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Abstract 
In the article, the methods of investigating the instability that were formulated 
earlier by the authors are systematized in the form of a set of criteria for the 
instability and chaos. The latest ones are used to study chaotic dynamics in 
the problems of Sprott and the nonlinear electronic generator of the CRC. 
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1. Introduction 

In this article, the results of the theory of instability developed in [1]-[5], are 
supplemented and systematized in the form of a set of spectral methods and 
chaos criteria for three-dimensional dynamical systems. Limitation of three-di- 
mensional systems allows reflecting the main aspects of the problem in a fairly 
simple form. The models which are used for the demonstration relate to essen-
tially nonequilibrium dynamic systems with pronounced chaotic behavior. 

2. The Initial for the Analysis of Dynamics Is the  
Singular-Dynamic (SD-Method) and the Criteria of  
Instability and Chaos, (see [1] [3]) 

The SD-method is based on the idea of a connection between mathematical fea-
tures (Singularities) of dynamic equations with the change of dynamic regimes, 
with dynamic qualitative transitions and accompanying instabilities. The algo-
rithm for using the method is: 

a) First, the features of the expressions describing the model are determined. 
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In our case these are the singularities of the right-hand sides of equations: zeros, 
infinities, bifurcation points, as well as the zeros of their derivatives, etc.; 

b) Simplification of dynamic equations using singularities; 
c) Analysis and solution of simplified equations, determination of the para-

meters of points of singularities; 
d) The calculation of the criteria and the determination of the conditions for 

changing the regimes—the emergence of instability and chaos. 
The system of equations of the described models has a general form 

( ) ( ) ( )1 2 3, , ; , , ; , ,t t td x g x y z d y g x y z d z g x y z= = =           (1) 

where ( ), ,x y z  are dynamic variables, ( )0 0 0, ,x y z —the corresponding initial 
conditions. The right-hand sides of Equations (1) (gi—actions)—Nonlinear 
second-order functions by non-linearity. 

The standard spectral method is in linearizing the system (1) relatively of sta-
tionary solutions—zeros of operations, obtaining the spectral equation and its 
analysis. In the process of analysis, complexes of the coefficients of the spectral 
equation are being obtained—Criteria determining the presence of instabilities 
and chaotic regimes. 

Thus, writing down the linearized system in general form 

( ) d
0,

d
i

t ik ik ik k i
k

gE e e d g
x

δ δ λδ δ∂ = → − = = ≡x x x
�

.           (2) 

Here Ê —evolutionary matrix and its elements ,eα β . The features of linear 
systems are contained in the spectrum, which is determined by the spectral equ-
ation (SE) 

( ) ( )det 0ik ikS eλ λδ= − = , 

and which for the system of three equations—system (1) equally 

( ) 3 2 0S s p qλ λ λ λ= + + + = .                  (3) 

Coefficients s, p, q depend on the parameters of the linearization point and 
are expressed through ike . In particular, 

11 22 33s e e e div= + + = − G .                    (4) 

The divergence values of the vector of the right-hand sides of Equations (2) 
indicates the areas of growth and reduction of the phase volume and is one of 
the conditions of stability-inconsistency. Depending on the sign divG  dynam-
ics is called active ( 0div >G ), neutral ( 0div =G ), dissipative ( 0div <G ). In this 
case, the boundaries of these regions are also singular points in the spectrum. 

Next we consider stationary points—zeros of right-hand sides. If, due to 
non-linearity, several stationary points are obtained, depending on the parame-
ters of the system, one should also study their features. 

The instability is due to the presence of the roots of the spectral equation—(SE) 
with a positive real part; chaos—with the presence of oscillations and the inte-
raction of the growing and damped modes, i.e. The presence in the spectrum of 
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a singular point of the saddle-focus. Then the spectral relations defining the 
boundaries of the regions of instability and chaos have the form [2] 

1 1a) 0 and 0; b) 0; c) 0q K q sp p q K≤ = − ≥ > ⋅ >           (5) 

The first inequalities in (5) are the instability conditions, the second—reflects 
the presence of oscillations, the third—the saddle-shaped nature of the spectrum. 
Criteria (5) become obvious if we take into account the relationship between 
them and the coefficients of SE with eigenvalues, for SE (3) equal to 

( )
( )

( ) ( )
( ) ( )

2 2
1 2 3 1 2

2 2
2 1 2

2 2
1 2 1 3 2 3 1 2 2

1 2 3 1 2

,

2 ,

2 ,

2 .

