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Abstract

We show that the electron-positron annihilation process resulting with the
creation of two gamma photons cannot be fully determined without the con-
servation of the angular momentum which has two elements, namely, the
conservation of the spin angular momentum and the conservation of the
quantum flux which work as the conservation of the magnetic moments as
well. The conservation of the quantum flux has never been considered so far
for any collision process. We show that the missing conservation rule in the
above process is the conservation of the total quantum flux which is the hid-
den variable of that process. By using the quantum entanglement together
with the conservation of the quantum flux we show that the initial and the fi-
nal states of this collision are fully determined. We also show that each of the
gamma photons created in the end carries a quantum flux of +®;=+hc/e
with itself along the propagation direction. Here the (+) and (-) signs corres-
pond to the right hand and left circular helicity, respectively.

Keywords

Hidden Variable, Dirac Equation, Spin, Quantum Flux, Electron-Positron
Annihilation, Right (Left) Hand Circular Helicity

1. Introduction

Electron-positron annihilation process has been known since the year 1930.
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After the collision we have two gamma photons with the same energy
E=m,’ =/ but with different helicities. Here m, is the rest mass of the
electron (e") and the positron (e") and wis the angular frequencies of the created
photons. The aim of the present work is to show that the electron-positron an-
nihilation process resulting with the creation of two gamma photons cannot be
fully determined without the conservation of the angular momentum which has
two elements, namely, the conservation of the spin angular momentum and the
conservation of the quantum flux. The conservation of the quantum flux has
never been considered so far for any collision process. We show that the missing
conservation rule in the above process is the conservation of the total quantum
flux which corresponds to the hidden variable in that process. By using the
quantum entanglement together with the conservation of the quantum flux we
show that the initial and the final states of this collision are fully determined. We
also show that each of the gamma photons created in the end carries a quantum
flux of +®;=xhc/e with itself along the propagation direction. Here the (+)
and (—) signs correspond to the right hand and left circular helicity, respectively.
Since the quantum flux is essential for the hidden variables, we give a summary
of related works so far. Magnetic flux quantization has been known since Lon-
don [1] and Onsager [2]. Recently Saglam and Boyacioglu [3] calculated semic-
lassically, the quantized magnetic flux through the Landau orbits of an electron

including the effect of the spinning motion. They showed that the spin

contribution to the quantized flux is equal to (i%cbo) depending on the spin

orientation. Here ®,=hc/e=4.14x10" G-cm*. Wan and Saglam [4] calcu-
lated quantum mechanically the intrinsic magnetic flux of an electron due to its
orbital motion in a non-relativistic hydrogen atom by using the Schédinger equ-
ation and then extended their result to incorporate the spin angular momentum
as well. They showed that the intrinsic magnetic flux quanta coming from the
quantum numbers n2, and m, are (—m®,) and (—-m®D,) respectively. It was first
time pointed out by Wan [5] that the intrinsic quantum flux of electron must be
related to the hidden variables in quantum mechanics. In Appendix I we show
that the conservation of the angular momentum has two elements, namely, the
conservation of the spin angular momentum and the conservation of the quan-
tum flux. Since later one has not been considered so far in any collision, we ar-
gue that the conservation of the quantum flux in any collision must be related to
the hidden variables in quantum mechanics. In Appendix II we show that the
conservation of the quantum flux can be replaced by the conservation of the
magnetic moments as well. As the subject of present study is related to the in-
trinsic fluxes of (&) and (e") we need to calculate these fluxes in the relativistic

sense. Although Wan and Saglam [4] estimated the intrinsic magnetic flux of an

electron to be (i%cbo) by using the non-relativistic Schédinger equation, a

rigorous proof has been needed also. In Appendix III we calculate the intrinsic

fluxes of (¢7) and (€") by the spin dependent solutions [6] of the Dirac equation

DOI: 10.4236/jmp.2018.95061

986 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.95061

M. Saglam et al.

for free electron (or positron) in a uniform magnetic field. We then prove that
the intrinsic fluxes of (¢) and (e") are (i%CDO) depending on the spin

orientation. The outline of this paper is as follows: In Section 2 we explain the
need for hidden variables in quantum mechanics. In Section 3 we find the exact
initial and final state wave functions of the electron-positron annihilation
process by using the conservation of the spin angular momentum and the con-
servation of quantum flux which can be replaced by the conservation of the

magnetic moments. In Section 4 we give the conclusions.

