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Abstract 

A theoretical investigation has been done for the study of dust acoustic solita-
ry waves and dust acoustic shock waves propagating in an unmagnetized, col-
lisionless Lorentzian dusty plasma considering adiabatic and non-adiabatic 
dust charge variation. Plasma under consideration is composed of inertialess 
Lorentzian positive and negative ions along with inertial positively charged 
dust grains. Such dust grains are charged by the flow of positive ion and nega-
tive ion current over the grain surface. Adiabatic grain charge variation shows 
the existence of compressive soliton whose amplitude decreases and width in-
creases with increasing number of suprathermal particles. Non-adiabatic dust 
charge variation is concerned with the propagation of monotonic dust acous-
tic shock waves which do not loose monotonicity even when a number of su-
prathermal particles are very large. 
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1. Introduction 

An almost electron free plasma state is realized in negative ion containing plas-
mas which often appears in plasma processing such as deposition and etching 
etc., and also in the D-layer of the earth’s ionosphere. Behavior of such electron 
free positive ion-negative ion plasma differs from usual electron-ion plasma as 
the mass ratio in this case does not differ much like electron-ion plasma. Such 
plasma of heavy charged particles can make an ion source of bipolar type and 
can be extended to dusty plasmas. A Japanese rocket [1] at a winter pre-dawn 
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ionosphere detected a negative ion rich state (negative ion to positive ion ratio 
0.9) at 75 - 80 km which decreases above 86 Km toward the E layer [2]. Ame-
miya and Nakamura [3] in Japan performed another experiment using a Faraday 
cup showing the extension of negative-ion layer from about 60 km toward the 
height near 90 km. Thus D-layer of the earth’s ionosphere which is extended 
from 50 km - 90 km above earth’s surface sustains a negative ion-rich plasma 
which is almost electron free. 

Negative ions in plasma are formed by different mechanisms like electron at-
tachment, dissociative attachment, charge transfer and clustering reactions. They 
are frequently observed in afterglow when source of ionization is removed. Thus 
lower part of the ionosphere is a rich source of negative ions where solar radia-
tion does not reach at night. In such plasmas electrons can be completely es-
caped after finite time and ion-ion plasma is produced [4] [5]. 

This D-layer of the ionosphere may contain dust or dust grains may be artifi-
cially injected there from outside. Plasma irregularities associated with the crea-
tion of an artificial dust layer in the Earth’s ionosphere were investigated with a 
2-D plasma simulation model. Electron irregularities were observed due to 
growth of a plasma instability driven by inhomogeneities in the boundary be-
tween the background plasma and the expanding charged dust layer [6]. Forma-
tion of nanoparticles or droplets during melting and vaporization of solids may 
give rise to many new interesting phenomena like ball lightning and anomalous 
conductivity [7] [8]. 

Effect of negative ions on charging of dust grains was investigated by Kim and 
Merlino in laboratory experiment [9]. They produced dusty plasma with positive 
grain charge in a Q-machine K+ plasma by the addition of SF6 gas. Negative ions 
( 6SF− ) replace the plasma electrons, and the dust grains acquire a positive charge, 
since the K+ ions are more mobile than the SF6 ions. They analyzed the excita-
tions of ion-acoustic and dust acoustic waves by an electric field. The same me-
chanism of dust charging is also applicable in electron free space plasmas. 

Space and astrophysical plasmas consist of suprathermal charge particles 
whose existence was proved by space craft observation [9] [10]. Charge particle 
in such plasmas follow the generalized kappa velocity distribution [11] and is 
known as Lorentzian plasmas. In ionosphere radio wave interact with charge 
particles. These charge particles in resonance condition accelerate with high ve-
locity. Such high velocity particles are suprathermal in nature and follow genera-
lized kappa velocity distribution. Suprathermal positive and negative ions can be 
achieved in the D layer of the ionosphere when radio waves in the low frequency 
range interact with positive and negative ions. Such suprathermal positive and 
negative ions along with dust grains form a Lorentzian dusty plasma where the 
dust grains become positively charged by the above mentioned mechanism. 

