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Abstract

This work is a discussion on the energy parallax theory developed in [1] [2]
based on the multiplicity of the solutions theorem. This theory is compared
with the perturbation theory in mathematical physics. The perturbation
theory uses the increment of a solution which can be formalized with a Taylor
series development. With the energy parallax theory, the convergence proper-
ty of the Taylor series of the energy of a system is the key to decide to include
additional solutions, defined on the so-called energy spaces [2]. The develop-
ment is supported using various examples in quantum mechanics (Ze. Ray-
leigh-Schrédinger perturbation theory) and wave theory with the Electro-
magnetic (EM) energy density (Z.e. evanescent waves within the skin layer of a
dielectric material). Finally, we discuss the Woodward effect [3] and the ap-
plication of the energy parallax when assuming that the variations of EM
energy density can trigger such effect within asymmetric cavities.

Keywords

Electromagnetism, Perturbation Theory, Energy Parallax, Quantum
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1. Introduction

1.1. Work Overview

Perturbation theory has played an important role in the development of
mathematics and physics from the end of the 19th century. With the pioneering
work of H. Poincaré in the theory of dynamical systems, the perturbation theory
found a major application in the emergence of quantum mechanics with the

preliminary works of M. Bore and W. Heisenberg [4].
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In quantum mechanics, perturbation theory generates states of a system that
are adiabatically or linearly derived from a stable state. This stable state is
generally an exact solution of the equations describing the system at hand.
However, the system can be perturbed in a way that the exact solution,
associated with the stable state, is no longer valid to model the changes in the
system. Perturbation theory has been formulated in various domains, beyond
quantum mechanics, using small quantities in order to describe the perturbed
states, degenerated from the stable state. This perturbation shows up as a
broadening of the initial energy quantity corresponding to the system in stable
state [4] [5].

In previous works (Ze., [1] [2] [6] [7]), we define the Energy Spaces, which are
subspaces of the Schwartz Space S~ (R) [8] associated with energy operators
and generalized energy operators. This definition was used to define the concept
of multiplicity of the solutionsin [1] (Theorem 2 and Corollary 1). The idea is to
consider those energy spaces and functions associated with them when solving
linear Partial Differential Equations (PDEs). More precisely, we look for
solutions of a nominated linear PDE within those energy spaces. The concept
was further developed using the Taylor series of the energy of a solution S™(RR)
for a nominated PDE. The work was based on finding when the successive
derivatives, defined through the Taylor series coefficients, are also solutions of
this particular PDE (see Section 4 in [1]). The work was then generalized,
considering S~ (Rm) (min Z*, m>0) [2] using the properties for the
Sobolev spaces, the Schwartz space and the L2-norm. The concept of energy
parallax was also introduced based on Theorem 3.

This work is a discussion between the energy parallax and the perturbation
theory developed in quantum mechanics. In the next section, we recall this
theory. An overview of the energy parallax together with the formal theory
developed in [2] using the properties of the Schwartz space S~ (]Rm) and the L2
space, is briefly exposed at the beginning of Section 3. Through several examples,
we discuss the similarities between the two theories. Finally, Section 5 is a
discussion on the application of the energy parallax in the derivation of the
Woodward effect for the special case of the asymmetric cavities. A conclusion

ends this work.

1.2. Notation and Symbols

In this work, several symbols are used. The set of integer numbers Z is
sometimes called only for the positive integer such as Z* or ZT (for a space
with dimension ). When the integer 0 is not included, it is explicitly
mentioned such as Z* —{0}. The set of natural numbers is N, with only the
positive numbers defined as N ". R is the set of real numbers. Also, in this
paper, the Schwartz space is called S~ (Rm) which is the notation used in
previous works such as [1] and [2]. Several notations describe the relationship

between spaces such as intersection (1), union (U), inclusion (<, inclusion
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without the equality C, inclusion with equality < ). Readers can refer to [9] or

advanced mathematical textbooks for more explanations.

2. An Overview of Perturbation Theory and the Application
in Quantum Mechanics

Following [4], we can consider a simple problem with, let us say, a natural
system ¢, initial state ¢, and small perturbation &,, such as a=¢,+3,.
Knowing that the system can evolve (or be perturbed) with incremental
quantities, the general idea is to model these different states of the system. For
example, we can model the next state as ¢, +a, with some assumptions such as
ay>a (ie a -~ (ao)2 ). We can then model the th phase of the system with
the perturbation a; ~ (aifl)z. Note that the perturbation theory can be applied
to the variations of the system’s energy or solutions describing the system’s
evolution.

However, perturbation theory can only estimate solution close to the exact
solution. The addition of the small quantities to the exact solution can be
expressed in (power) series (Ze. Taylor series around a nominated quantity—time,
position in space, ... ). If the quantity becomes large, the series can diverge and
the resulting solution is not valid to describe the perturbed system. In the
example of our simple system described above, we have the condition that it
exists N in Z* such as ay ~(a,)" ~0. The various perturbations of the
system can then be written such as a=ay+a, >+ > >ay+a,. In
other words, the perturbation theory applied to our simple system is expressed
through the series a =0, +8a,+a, +---+a, . This series may converge or not.
The convergence/divergence properties in the perturbation theory is an
important research topic [10] [11] [12]. Note that the intermediate states of the
system are called degenerated states.