2. The Need for Hidden Variables in the Electron-Positron
Annihilation Process

The electron-positron annihilation occurs when an electron (&) and a positron
(e collide.

After the collision we have two gamma photons with the same energy,
E =m,® =/w. Here m, is the rest mass of both (¢ and ¢') and @ is the angu-
lar frequencies of the gamma photons. In this collision we have the conservation
of charge, energy, linear momentum and the angular momentum. It has been
known that the above conservation rules are not adequate to determine the final
state quantum mechanically. Therefore an extra conservation rule which is the
hidden variables in this case, is needed. We will show that the missing conserva-
tion rule has been the conservation of the total quantum flux which is essentially
a component of the angular momentum conservation law (Appendix I).

To proceed further, we will assume that electron and positron collide at the
origin of the coordinate system. After the collision we will have two photons

with the same energy:
E =m,Cc® = fiw = hikc = hc/A (1)

Here m,C’® is the rest mass energy of both € and ¢ and /w is energy of the
each gamma photon with the angular frequency . Just before the collision the
relative spin orientation of ¢ and e" will be controlled by the Heisenberg ex-
change Hamiltonian [7] [8]. If we had two electrons instead, the exchange ener-
gy would have the form:

Upe(e767)=-23(e",e7)S,-S, ()

where S, and S, are the spin vectors of these two electrons and J (e’,e’)
is the exchange integral which is a positive quantity for the repulsive Coulomb
potentials [8] resulting that Heisenberg Exchange Hamiltonian U__ has a mi-
numum eigenvalue for opposite spins. But for an electron-positron (e’,e*)
pair the exchange Hamiltonian has the opposite sign:

U (e 67)=23(e"€7)S,"S, (3)

where S, and S, are the spin vectors of electron’s and positron’s respectively.
This time because of the attractive Coulomb potential between ¢ and €' the ex-

change integral J =1 (e‘,e*) will be a negative quantity: J :—|J| resulting
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U, =-2JS,-S, which has a minimum energy eigenvalue for parallel spins.
Therefore just before the collision the total z-component of the spin of the col-
liding (e‘,e*) system will be £1. That means there are two possibilities:

1) electron is in spin-down state and positron is in spin-down state.

2) electron is in spin-up state and positron is in spin-up state.

In Dirac notation the eigenstates (a) and (b) can be defined as:
d=le L)er V) (4a)
d=le Te ). (4b)

The z-components of the spin for the eigenstates (a) and (b) given in Equa-
tions (4a) (4b) are:

11
(zsz)a ——E—E——l (Sa)
11
(Zsz)b:E-FE:l. (Sb)

Since the states (a) and (b) are equally probable, the total initial wave function

¥, before the collision can be written as in two forms; Namely:

1 1 - N
\Pinitial—l :ﬁ(%\ +¢b) :Eﬂe ‘L> >+|e T> € T>) (6a)
1 14 N -
Winitial-2 :E(qﬁa ~4,) :qu J’> € ¢>_|e T> >) (6b)
which are the quantum entanglement of the states |e’ ¢>, ~L> , |e’ T> and

> . The expectation value of »'S, (the total z-component of the spin) for
the initial states in Equations (6a) and (6b) are:

(28 ) = (ZS) +(28.), = (1+1)
(XS iz = [(ZS) -(X8.),]= (11) -1 (7b)

The total wave function, ¥ of the system after collision, will correspond to

), |e 1) and | 1) pro-

vided that all the conservation rules are met. Again there are two possibilities for

0 (7a)

another entanglement of the states |e‘ »l«>,

the final wave function. These are:

Y

slle 4l
sl e

Jrle Dler
)=le Mle

)

)

final-1 = %(ﬁ; +4 )

Sl

1 ! —
W finare = E(% ¢b)

Sl

where

gu=le )

e* T>; ¢g=|e’ T>

> . (8¢)

The z-components of the spin for the eigenstates ¢, and ¢ of Equation

(8c) are: (Z:SZ)’a =0 (Z“SZ)'b =0 respectively. Therefore the expectation
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value of Z S, for the final states given in Equations (8a) and (8b) are:

<z SZ >final-l :%(0_{—0) =0 (9a)

<zsz>final-2 :%(O_O):O' (9b)