Presence of negative ions produces many nonlinear phenomena in space 
plasmas e.g., nonlinear plasma decay in the afterglow, ion density peaks near 
discharge periphery, complex sheath structure etc. Nonlinear low frequency 
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wave propagation in electronegative dusty plasma with adiabatic dust charge 
variation in presence of magnetic field with Maxwellian charge particles was ear-
lier reported [12]. Shahmansouri and other scientist have studied dust acoustic 
solitary waves in electron depleted superthermal dusty plasmas considering the 
influence of dust charge variation [13] [14] [15] [16]. In this paper we shall in-
vestigate the characteristics of nonlinear wave propagation in an electron free 
Lorentzian dusty plasma with both adiabatic and non adiabatic dust charge vari-
ation. 

2. Mathematical Formulation 

To study the non linear propagation of dust acoustic waves in electron free dusty 
plasma we have considered positively charged cold, inertial dust grains and 
Kappa distributed inertia less positive and negative ions. Both adiabatic and non 
adiabatic fluctuation of grain charge has been considered. Since frequency of the 
dust acoustic wave is very low, its phase velocity is very small compared to posi-
tive and negative ion thermal velocities. Consequently positive and negative ions 
will not respond much to such very low frequency wave. Hence their inertia can 
be neglected, only dust inertia in this case is important. OML theory [17] has 
been used to calculate the positive ion and negative current flowing to the dust 
grains. In the plasma medium under our consideration equilibrium charge neu-
trality condition reads as 

0 0 0 0i d d nn z n n+ =                        (1) 

where 0in , 0nn , 0dn  are respectively the positive ion, negative ion and dust 
number densities in equilibrium, and 0dz  is the unperturbed number of 
charges residing on the dust grain measured in the unit of electron charge. For 
one-dimensional low-frequency dust acoustic wave motion the number density 

dn  and average velocity du  of the cold dust fluid satisfies the particle and 
momentum conservation equations 

( ) 0d
d d

n n u
t x

∂ ∂
+ =

∂ ∂
                     . (2) 

d d d
d

d

u u qu
t x m x

φ∂ ∂ ∂
+ = −

∂ ∂ ∂
                   . (3) 

along with the Poisson equation 

( )
2

2 4π i i n n d dq n q n q n
x
φ∂
= − − +

∂
                  (4) 

Number densities nn  and in  of inertia less Kappa distributed negative and 
positive ions are, 
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   (5) 

Here nκ  and iκ  are negative ion and positive ion Kappa indices, dm , im  
and nm  are the dust, positive ion and negative ion masses and ϕ is the back 
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ground plasma potential. 
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with negative and positive ion temperatures ,n iT T  are thermal velocities of 
suprathermal negative ions and positive ions respectively. , ,i n dq q q  are the 
charge of positive ion, negative ion and dust grain respectively. The variable 
dust charge ( )d dq z e=  in Equation (3) satisfies the grain charging equation 
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  (8) 

are the negative and positive ion currents flowing to the dust grains, calculated 
using OML theory [15] and 0r  is the radius of the dust grain. 

Above equations have been non-dimensionalized in the following way. Nega-
tive ion, positive ion and dust number densities nn , in , dn  are normalized by 
corresponding unperturbed number densities non , ion  and don . The dust 
charge number dz  is normalized by its equilibrium value 0dz . The space 
coordinates x, time t, grain charge dq , electrostatic potential φ and average dust 
velocity du  are respectively normalized by the Debye length  
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, the inverse of dust plasma frequency 
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equilibrium grain charge 0dez , the negative ion thermal energy nT  (in eV) and 

the dust-acoustic speed 
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is the effective dusty plasma temperature calculated from the relation  
1 1
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3 3
2 2

n i
no io

eff do do n i
n i

n n
T z n T T

κ κ

κ κ

    − −        = +
    − −        
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δ σ= = . Therefore,  
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we obtain a set of normalized basic equations 
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with the normalized negative and positive ion number densities 
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and the current expressions 
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where normalization has been done in the following form. 
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The grain charging frequency dν  has been calculated in the form, 
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Here 0r  is the grain radius, piω  and thiV  are the ion plasma frequency and 
the ion thermal velocity respectively. In the following two subsections we shall 
investigate the two cases of adiabatic and non adiabatic dust charge variation. 