In quantum mechanics, those states are associated with intermediate levels of
energy. These intermediate states are also solving the equations describing the
system [5] [13]. For example, let us recall the Rayleigh-Schrodinger perturbation
theory. The system is described by the Hamiltonian operator (/) and the
solutions describing the different states of the system are the eigenfunctions (y;)
of H. In fact, we have the famous relationship between the Hamiltonian, the
eigenfunctions and the corresponding energy states (E;), Hy; =Ey,; [13].
Thus, the perturbation in the system is described with a term V such as the
Hamiltonian is also changed with H=H;+AV . A is the small quantity
varying in [0,1]. The power series of the eigenfunction at the n-th order

perturbation can be written such as y, = Zin:o t//r(]i)ﬂi and the associated energy
E, = Zin:O Er(,i)li . The formula of y, and E, are called the Lindset series for a

Hamiltonian operator driven by small perturbations [14]. Thus, there is a linear
0]

relationship between the degenerate states y,

(0

n

and the associated small energy
quantity E_’. Finally, the energy quantities and the associated eigenstates can

be directly related to the total energy of the system E, and its associated
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eigenfunction y, suchas[13]:

@ 1d'E,
it (1)
@ _ 1dy,

TP

It is important to recall for the following that the perturbations for integrable
Hamiltonian system are described by the Kolmogorov-Arnold-Moser (KAM)
theorem [14]. The KAM theorem deals with persistence, under perturbation, of

quasi-periodic motions in Hamiltonian dynamical systems.

3. Energy Parallax and Relationship with Perturbation
Theory

This section starts with a short summary of the energy space theory, which
defines the energy parallax. Readers can refer to [1] [2] [6] for a comprehensive
description of the work. The second part discusses about the common features

with the perturbation theory through some examples.

3.1. Short Review of the Energy Parallax

The concept of multiplicity of the solutions was developed in [1] which is based
on the theory of energy operators in the Schwartz space S™(R) and some
subspaces called energy spaces first defined in [7] and subsequently in [1]. The
main idea is to look for solutions of a given linear PDE in those subspaces. The
theory has been recently extended (e.g., [2]) in S~ (Rm) (meZ") using the
theory of Sobolev spaces, and in a special case the Hilbert spaces. In [2], the
author uses the Sobolev embedding theorem in order to show the Theorem 3
and the concept of multiplicity of the solutions.

Furthermore, the author defines in [1] the concept of energy parallax, in order
to understand the physical meaning of including additional solutions when
varying the energy of a predefined system locally by taking into account
additional smaller quantities. It is equivalent to take into account solutions in
other energy subspaces (e.g., Theorem 3, [2]).

To recall [1] [2] [7], a possible application of the theory of the energy
operators is to look at solutions of a given partial differential equation for
solutions in S~ (Rm) of the form 0} ( fr ) Instead of solving the equation for
specific values (e.g., boundary conditions), the work in [1] (e.g., Theorem 2 and
corollary) defines the concept of multiplicity of the solutions in S~ (Rm)
(me [1,2]) such as the study of the multiple solutions of a PDE based on the
definition of the energy spaces E, (peZ'). One way to understand this
concept, is to study the convergence of the development in Taylor series of the
energy function associated with a nominated energy space. It was shown in [7]
that taking into account additional terms of the Taylor series leads to define
additional solutions of the wave equation (see Section 4 [1]). It was further
generalized in [2] (Section 5) with S~ (Rm) (meN;) and the solutions in the
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subspaces M| cE, cS” (Rm)c L2 (Rm) (peZ', vVeZ'). Note that the
inclusion of the energy subspaces is shown in [2] using the properties of the
Sobolev spaces. The energy spaces IVI‘:) are defined following (2] (Definition 3).

Definition 1. [2]: The energy space E, CS~ (Rm), with pin Z7, is equal to

E M7 . with M‘LQS’(R"’) for vin Z* defined as

P UVEZ*U{O}

g =0 ([[f]PDn,[[f]pI es (B"),

keZ" vk gv,neZ+—{O},ie[1,---,m]}

M ={g €S (R")

[[.]DT is a generalized energy operator defined in [2]. In order to

1

understand the notation, [[f(r,t)]OT:fz(r,t)eMg, 0, f%(r,t)eM; and
1

v (f)(rt)= [[ f (r,t)]l}+ € M; . Now, let us define any PDEs of the form:

1

z jez" Zie[o,-u,m] aija;lj g= 0,
vg<A(R")<S (R"), (3)
Va; eR, v, el”

Thus, all the solutions are here defined in A(Rm) cS” (Rm). Now, we are
interested in the solutions which can be defined on the energy spaces E,

(peZ"). In other words, A(Rm)ﬂ o Ep * {&} . In particular, we choose the

solution g=0¢ A(R"‘ ) N oz Ep Furthermore, one can define

geA(Rm)ﬂpepr, such as IveZ' for geA(Rm)ﬂ MY . In other

pez*
words, 3If €S~ (]Rm) and neZ’ —{0} ,suchas ¢ :([[ f ]DJ j .
1

The theorem of (Multiplicity of Solutions in R™) stated in [2] (Theorem 3) is:

Theorem 1. If A(Rm) c S (Rm) is a subspace of all the solutions of a
nominated linear PDE. For peZ’, gisin E,. Then, g is a solution for this
linear PDE if and only if:

1) (General condition to be a solution) A(Rm ) N E,# {@} .