q

q sp

p

s

λ λ λ ν ν ω

ν ν ν ω

λ λ λ λ λ λ ν ν ν ω

λ λ λ ν ν

= − ⋅ ⋅ = − +

 − = + + 

= ⋅ + ⋅ + ⋅ = ⋅ + +

= − + + = − +

.           (6) 

where 1 1 2,3 2; iλ ν λ ν ω= = +  real and complex-conjugate roots SE (10). 
Criteria (5) are thus the spectral criteria for instability and chaos. 
The criterion that generalizes and complements the spectral ones is the L-cri- 

terion method. It consists in obtaining the neutrality conditions (the stabili-
ty-instability boundary) through the coefficients of the dynamic equations using 
the determinant of the block matrix L̂  composed of an evolution matrix Ê  
and its elements. The L-criterion formula has the general form [2] [4] 

( ) ( ) ( ) ( )1 1
, ,

, 1

01 det 1 det
0

НУn
n n

У

L E Ieα β α β α β
α β

δ λ λ+ + ∗ ∗

=

> − ⋅ = − ⋅ + = +  <∏
� � � � � .    (7) 

where Ê —evolutionary matrix, ,eα β
∗ —complex conjugate elements of the ma-

trix Ê , Î —unit matrix, n—dimension of the system, ( )lni t iaλ δ= ∂� —Gene- 
ralized eigenvalues of the evolution matrix (which are an analog of Lyapunov 
exponents and coincide with them in the case of stationary states). 

The equality of the criterion (7) to zero corresponds to the presence of zero 
derivatives (eigenvalues), a change in the sign of the criterion-the change in the 
sign of the time derivatives in dynamic equations. Thus, the analysis of the fac-
tors in (7) is an analysis of the eigenvalue spectrum of the evolution matrix of 
the nonlinear system and, consequently, the analysis of the signs of time deriva-
tives in the linearized dynamic Equations (2). 

As an example of the application of criteria, we consider two problems that 
explicitly demonstrate unstable chaotic regimes: 

a) one of the models of chaotic dynamics—the Sprott model [6]; 
b) Model of a nonlinear electronic generator Kiyashko S.V., Pikovsky A.S., 

Rabinovich M.I. (CRC) [6]. 

3. Equations of the Sprott Model Have the Form 

1 2 3; ;t t tx xy z g y x y g z x az g∂ = − ≡ ∂ = − ≡ ∂ = + ≡ .        (8) 

where x, y, z—dynamic variables, a—parameter. 
Indicator of type of dynamics ( )1div y a= − +G . Depending on the choice of 
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the initial condition— 0y  it is possible to get all three kinds of chaos 
System (8) has two stationary points 

( ) ( ) ( ) 2

1 1 11 , , 0,0,0 ; 2 , , , ,s sst x y z st x y z
a a a

 ⇒ = ⇒ = − − 
 

.     (9) 

For the Sprott model, linearized near arbitrary states ( ), ,x y z  system (2), 
corresponding evolutionary matrix Е and also the spectral equation with coeffi-
cients have the form 

1
, 1 1 0

1 0
t

y x
E E

a
δ δ

− 
 ∂ = = − 
 
 

x x
� �

                (10) 

( ) 3 2 0S s p qλ λ λ λ= + + + =  

( ) ( ) ( )1 , 1 1 , 1s a q p x y a q a x y= − − = − + − ⋅ − = + +       (11) 

For the first stationary point, the roots of SE are equal 
2

1 2,31, 1
2 4
a a

λ λ= − = ± −                   (12) 

Spectral criteria-(5), L—criterion-(7) and dynamics index-(4) accordingly give 
expressions 

( ) ( ) ( ) ( )2 21 0, 1 1 0, det 8 1 2q q q sp a L a a a= > − = − − ≥ = − ⋅ −      (13) 

( )1 0.div a= − ≥G  

For the second stationary point (because of the awkwardness of analytical ex-
pressions), we give the numerical values of roots and criteria 

( ) ( )
( )

1 2,3

1 2,3

0.1 - 0.3 4.5 , 0 , 0;

0.3 - 4.5 , 0, , 0.

a a

a r i r

λ λ

λ λ ω

∈ ∪ > > <

∈ > = ± <
              (14) 

( ) ( )1 0, 0, det 0, 0 1.62q q q sp L div при а= − < − < > > >B       (15) 

From the conditions (12 - 15) it follows that both stationary states are unstable 
for any values of the parameter а, chaotic oscillations exist in limited intervals. 

For the first stationary point with ( )0 - 2a∈ , the second— ( )0.3 - 4.5a∈ . 
With 2a >  Both steady states are nondissipative i.e. the phase volume of the 
system increases. 

The criteria and the spectrum are consistent with each other. 

4. The Nonlinear Electronic Generator CRC 

Such generators with a substantially nonlinear (N-shaped) volt-ampere charac-
teristic of a tunnel diode refer to nonequilibrium dynamic systems in which ex-
citation of unstable chaotic oscillations is observed [6]. 