If we compare the total z-component of the spin before and after the collision,
Equations (7a) (7b) and Equations (9a) (9b), we see that the conservation of the

spin angular momentum excludes the initial wave function (¥,;;,,) given in

initial
Equation (6b) as it has total z-component of spin equal to (—1) but not zero.
However the conservation of the spin angular momentum does not distinguish
the final states given in Equation (8a) and (8b) as they have the same
z-component of spin given in Equations (9a) (9b). Therefore there must be
another conservation rule (besides the conservation of charge, energy, linear and
spin angular momentum) that fully determines the final state. In Appendix I we
will show that the conservation of the angular momentum requires also the con-

servation of the flux quantum as well. Namely:

Total flux quanta before the collision = Total flux quanta after the colli-
sion

Therefore in all the collisions that the conservation of the spin and the orbital
angular momentums are involved, the conservation of the quantum flux is a ne-
cessary condition to find the exact wave functions before and after the collision.
Therefore the statement given above must contain the hidden variables to de-
termine the final state exactly. In the following section we will show that the
conservation of the quantum flux excludes the final wave function ( W, ) giv-
en in Equation (8b). So the collision of the electron and the positron resulting
with the creation of two gamma photons simply corresponds to the transition

from the initial entangled state (¥ ) to the final entangled state ( Wy, );

initial-1

Namely:
1.
e

3. Finding the Exact Initial and Final State Wave Functions of
the Electron-Positron Annihilation Process by Using Spin
Angular Momentum and the Quantum Flux Conservation

e 1)) %%qe’ 4)

e’ ¢>+|e’ T>

et T>+|e’ T>

et L)) (10)

As was stated in the introduction section and calculated rigorously in Appendix

IT the intrinsic quantum fluxes that a free electron (or a positron) carries with

itself are:
.\ hc @
e )=2="0 (11)
. he @
(e T):—z—zz—TO (12)
. he @
(e L):—z—zz—f (13)
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ofe 1) 2o, (9)

Next by using Equations (11)-(14) we can calculate the quantum fluxes of the

eigenstates ¢, and ¢ given in Equations (4a) (4 b):

ofe ), =0fe role )= 220 as
d)(e’,e*)bzdb(e’ T)+cp(e+ T)=—2—2+2—2=0 (15b)

By using Equations (15a) and (15b), the expectation value of the total quan-
tum fluxes for the suggested initial states of Equations (6a) and (6b) are:

(S0), =3[ @(¢ '), +0(e ), ]-2(0+0) =0 (16)

(S0}, = ©(e ), ~0(e"67), |- 2(0-0)=0.  (16b)

Next we calculate quantum fluxes of the eigenstates ¢, and ¢ after the col-

lision. By using Equations (11)-(14) and Equation (8c), the related fluxes are:

ofee) ~o(e Yrofe -2+ -Loa, a7
q>(e*,e+);=q>(e*T)+q>(e+i):—Z—Z—Z—E:—%:—@O (17b)

Similarly from Equations (17a) (17b), the expectation value of the total quan-
tum fluxes for the suggested final states of Equations (8a) and (8b) are:

(Z@)ﬁnal_f%{@(e-,y); +cb(e-,e+); }:%(q%—q)(,):o (18a)

o) = %[(D(e,e* ) ~@(e e )b } :%(q% +®;) =D, . (18b)

As was done in section II, If we compare the total quantum fluxes before and
after the collision we see that this time, conservation of the flux quanta excludes
the suggested final wave function ( W, ) given in Equation (8b) as the total
quantum flux is equal to (®, ) but not zero as it should be.

In summary, conservation of the spin angular momentum excludes the sug-
gested initial wave function, (¥, ;,.,) given in Equation (6b) while the conser-
vation of the quantum flux excludes the suggested final wave function ( Wy,,.,)
given in Equation (8b). Therefore as was stated in Equation (10), the collision of
the electron and the positron resulting with the creation of two gamma photons
simply corresponds to the transition from the initial entangled state (¥, ;.. ) to

the final entangled state ( Wy;,.; )-

4. Conclusions

We have shown that the electron-positron annihilation process resulting with
the creation of two gamma photons cannot be fully determined without the

conservation of the angular momentum which has two elements, namely, the
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conservation of the spin angular momentum and the conservation of the quan-
tum flux. The conservation of the quantum flux has never been considered so far
for any collision process. We show that the missing conservation rule in the
above process is the conservation of the total quantum flux which is the hidden
variable of that process. By using the quantum entanglement together with the
conservation of the quantum flux we show that the initial and the final states of
this collision are fully determined.