In equilibrium substitution of the expressions of nI  and iI  from Equation 
(15) and (16) in the current balance equation provides the positive ion-negative  

ion density ratio δ ( 0

0

i

n

n
n

= ) in the form, 

( )
( )

( )

( )

11 22

1

1
1 1 13 3 3

2 2 2

11
3
2

in

i

n

n n i

i

ZQ
A

ZQ

κ

κκ

κ
δ

κ κ σ κ

σ κ

− −

− −− −     
     −Φ Φ   = − + +     

        − − −             
   × + 

  −   

 (18) 

In equilibrium ( 0, 1QΦ = = + ) (18) gives, 
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. 

For the study of small-amplitude nonlinear dust acoustic waves in the pres-
ence of self-consistent adiabatic dust-charge variation, we employ reductive 
perturbation technique to the Equations (10)-(14) using stretched coordinates  

( )
1
2 X Tξ ε λ= − , and 

3
2Tτ ε= , where ε is a small parameter and λ is unknown  

normalized phase velocity of the linear dust acoustic waves. 
The variables dN , dV , Φ, and Q are then expanded as 

2 3
1 2 31d d d dN N N Nε ε ε= + + + + , 

2 3
1 2 3d d d dV V V Vε ε ε= + + +  

2 3
1 2 3ε ε εΦ = Φ + Φ + Φ + , 

2 3
1 2 31Q Q Q Qε ε ε= + + + +  

In this case expansion of Q has started from +1 as equilibrium dust charge is 
positive. 

Substituting these expansions into Equations (10)-(14) and (18) and compar-
ing coefficient of ε we have, 
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1
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To the next higher order in ε we have the following set of equations 
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The above set of equations is common to both adiabatic and nonadiabatic dust 
charge variation. But the reductive perturbation in the grain charging Equation 
(13) will be different in these two different cases. We shall now consider the Eq-
uation (13) separately for adiabatic and non-adiabatic dust charge variation. 

2.1. Adiabatic Dust Charge Variation 

For adiabatic dust charge variation, dust charging time is very small and hence 
dust charging frequency is very high compared to dust plasma frequency which  

implies 0pd

d

ω
υ

≈ , so (13) gives the current balance equation 0n iI I+ = . 

Equating from both sides the terms containing ε and ε2, we get 1dQ  and 2dQ  
in the following form 
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To get an evolution equation of 1Φ  we have eliminated all second order 
terms from Equations (21)-(24) and obtained the KdV equation, 

3
1 1 1

1 3 0a b
τ ξ ξ

∂Φ ∂Φ ∂ Φ
+ Φ + =
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.                 (25) 

where 
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 +
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The stationary solution of this KdV equation is ( )2
1 1 sechm M Wφ φ ξ τ= −    

which represents soliton of amplitude 1
3

m
M
a

φ =  and width 2 bW
M

= . 

Here M is the Mach number which is the ratio of the wave velocity and the 
velocity of sound. Nature of this soliton whether compressive or rarefactive will 
be determined from numerical computation. 

2.2. Nonadiabatic Dust Charge Variation 

On the other hand nonadiabaticity of dust charge fluctuation provides an alter-
nate physical mechanism causing dissipation. To study the effect of this  

nonadiabaticity we assume pd

d

ω
ν ε

ν
=  where ε is small and ν is of the order  

of unity. Then the reductive perturbation technique gives from Equation (13) 
the first and second order dust charge perturbation in the form, 

1 1dQ β= − Φ  and 2 1
2 2 1 1d dQ rβ µ

ξ
∂Φ

= − Φ + Φ −
∂

     (27) 
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Eliminating all the 2nd order terms from (21)-(24) and from (27) we get the 
KdV-Burger equation,  

3 2
1 1 1 1

1 3 2a b µ
τ ξ ξ ξ

∂Φ ∂Φ ∂ Φ ∂ Φ
+ Φ + =

∂ ∂ ∂ ∂
                 (28) 

where 
3

1

2
dµ λ α

µ =  is the Burger term representing the nonadiabaticity induced  

dissipation which was absent in the adiabatic case. This is a viscous like effect as 
in the case of hydrodynamic fluid flow. This viscous like dissipative effect may 
be generated due to the relative velocity between the positive and negative ion 
fluids and dust fluid layers and is coming into the picture for comparatively slow 
charging process in case of nonadiabatic dust charge variation. 