2) (Solutions in S~ (Rm)) g eA(Rm)ﬂEp, ImeR* suchas
m=sup(£(g)).
3) (Multiplicity of the solutions) If (e M‘;) (veZ"), 3If S (Rm) and

n

neZ"-{0}, such as QZGY([[f]ij (ie[0,---,m]) and Vk=v, keZ",

o ([[f]"mn cA(R™)NE,.
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4) (Superposition of solutions and energy conservation ) If F e A(Rm ) N E,.

+\" +\"
with F:Zkemmar([[f]plj such as ar([[f]"lj eM} (ie[0,--,m]),
then E£(F)<oo.

Readers can refer to the appendices in [2] for further information on the
energy space theory. Note that, in [1], the theorem on the multiplicity of the
solutions was established for the function of finite energy in R" (m in
{1,2,3} ). [2] generalizes the same theorem for min Z" (m>0), thanks to the
theory of Sobolev Spaces.

Furthermore, let us recall a proposition first stated in [1] (7 equal 1) and
generalized (Vie[1,---,m])) in [2].

Proposition 1. If for neZ', f"eS” (Rm) and analytic for any

(p.G)eR? and 7, e[q,p] (Vie[l, - m]) and E(f") isanalytic where
E(F" (7)) =" () dt <o0 (4)

then
g(fn(pi)):g(fn(qi))+§a;(fn(qi))zw@o (5)

is a convergent series.

3.2. Examples and Discussion between the Energy Parallax and
the Perturbation Theory

In areas where the solutions are described via a set of PDEs, the perturbation
theory can be rather complicated to use. Instead, the energy parallax shows that
the variations of energy quantity lead to define solutions according to the spaces
associated with the energy quantities (or energy spaces as defined in Definition
1). Theorem 1—the multiplicity of the solutions—lays the basis to define the
solutions associated with the perturbed system, every time the energy increases
in small quantities. Let us recall the definition of energy parallax [2] (Definition
4):

Definition 2. Considering a linear PDE with some solutions in A(Rm) such
as A(Rm)ﬂS’ (Rm)i {D} . Furthermore, if it exists p and veZ" such as
A(Rm ) (M} = {J}, then we associate the energy £(f) for
fe A(Rm ) (1M, such as one can estimate the variation
dé(f)= (5( f(q+ dq)) - 5( f (q))) dg over an elementary quantity dq (e.g.
space, time or space-time for the specific case m in {1,2,3,4}). If d&(f) is
not negligible (Je e R™ suchas e>1 and d&(f)>e), then one can consider

additional solutions in A (]Rm ) NM :fl .

The validity of this approach is only guaranteed if the power series of the
energy is converging. The convergence properties is essential, because of the
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assumptions of small variations of energy. Due to those small energy variations,
a limited number of energy subspaces are taken into account and thus a limited
number of additional solutions are introduced in the considered system. This
idea is written mathematically in the superposition of solutions and energy
conservation, property 4 in Theorem 1. That is why the fundamental work in [6]
[7] focuses on the function of finite energy in the Schwartz space
S (Rm) cl? (Rm) (min Z")in [2]. L (Rm) is the L2 space associated with
the 2-norm on R".

To illustrate the energy parallax, let us come back to our simple system
example used in the explaination of the perturbation theory. The energy of this
system & increases slowly such as &£ =&, +¢,. If we assume that the space of

the solutions of PDEs describing this system is A(Rm) cs” (Rm ) cl? (Rm) .

We can then assume thatif f e A(Rm ) , the power series

E(f)=>,0“€(f)v" is convergent. v* depends on the variables of f.In

the classical formulation of a Taylor series with a function depending on time,

k
t—t
vk = @ and t;, is some initial time/coordinate where the development is

k!
realized.

Let us consider that ¢, is equal to 8'€ ( f )Vl. Now, applying Proposition 1,
the power series £(f) is convergent. Knowing that 8k5( f)= M2 (k>0)
(i.e. Proposition 1 ), the definition of the energy space recalls that the solutions
0 f? € M§. The energy parallax with 7heorem 1 states the conditions when the
solutions of the form &*f" (neZ") are also solutions in A(Rm) (or
e A(Rm)ﬂ M ). The general idea is that when the energy of the system
increases of a small quantity (ie. ¢ ), one can look at solutions with higher
derivatives (ie. 0*f ) belonging to A(Rm)ﬂ M§ .

Let remind us of an example in functional analysis first shown in [7] in order

to illustrate the energy parallax.