The additional results of the present work can be summarized as follows:

1) From Equations (17a) (17b), each of the gamma photons carries a quantum
flux of +®, =+thc/e with itself along the propagation direction. Here the (+)
and (-) signs correspond to the right hand and left circular helicity, respectively.

2) The spin of each gamma photon is equal to zero but not unity.

3) The magnetic moment of each gamma photon is +24, depending on the
helicity.

4) Since the above results 1)-3) do not depend on the angular frequency, w of
the gamma photons, we then expect them to be valid for any photon as well.

A more complete work will be presented in the future.
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Appendix 1. Conservation of the Quantum Flux

The Lagrangian of an electron with mass m, and electric charge (—e) moving in

a uniform magnetic field in zdirection B =BZ is given by,
1 , € . - . .
L :Emov ——V- A(I‘) where r=r (X, y) is the position vector in two dimen-
c
sions, v is the velocity and A 1is the vector potential. The quantum flux in
terms of radius and the magnetic field can be written as
B dr

For an electron moving in the x-y plane in the counter clockwise direction
eB

with the angular frequency o, =——, we get ® = 7t(x2 + y2) B, where the time
m,c

2n
integral has been taken over one cyclic period T, =—._ The vector potential,
o,

C

A is now related to the magnetic flux ® given in Equation (AI-1) by

A(r) (D[ A SR 29] (AI-2)

“on X2+y? x4y

Let us consider the z-component of the conserved canonical angular momen-

tum /_ is given [9] by
J.=(rxp), ={rx(moV—SAH =J —e®d/2nc (AL-3)
C z

where Jis the gauge invariant kinetic angular momentum. The difference be-
tween /. and /is due to presence of the magnetic flux and hence the magnetic
field B. Both in the absence and the presence of the magnetic field B, the canon-
ical angular momentum is always represented by J. =-iid/0¢ and its eigen-
values are mh (m € Z). So the spectrum of kinetic angular momentum operator
J consists of integers shifted by (e®/hc ). Therefore Equation (AI-3) simply
states that the conservation of the angular momentum requires also the conser-
vation of the flux quantum as well. Namely:

Total flux quanta before the collision = Total flux quanta after the colli-
sion

Therefore in all the collisions that the conservation of the spin and the orbital
angular momentums are involved, the conservation of the quantum flux is a ne-
cessary condition to find the exact wave functions before and after the collision.
In the process of electron-positron collision resulting with the creation of two
gamma photons, the total flux quanta before the collision must be equal to the
total flux quanta after the collision. In Appendix IT we will show that the con-
servation of the quantum flux can be replaced by the conservation of the mag-

netic moments as well.
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Appendix II: Magnetic Moments of the System before and
after the Collision

We first give the definition of the spin magnetic moment vector, u for afree

electron (e7) and a positron () respectively:
B =—0ugS (AII-1)
M. =0up S (AII-2)

Here 7S is the spin angular momentum of both electron and positron, gis
the Lande factor which is equal to 2 for a free electron (or positron) and g is
the Bohr magneton defined as:

_€h
S 2mc’

g (AIL-3)

Now we calculate the expectation value of Yz, (the total z-component of

the magnetic moment) for the initial states given in Equations (6a) and (6b) are:

(St s =5 [(Z), +(Tas), ]=0 (AlL-)
<z'uz>initial-2 :%[(z H, )a _(Z H, )b] =0 (All-4b)

The expectation value of Z,uz for the final states given in Equations (8a)
and (8b) are:

1
<Z My >final-1 = 5(2/18 ~2u5)=0 (AIL-5a)

1
<z,uz >final-2 = E(Z#B +245) = 24 (AIL-5b)

As was done in section III, if we compare the expectation value of Z u, for
the initial states Equations (6a) (6b) and the final states Equations (8a) (8b), we
see that conservation of the total magnetic moment works just as the conserva-
tion of the flux quantum. Namely both of them excludes the suggested final wave
function ( W, ) given in Equation (8b). Therefore the collision of the electron
and the positron resulting with the creation of two gamma photons simply cor-

responds to the transition from the initial entangled state (¥, ) to the final

entangled state (¥ ;,,_; ); Namely:
1 . _ . 1
ﬁﬂe ¢> e ¢>+|e T> e T>)—>ﬁ(|e ¢>

From the final state (‘¥4,) given in Equation (10) z-component of the

e T>+|e’ T>

e ¢>) (10)

magnetic moment of each eigenstates (the gamma photons with the right hand
(rh) and the left hand (Ih) circular helicity) are:

1, ()= 24y = (AIl-62)
m,C
w1, (Ih)==2p, = e (AII-6b)
m,C
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respectively. We note that the z-components of the magnetic moment of the
gamma photons do not depend on the angular frequency, @. Therefore we ex-
pect that the present result must be valid not only for gamma photons but also

for any photon as well.

