process of research, we take 
advantage of Hadamard’s graph to get the equivalent form of the original equa-
tions and then use spectral gap condition. Based on some of the work above, we 
prove the existence of the inertial manifolds of the system. For this problem, we 
will study the exponential attractors, blow-up, random attractors and so on. 
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