3.2.1. Example 1: Specific Solutions of the Wave Equation in L? (]RZ)

As a simple case of linear PDE, the wave equation with the particular solutions
of the form of evanescent waves, was already discussed in Section 6 of [7] and
[2]. However, it is an interesting example to apply and understand the concept
of multiplicity of the solutions stated in [2] (e.g., Theorem 3) and recall in
Theorem 1. From [15], the wave equation can be formulated in R? (with tand

rthe time and space variables):
8fg(r,t)—izafg(r,t)=0,
c

te[O,T], re[rl,rz], (rl,rz,T)eRg', r<r, (6)
toe[O,T], roe[rl,rz]

c is the speed of light. Note that the values of #and r are restricted to some

interval, because it is conventional to solve the equation for a restricted time

DOI: 10.4236/jmp.2018.93034

485 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.93034

J.-P. Montillet

interval in R” and a specific region in space. According to the previous section,

here we are interested in the solutions in the energy (sub)space Mi:) , of the kind
g (r,t) =0 ([[ f ]ij (r,t) (nin Z°* —{O} ,pin Z*, kin Z"). Furthermore,
1

the relationship Ml; cS” (Rz) cl? (Rz) imposes that the solutions should be

finite energy functions, decaying for large values of r and ¢z It was previously
underlined in [1] [2] that planar waves should be rejected, because this type of

solution does not belong to L(Rz). However, evanescent waves are a type of

solutions included in S~ (Rz) and considered in this work. They are here

defined such as:

f (r,t)=Real {Aexp{(uzr)}exp{(i (ot —ulr))}},
te[0,T], re[n.n], (rnn)eR? r<r,

)

i=-1, u, and u, arethe wave numbers, @ is the angular frequency and
A is the amplitude of this wave [15]. Assuming @ and (u,, u,) known, one
can add some boundary conditions in order to estimate u;, U, and A.
Furthermore, a traveling wave solution of (6) should satisfy the dispersion
relationship between u,, U, and @ [15]. However, our interest is just the
general form assuming that all the parameters are known. For p =0, the type of

solutionsin M are:
Akt (1) = (iwn)* £ (1,1,
aff”(r,to):(n(uz—iul))k f7(r.t,),
te[0,T], re[n.r,], (n.n.T)eR? <,
toe[O,T], roe[rl,rz], neZ+—{O}, keZ+—{O}

(8)

In MY, one can then write the type of solutions

ctes (D=2t [[ (0] ]

Orw (f)(r.t) = Real {(i2k) 2 (ry,t)}

oy, (1)(rty) =Real {(2K (u, —iu,)) £2(r,t,)} ©)
te[0,T], re[n.n], (. T)eR® r<r,

t,€[0,T], r,e[n.1,], nezZ -{0}, keZ" -{0}

Let us consider the form of solutions which propagates in a closed cavity (e.g.,
closed wave guide [15]). One possible solution is the evanescent wave described
in (7). Now, if fand & ( f ) are analytic in R?, it was shown (see Proposition 1
in [2] and Proposition 1) that fis finite energy (and more generally in S~ (Rz) )
with a wise choice on the parameters A4, U;, U, and ®. One can estimate the
difference of energy in time over dt inside the cavity at a specific location T

(r, in [r,r,])suchas
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E(F(5.T)) = (f(r.h)) dh<oo
£ (T ) =1 (7)) 20t (7 (1) o

= ! (10)
E(F (5, +00))=E(F (5, T))+ £2(5,T) e+ S0 (F)(15,T)

E(F(r, T +dt))=&(f(r,,T))+ F7(r,T)dt

Here the symbol “= " means that

JeeR", el VkeZ', k>0 |07 (Wi (F)(rT))| <e| (7))

Now, let us do a hypothesis that &( f (r,,T +dt)) increases significantly over
dt modifying the approximation in (11)

JeeR', e<l, vkeZ, k>1 |, (F)(r,T)|<e|¥5, (F)(r.T)| (12)

and then,
E(F(r,T+dt))=&(f(r,T))+ f2(r,T)dt+¥y, (f )(rO,T)% (13)

To recall that f*(r,t)eMy, 6,f?(r,t)eM;y and W/ (f)(r,t)eM?, and
using Theorem 1, one can take into account solutions in those (energy)
subspaces. The multiplicity of the solutions (ie., Theorem 1), due to the
variation of energy, can be formulated as an approximation for taking into
account additional solutions produced by the wave equation.

Discussion (1): With the above example, we can now expose some common
features between the energy parallax formulation and the perturbation theory.
Firstly, one can emphasize the Lindset series of the energy (Er(]k)) and the
eigenfunctions (l//rgk) ) described in Section 2. To recall Section 3.2, the energy
parallax theory uses the Taylor Series development of a general solution
f(r,, T) for a given PDE (with f e A(Rm)) associated with the Taylor Series

of the corresponding energy &(f)(r,,T). In quantum mechanics, perturbation
theory relies on the Hermitian properties of the Hamiltonian, which establish
the relationship between the energy states and the eigenfunctions. However, the
energy parallax theory is not based on an explicit operator, which establishes a
direct relationship between the energy increments and the perturbation of the
general solution.

The energy spaces M| (p and veZ') together with the Theorem 1
describe how the perturbation in the power series of the energy leads to consider
additional solutions based on the higher order derivatives of the primary
(original) solution. Technically, we showed in [2] the inclusion of the energy
(sub)spaces (ie, MZCMY, v,>v,, Vv,v,€Z") similar to the Sobolev
embedding theorem (see [2], Properties 2). Unlike the perturbation theory
where the solutions are expressed in power series with the addition of small
quantities to take into account the perturbation of the system’s energy, the

energy parallax considers additional solutions to a given PDE (or PDEs
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describing a given system) based on the higher order derivatives of the primary
solution when considering higher order perturbations of the system’s energy.