Appendix III: Calculation of the Intrinsic Quantum Fluxes of
Electron and Positron by Dirac Equation

Solution of Dirac Equation for a free electron moving in a homegeneous mag-
netic field was given by Saglam et a/. [6]:

F(-n,m+1t)
0
e V) =Nf (t,0,2) EnFj:M F(-n,m+1t) (AIIL-1)
2ni\/—$(Ei¢’F(—n+l,m+2,t)
(E,+M)(m+1)
0
F(-n,m+1t)
S —2mi/ie ™
|e ¢>_Nf (to,z) (EHJF—M)UF(—”—L”"‘) (Alll-2)

_—pZF(—n,m+1,t)
E,+M

where we used the SI units in which ¢ =1 (ie M stands for the rest mass ener-

gy of the electron mc?) The normalization constant, Nis given by:

N [ X [p M )(nem) (AIII-3)
2n E. n!(m!)2

and the function f (t,¢,2) is defined as follows:

L S
f(tp,z)=tZe 2e™e™ (AIII-4)
The corresponding energy eigenvalues are:

EZ(T)=4kn+M?+p? (AIIL-5)
E§(¢)=4K(n +1)+M? + p? (AIIL-6)

To calculate the intrinsic quantum flux of a relativistic free electron in a uni-
form magnetic field within the framework of Dirac theory we shall follow a sim-
ilar way that we followed earlier for the solution of Schédinger equation for an
electron in hydrogen atom [4]: Namely, we shall first calculate the quantum flux
through the probability current (particle current) density associated with the
wave function of a free Dirac electron in a uniform magnetic field, then connect
it to the flux element d®,(p,¢) by the self-inductance L. The probabilty of

electric current density for the circular motion along the ¢ direction is given by:
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J(p.d2)= ;:\j {‘P*%—%‘P}. (AIII-7)

Assuming that electron is moving in xy plane we then write the, surface cur-

rent element coming from the circular ring of radius p and the thickness dp

Cine [0 0¥ ) dp
p Yy ;
I(pd)do=o1 { 50 o0 } 2 (AITL-8)

Our next objective is to establish a quantized magnetic flux coming from the
above current. A current element circulating around z-axis in a circle of radius p
should enclose an induced magnetic flux element d®, ( P, ¢) which is propor-

tional to the current given by Equation (AIII-8):

®,(p.¢)=L(p)i(p.¢)dp (AIII-9)
where L,(p) is the self-inductance [4] given by:
L(p)=M (2’”’ j (AIII-10)

Substitution of Equations (AIII-8) and (AIII-10) into Equation (AIII-9) gives

the total induced quantized magnetic flux:

2
o, (ind) = 2nelhj‘{\11*z—\;—%‘lj} pdp (AIII-11)

To calculate the total induced quantized magnetic fluxex for spin-up and

spin-down electrons, we substitute the wave functions of |e‘ T> and |e‘ ¢>

states separately from Equation (AIII-1) and Equation (AIII-2) in Equation

(AITI-11):
@, (1)= 2“h(l t)K J ;(EH (AIII-12)

Oy (1) - 2nh(1 t)K ) ;[EH (AIII-13)

M
here we denote t=E—. In the relativistic limit since t — 0, then the spin
n

dependent induced fluxes take the forms:

D,y (T)z_znh mas]=—(mei o (il @, (AI-14a)
e 2 2)e 2

D@ing (‘L) :#(m —%J = —(m —%jg = —(m —%j@o (AIII-14b)

In Equations (AIII-14a) and (AIII-14b) the spin dependent intrinsic fluxes

h
correspond to m = 0. Which are ir2—=i—°. So far we have used the SI

€
units where c=1. For cgs units the flux quantum is

hc _
®,=—=4.145107 G-cm?. So in cgs units the intrinsic fluxes that electron
e
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and positron possess are:

oo y-B-
oo )5
o)

(AIII-15a)

(AIII-15b)

(AIII-15c¢)

(AIII-15d)
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