3. Numerical Estimation 

For numerical estimation of this problem we consider an electron free space 
plasma with suprathermal positive and negative ions and positively charged dust 
grains whose quasineutrality condition (1) implies that the equilibrium density  

ratio 0

0

i

n

n
n

δ =  must be less than one. The temperature ratio i

n

T
T

σ =  is greater  

than unity as negative ion mass is higher than positive ion mass. Equation (19) 
shows that δ is a function of Z. Using equation (19) we shall find the permissible 
range of the normalized grain charge number z satisfying the condition 1δ < . 
Our main objective is to see the effect of suprathermal particles on amplitude 
and width of the dust acoustic soliton when dust charge variation is adiabatic 
and nature of the dust acoustic shock wave when dust charge variation is non-
adiabatic. We have made the negative ion Maxwellian by doing nκ →∞ . All 
numerical calculations are depicted in figures where we fixed 1.5σ = , 1.1M =  
and 3,4,6iκ = . This approximation is valid as negative ion mass is large com-
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pared to positive ion mass. 
Figure 1 shows the variation of δ with Z for above mentioned set of kappa 

values. This figure indicates that permissible range of Z is 0 0.12Z< <  satisfy-
ing 1δ < . We have ploted soliton amplitude in Figure 2 and soliton width in 
Figure 3 when dust charge fluctuation is adiabatic. These figures show that am-
plitude of compressive dust acoustic soliton decreases and width increases with 
decreasing iκ , i.e. with increasing number of suprathermal positive ions (de-
creasing iκ ). This means higher population of suprathermal positive ions re-
duces the soliton velocity as the soliton velocity is directly proportional to the 
soliton amplitude and inversely proportional to the soliton width. 
 

 
Figure 1. Plot of δ versus z for different values of κi. 

 

 
Figure 2. Plot of soliton amplitude ϕm versus z for different values of κi. 
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In case of nonadiabatic dust charge variation Figure 4 shows that the dissipa-
tion coefficient µ increases with decreasing iκ . This implies increasing popula-
tion of suprathermal positive ions ( iκ  is low) increases nonadiabaticity induced 
dissipation µ. Figure 5 shows that the dissipation-dispersion coefficient ratio 

bµ  does not reach below the value one for all values of iκ  and hence in all 
cases dust acoustic shock wave is monotonic. Figure 5 also shows that monto-
nicity is low for lower iκ  ( 3iκ = ) i.e. for higher suprathermal positive ion pop-
ulation. Thus an electron free Lorentzian dusty space plasma composed of positive 
ion, negative ion and positively charged dust grains generates compressive 
 

 
Figure 3. Plot of soliton width W versus z for different κi. 

 

 
Figure 4. Plot of dissipation coefficient μ versus z for different κi. 
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 Figure 5. Plot of dissipation-dispersion ratio μ/b versus z for different κi. 

 
dust acoustic soliton for adiabatic dust charge variation whose amplitude de-
creases and width increases with increasing number of suprathermal positive 
ions. On the otherhand for non adiabatic dust charge variation such plasma ge-
nerates monotonic dust acoustic shock wave whose monotonicity decreases with 
increasing suprathermal positive ion population. 

4. Conclusion 

In this paper we have studied nonlinear characteristics of small amplitude dust 
acoustic wave propagation in electron free Lorentzian dusty plasma considering 
positively charged cold, inertial dust grains and Kappa distributed inertia less 
positive and negative ions. In numerical estimation negative ions are made by 
Maxwellian of nκ →∞ . Dust grains are positively charged as heavy mass nega-
tive ion flux to the dust grains is less than positive ion flux. In this paper both 
adiabatic and nonadiabatic dust charge variations have been considered. Our 
analysis shows that in the permissible range of normalized grain charge number, 
for adiabatic dust charge variation compressive dust acoustic soliton propagates 
whose amplitude decreases and width increases with increasing number of su-
prathermal positive ions whereas for nonadiabatic dust charge variation mono-
tonic dust acoustic shock wave propagates whose montonicity is lower for higher 
suprathermal positive ion population. In Reference [18] we studied nonlinear 
dust acoustic wave propagation in a Lorentzian dusty plasma with suprathermal 
electrons and ions and negatively charged dust grains where for adiabatic dust 
charge variation we obtained rarefied dust acoustic soliton with decreasing am-
plitude and increasing width with increasing suprathermal electron population. 
For nonadiabatic dust charge variation in that case we showed that dust acoustic 
shock wave was monotonic up to a certain range of grain charge number then it 
was oscillatory. 
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