Note that our formulation of the energy parallax is at the moment restricted to
functions in S’(]Rm), and thus finite energy function. Thus, every function
(general solution of the PDE, additional solutions defined on the energy spaces,
superposition of all the solutions) should be finite energy function to guarantee
that they arein S~ (Rm) c? (Rm) [2].

3.2.2. Example 2: Application to EM Field Theory
Perturbation theory may be difficult to implement when the system is described
by a set of PDEs. One area in particular is the area of field theory such as Electro
Magnetic (EM) field with EM waves as solutions of those PDEs. The term fie/d is
first coined by M. Faraday in 1849. The work of J. C. Maxwell leaded to the
discovery of the propagation of EM waves [15]. A turning point is the
introduction of the special theory of relativity by. A. Einstein in 1905 with no
longer relationship between the speed of the observer and the velocity of the
waves. Field theory becomes even more important with the development of
quantum mechanics in the late 1920s and the work of P. Dirac using the
emerging theory of quantum field theory to explain the energy decay of an atom
between different quantum states [16].

Let us recall an example of variation of EM energy density in the skin layer of
a conductor. The theory of energy space is now applied to the possible variations
of electromagnetic energy density due to, for example, skin depth effect [15]
inside some conductive material. Beyond this application, the interest is to give a
physical meaning of taking into account those additional solutions in various
energy spaces. Thus, let us formulate the variation in time of energy density (u)

at the second order with a Taylor series development such as:
20 9 o(a?
du:atudt+atu7+o(dt ) (14)
o0 is the Landau notation to omit higher order quantities. Note that at the first

du
order i 0,u . The higher order terms are based on the assumptions that the

EM waves inside the skin layer of the copper plate are evanescent waves and thus
functions in the Schwartz space (S~ (R“) —with 3 dimension variables and
considering also the time ) [15]. As discussed before, those solutions are finite
energy functions and in L (R4) (ie following [1] and [7],

u= 5( f (XO, Yo ZO,T)) <o at some given point in the skin layer defined by the
coordinates X, Y,,Z,). To recall Section 2, the definition of the energy space
M, we can state in S~ <R4)

Mg:{ges-(R“)

9=0; " (%) Yor 2o, t)
=, 07 1 (%0, Yoo 2o ) (W1 ( (%60 You 20,1))) (15)
fes (RY)nez -{0}, a, eR, 2, €[0,L], (¥ vo) [0, }
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Here fis either the electric or magnetic field (Ze the absolute norm of E
and B respectively). With the concept of multiplicity of the solutions (e.g.,
Theorem 1). If g is a general solution of some linear PDEs, then f" can be
identified as a special form of the solution (conditionally to its existence ).

Now considering the wave equation, the electric field and magnetic fields are
solutions and belong to the subspace M and associated with the variation of
energy density O, . Furthermore, we can consider the solutions in Mj
associated with the variation of energy density °u, which can be explained
with the concept of multiplicity of the solutions. The solutions of interestin M
are for the electric field g =0,E and the magnetic field g =0,B. The Taylor
Series development of the energy of (for example) the electric field on a

nominated position in space (Ze, X,,Y,,Z,) and in an increment of time dt:

E(E (X1 Yor 20, T +dlt))

8

=E(E(X: Y01 20:T))+ 2 0 (Ez(xo,yo,zo,T))%<oo (16)

k=0
© (e (dt)"
dS(E(XO, Yo, 20, T +dt))=zat (E (%o yO,zo,T))T
k=0 !
Finally one can write the relationship with the energy density following (14)

and the previous Taylor series development for the electric and/or magnetic
field:

0.5[60 dE(E(Xo: Yo, 20, T +dt)) 1 dE(B(Xy, Yo, 20T +dt))J

dt Ho dt 17

, 1, dt =, dt? 2
=0.5] E* (X9, Y0, 20, T ) +—B*(Xg, Y9, 20, T) +6tu?+6tu?+o(dt )

0
Therefore, taking into account the second order term of the energy density
07U means that additional solutions should also be considered in the EM

modeling.

3.2.3. Example 3: Variation of EM Energy Density—Consequences from
the Wave Theory Point of View

We are taking the example of the variation of EM energy density inside a copper
wall due to planar waves reflecting and refracting on it [15]. To recall the
previous example, the EM field is now including (E, 0E) and (B, 0B),
contribution of the subspaces M) and M; respectively when using the
concept of multiplicity of the solutions (i.e. Theorem 1) for the higher order

derivatives of the energy density (see (14)). We call the total EM field E,, and

tot
B, inside the copper plate (skin layer) with associated permittivity ¢ and

permeability u . They are solutions of the Maxwell equations:

V-E, = Prot 7
VxEyy =—0,By, (18)
V-B =0,

Vx Btot = /Jeat Etot +u],
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with the principle of charge conservation:
0P +V-J=0 (19)

Now, the variation of energy density (14) together with the equation of charge

conservation is formulated such as:

du .
a*‘v' tot — J'Etot (20)
E B,
Py z% is the Poynting vector. Now, writing E,, =E+JE ,

By, =B+0B and & is the first derivative in time (9,) (Ze. solutions in M),
then following [15]

(E+6,E)-j=(E +atE)-FVx(B+atB)—eat(E+atE)} (21)
y7i

using the equalities V-(ExB)=B-VxE—-E-VxB and the Maxwell
equation VxE =-0,B, Vx9,E=-0?B the previous equation reduces to:

E~j+V-(EXB]+8tu +8IE'j+V-[M)+63u
/1 u

+V'[6‘EXBJ+V-(EX@B]+aB‘aB+68tE~8tE=O
u 7 u

We can separate in three groups,

(22)

atu+V-{—EXBJ=—j~E
7]
o (258 g (E08). o
u H
V‘(atExatsz_atB-OtB COE-OE
H H

and its derivative

The Poynting vector is defined as P =
7

0,ExB Ex0,B
= +

H H
the contribution of the EM field generated by 6,E and 0,B is:

o,P . Thus, the second order term of the energy density is

dU+V-P=—j-E

dfu+V-(6,P)=-j-6,E

V(atExatBJ:_atB.atB
H H

-¢,0,E-0,E

The last line is the contribution from only the fields 6,E and 0,B.

Finally, the creation of the wave defined by the EM field (6,E, 0,B) means
that some material properties may allow to create two type of EM waves namely
(E, B)and (6,E, 0,B).

4. Some Comments on the Uncertainty Principle in the
Energy Parallax Theory

Uncertainty principle is generally known from the Heisenberg’s relationship in
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quantum mechanics. In a broad sense, uncertainty principles are a variety of
mathematical inequalities asserting a fundamental limit to the precision with
which certain pairs of physical properties describing a system, known as
complimentary variables (e.g. position and momentum of a particle), can be
known [5] [13].

So far in our comparison between the energy parallax and the perturbation
theory, the development is based on the mathematical properties of the
functions in LZ(R'“) (ie finite energy functions) in order to guaranty the
convergence of the (Taylor) series associated with those functions and/or the
energy. In particular, some examples uses special type of waves (ie. evanescent
waves in Section 3.2.1 or Section 3.2.2) included in L2 (Rm) with the
application of the energy parallax on the variation of EM energy density. Thus,
we emphasize that the energy function and/or the EM energy density defined for
functions in LZ(R'“) , play a key role in both the energy parallax and
perturbation theory. Here, we show with the uncertainty principles, how the
variables in our system (ie. time, frequency, wavelength) can be affected with
the variations of energy quantities.

Let us define the electric field £ function in L? (Rz) with variables in time ¢

and space x. Following the definition of L? (Rm) , one can write

defining w=2-n-f and k the wavelength, we can further state using the

E(xt) dt=["|E,exp j-(-t—k-x)(xt) dt

: 2 . @
at=["li-of [E(ut)f a=a.a [ fexf a

OE (x,t)
ot

Parseval-Dirichlet equality—[17],
[T et de=]Tf2E(x £)] df [ 712 [E(x 1) dt.

- = 1 e|0E(x)[
[T2|E(xf) df = 7mt2~|E(x,t)|2dt~4.n2-le| ét )I dt
2

1

o0 OE(x,t
e t-E(xt)- (1)
1

—» ot

(e ar)

4
1
4

> dt (24)

>

4.7
1

> &

4.’

Associating the quantities Ij:t2~|E(X,t)|2 dt and Ij:f2-|E(x,f)|2df with
At and Af? [17], one can write the uncertainty principle in time and
frequency,

At~Af2ﬁ~<€t (25)

with the relationship (modified Parseval-Dirichlet equality)
[TIE(xt) dt S

5 E (X, a))|2 de inserted in (24), the uncertainty principle
T

—0
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can be written differently

1

N

Thus, the variation of the energy quantity & ~& +9&,, means that the

At-Aw =

& (26)

function/wave is distorted in time or an increase of the frequency spectrum. In
terms of energy parallax, if we think about the superposition of multiple
waves/functions (ie. Theorem 1), the broadening of the frequency spectrum
could be interpreted as additional waves with larger (or shifted) frequency
bands.

Finally, if we want to look at the inequality involving the position x, one needs
to use the wave-particle duality and consider the wave as a photon. In this case,
we can use the Heisenberg uncertainty principle in quantum mechanics to state

the relationship between xand the moment p [16].

5. Discussion on the Woodward Effect Interpreted with the
Energy Parallax Theory

The Woodward effect, also referred to as a Mach effect, is part of a hypothesis
proposed by James F. Woodward in 1990 [3]. The hypothesis states that
transient mass fluctuations arise in any object that absorbs internal energy while
undergoing a proper acceleration. Recently, the Woodward effect was applied to
asymmetric EM cavities (Ze. frustum) due to EM waves reflected on the cavity's
wall, and creating a momentum [2]. The assumption is that the EM energy
density variation results from the evanescent waves taking place in the skin
depth of the asymmetric EM cavity’s walls.

The Woodward effect is based on a formula which the author implicitly
assumed that the rest mass of the piezoelectric material via the famous Einstein's
relation in special relativity £=mc? (& the rest energy associated with the
rest mass m) and its variation via electrostrictive effect. In order to apply this
formula to an asymmetric EM cavity, the author in [2] formulated the
hypothesis that the EM excitation on the walls creates electric charges (i.e.
electrons) which makes the rest mass varying with time. The Woodward effect
can be mathematically derived in various ways [18] [19] [20]. Note that in the
appendices, we also show a derivation based on the model of a point mass
particle moving in a varying electric field.

If we define the mass density such as p= m/V , then from [20], one can write

the elementary mass variation per unit of volume

Sp= 5\/_m ~dp (infinitesimally small variation)
(27)
111 1 2
=———|=d'p-—(0
o 4nG[p P pz( P) }
Let us define the the rest energy & = pc’, then
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1 1 1
dp=—r| — 06— 5
4nG| pc (pc?)

(28)
(28)

_1 1 2
dp=— | 2o2e_ L (56
PG| e (5)2(‘)]

In some particular cases such as an EM cavity, we assume that the variation in
time of the rest energy is equal to the variation of EM energy density u (ie.
0, =&0,u), but the rest energy is much bigger than the EM energy density
&> U. It allows then to state the relationship between the Woodward effect and
the EM energy density

dpziliagu_;@uy} )
4nG| & (€)

The EM energy density u follows the general definition of the sum of energy
density from the electric (U; ) and magnetic (ug ) fields [15]. Note that in [2],
the author defines the Electro magnetic and gravitational coupling using
Equation (29).

Discussion (2): The above equation shows that the variation of mass density
is a linear relationship with the first and second derivative of the EM energy
density. To recall Example 2 in Section 3.2.2, we underline the relationship
between the order of the derivatives of the EM energy density and the energy
spaces. As we are dealing with evanescent waves (functions in
S (Rm) cL? (Rm) with m=4, with 3D space and time) in the skin layer of the
EM cavity, we can apply the results of Example 2 with the multiplicity of the
solutions (i.e. Theorem 1). The interpretation of the Woodward effect using the
energy parallax is that the solutions are in Mg (kin {0,1,2}) using the same
definitions as in Section 2. In other words, we need to take into account the
evanescent waves associated with the electric and magnetic fields and their first

and second derivative in time.

6. Conclusions

This work is a discussion on the energy parallax and the comparison with the
perturbation theory. One of the motivation is that the energy parallax is based
on the multiplicity of the solutions (ie. Theorem 1) developed by [2] for the
functions in the LZ(R’”), Le. finite energy functions in the Schwartz space
S (Rm). Unlike the perturbation theory where the solutions are expressed in
power series with the addition of small quantities to take into account the
perturbation of the system’s energy, the energy parallax considers additional
solutions to a given PDE (or PDEs describing a given system) based on the
higher order derivatives of the primary solution when considering higher order
perturbations of the system’s energy. Note that we give some meaning to the
variation of energy via the uncertainty inequality (time, frequency) based on the

superposition of waves using the energy parallax.
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The perturbation theory is well defined when the system can be described
with an operator (e.g., Hamiltonian) such as in quantum mechanics. However,
complex systems using multiple operators or various PDEs may be best
described in terms of the variation of the total energy. In this way, the energy
parallax can be seen as an alternative. In the first example, the energy parallax is
applied to the evanescent waves in the skin layer of a dielectric material (i.e. EM
fields). We also show the possible application of this concept with the
Woodward effect for the special case of the asymmetrical cavities. The energy

parallax is used with the higher order derivatives of the EM energy density.
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Appendix: Derivation of the Woodward Effect from a Point
Mass Particle with a Varying Charge

In this section, we derive the Woodward effect for a particle moving along a
world line in a varying electric field. It is a simplistic model of a so called
“relativistic” capacitor, due to the variation of mass only dependent of the

variation of charge q(t).

A1. Lagrangian Formalism
Let us call {¢‘}iem] ={E,B} and {a[¢‘}ie[lv2]:{¢i}1‘2 ={0,E,0,B}. Thus, we
assume that the Lagrangian is a function of ¢', ¢' and the time £ Now, the

action principle is applied when varying the fields of the small quantity J¢' and

54" The infinitesimally variation of the action is then
s =[ dt(L(4' +34',' +54' 1)~ L (4.4 1)) (30)
@ is a proper interval defines along the path of the particle. In order to
simplify the notation, let us define ¢ =d¢' and ¢ =J4'. One can further
develop the equation above

oL . oL oL
5S—det([i26ia—¢i+eia—¢.5j+§t§j (31)

using the same development as the Euler-Lagrange equation (and the
. oL . .
assumption that [ei 8_¢'} =0), one can rewrite the above equation such as
[}

5S = jwdt[zei [a—L.-iij + 5tﬁj (32)

o¢'  dt og ot

oL
Note that the momentum p, is defined such as p, = 6_¢' Now, let us state

the Euler-Lagrange equation

26

(6L daLj oL

— —— |=-0t— (33)
o4  dt og ot

A2. The Case of the Point Mass Particle inside an Electric Field

The idea is to use the Lagrangian for a particle inside an EM field subject to a
Lorentz force, but with a varying charge in time q(t) and a varying mass in
time and space m(x,t). Let us state the Lagrangian for such a system with

simply the electric field (see for a full statement [21]):
1
L:Em(x,t)v(t)z—q(t)¢(x,t) (34)

#(xt) is the electric potential such as E=-V¢ . The system is not
conservative (off-shell variation) and thus at the first order variation of the

Lagrangian we can apply (32):
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LA
; ¢ / (35)
R
Py ox' dt ox' ot
. OX;
Knowing that V = [—'j , one can develop further
i=[1,2,3]
2
AV Viom oq op
ot ot 2 ot ot ot
2
oL_viam  og )
oX 2 0x 0X
d oL av dm
———=m—+V —
dt ox dt dt
2
with the assumptions that ﬂ:o , ﬂzl , iﬂ:o , EGV :2d—V ,
0% OX; dt ox; dt ox, dt
0
EM:O. Also with the approximation ﬁzd—v, 6_q=d_q Now, if we
dt ox ot dt ot dt

separate the variables as internal and external parameters, such as (¢,V) are
external (or parameters in on-shell transformation); and (m,q) are the

parameters due to the “relativistic” capacitor model. We can then rewrite (23)
such as:

ot mvV d—V—q%jﬂSxi —q%—md—v—vd—m
dt ot X, dt dt

2
O, V_om =0
2 OX;

Thus, from this equation, we can see that the first group of terms in Jt and

(37)

the second group of terms in Jx; are with derivatives of the external variables
(e.g., ¢, V), whereas the two last groups of variables are with derivatives of the
internal variables (e.g., m, g). Now, if we assume that X ~ 0, in other words, a

negligible displacement in space during the variation of Jt, the equation

becomes
2
de_V_q%_ d_q+V_6_m=0 (38)
dt ot dt 2 ot
and reciprocally with the assumption ot ~0,
2
_q%_mdv _ydm_VZom_, (39)

ox  dt o odt 2 ox,

0. om

and by definition PV V . One can set PV 0, and see the variation of mass
X X

only dependent of the variation of charge q(t) in our “relativistic” capacitor

model. Furthermore, we can get the equation without variation of the internal

variables if d—m:O: qV¢+md—V=0.
dt dt
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As the “relativistic” capacitor model is a particle moving along a world line,
one can follow the same way that Prof. Woodward used to establish the
Woodward effect (See Appendix A of [3]). Let us write the equation of the
momentum when the particle is stimulated by external force: dp/dt =—f . With

Equation (39), one can write:
dv dm o¢p

-m—-V —=q—= 40
dt dt qaxi (40)
which ends up in
dp
T _qV 41
a9 ¢ (41)

This equation is the particle accelerated by a Lorentz force with only the

electric field. We can qualify it as the macroscopic view of the system. One can

d
then define a force F ::—(V d—T,—qV¢j. Making the same assumption as in

[3], one can apply the four divergence to the normalized force

F/m ::—(V/m(L—T,—q/ngﬁj:

-0 (V om 0
V—at(aaj+@(%v¢]+%vz¢=4nGpo (42)
with p,, the first term of the stress energy tensor (or T, ), which is the EM
energy density. Let us make the assumption that the particle is accelerated to the
speed of light V ~cC, and if the fluctuation of the total energy is equal to the
fluctuation of the EM energy density ( O,ug, =0,0, ), thus we have also
0,0, = 0,m-c*. The above equation is then:

-0(com) 0 (q q.,

—| —— |+—| —=V¢ |+ =V ¢ =4nC 43

c&t(m atj cat[m ¢j m # = 4nGp, (43)

or

-0( 1 dp, a(q j q-¢’

—| =——=|+¢c-—| =V9¢ |+——V ¢ =4nG 44

&(E 8tj at(E ¢V O=AmGa (44)

Let us define the potential y = % , and rewrite the previous equation

—0( 1 p, 0 2 72

—| —=——|+Cc-—(Vy)+Cc" - V¥ =4nG 45

a(Eatj at( ) y =4nGp, (45)

The infinitesimally variation Jp, is only due to the variation in time in the
LHS term, then

—0( 1 0p,
—| =—— |=47Gy 46
ot [E ot j Po (46)
with &p, =m-c?,
=0 (190 _ gaGom (47)
c-ot\ E ot
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Note that it is possible to consider higher order derivatives in time if we
consider the variations of the quantity ( po) at higher orders (e
Po = Py +0,p,). However, one must also consider higher order variations of ¢
and ¢ in order to agree with Equation (45).

Also, it is worth to underline that Equation (42) is established when
considering only an electrical potential in the Lagrangian formalism of a point
mass particle moving in an electrical field (i e Equation (34)). According to [21],

one can also include a magnetic potential within the Lagrangian, adding the

q(t)

vector potential TV(t)~A(X,t). - is the scalar product and A(X,t) is the

magnetic potential. It follows that the term —ﬂg—A is added on the RHS of
c o

v
Equation (41) and the term —q—VA in the LHS of Equation (42). It forces to
C
do the same assumption as with the electric field in order to get an equation
similar to Equation (47). That is why, for the sake of the example, the addition of
the magnetic potential is not so important.
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