The CRC generator was proposed and studied in the experimental regime by 
Kiyashko S.V., Pikovsky A.S., Rabinovich M.I. [6]. The electrical circuit of a ge-
nerator with a nonlinear volt-ampere characteristic and an attractor reflecting 
the dynamics of chaotic oscillations are shown in Figure 1, Figure 2. 
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(a)                                       (b) 

Figure 1. Scheme and volt-ampere characteristic of an electronic generator with a nonli-
near tunnel diode. 

 

 
Figure 2. The phase portrait of an attractor 
in the space of dynamical variables (x,y,z). 

 
The initial dynamical equations of the generator have the form [6] 

( ); ;t t t m mLd I U V IR Cd U I cd V I f V V I= − + = − = = ,      (16) 

where I—current in the circuit, U—voltage ,V—diode voltage, L—inductance, 
C—chain capacity, c—tunnel diode capacitance, (-R)—Negative diode resistance 
(gain), Im, Um—maximum values. After the introduction of dimensionless va-
riables 

; ; ; ,m m mx I I y UI C L z V V t LCτ= = = =        (17) 

the initial system of dynamical equations in dimensionless form takes the form 

( )( )

x

y

z

d x ax y bz g
d y x g

d z e x g z g

τ

τ

τ

= + − =

= − =

= − =

                      (18) 

where 

( ) ( )2; ; 1; 14.4 22 8.6 .m ma R C L b V I C L e C bc g z z z= = = = − +�  (19) 

Thus, using the SD method and the criteria (5), (7), we obtain the conditions 
for instability and chaos of the dynamic regimes of the generator described by 
the system (18) in the analytical form in terms of the dynamic coefficients (19). 

a) First, the features of the expressions describing the model are determined. 
In our case, these are the singularities of the right-hand sides of the equations— 
zeros (stationary points) and the zeros of their derivatives (extremes of the volt- 
ampere characteristic). 
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The system (18) has one stationary point corresponding to the absence of 
current 

0s s sx y z= = = ,                         (20) 

and two extremum points 

( )2
1 243.2 1.02 0.2 0; 0.265, 0.755.zd g z z z z= − + = = = .      (21) 

Values ( )g z  at these points, respectively, equal to 1 and 0.151, one of these 
points corresponds to a maximum another to a minimum of the function g. 

The values of the divergence of the vector of the right-hand sides of equations 
(3) indicating the regions of growth and decrease of the phase volume are 

zdiv a ed g= −G                          (22) 

and depends on the position of the point on the volt-ampere characteristic. 
For a nonlinear generator, the system (18) linearized near arbitrary states and 

the corresponding evolution matrix Е have the form 

2 1
, 1 0 0

0
t

z

h b
E E

e ed g
δ δ

− 
 ∂ = = − 
 − 

x x
� �

                (23) 

And the spectral coefficients are, respectively, 

( )2 , 1 2 ,z z zs ed g h p eb hed g q d g= − = + − = .          (24) 

The conditions (5) after simple transformations in the general case take the 
form 

( )( )
( )

( )( )

2

2 2 2 1 0,

3 1 2 ( 2 ) ,

2 2 2 1 0

z z

z z

z z z

h h ed g eb h ed g

eb hed g ed g h

hed g h ed g eb h ed g

− − + ≥  
+ − = −

− − + >  

.           (25) 

The first of these expressions is the condition of neutrality (the stability 
boundary), the second is the condition for the presence of oscillations (the exis-
tence of a frequency), and the third is the presence of a saddle-focus point in the 
spectrum. 

From the conditions (25) it follows that at the initial point (20) the system is 
dissipative, unstable, does not have chaotic oscillations. 

At the extremum points ( 0zd g = ) The conditions (25) are respectively equal 
to 

( )( ) ( )
( ) ( ) ( )

( )( )

2 2

2 2 2 1 0 2 1 0,

3 1 2 2 3 1 4 ,

2 2 2 1 0 0

z z

z z

z z z

h h ed g eb h ed g h eb

eb hed g ed g h eb h

hed g h ed g eb h ed g

− − + = → + >  

+ − = − → + =

− − + > →  

.     (26) 

Whence follows the presence of unstable chaotic oscillations near these points, 
which corresponds to unstable chaotic regimes observed in experiments with 
nonlinear generators [1]. 

Application of L-criterion (8) to the system (18) gives the expression 
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( ) ( )( )
( )( ) ( )

5 2det 2 2 2 1

2 4 1
z z z

z z

L h ed g h ed g eb h ed g

h ed g h ed g eb

= − − − +  
⋅ − − − +  

         (27) 

It follows from the comparison of the L-criterion (27) with conditions (25) 
that it contains both the neutrality condition and the saddle-focus condition and 
indicates the possibility of a third critical regime-the third factor in (27). The 
signs of the three factors in (27) correspond to the signs of the time derivatives 
in the dynamical system (18), and the combination of signs indicates the possi-
bility in the generator of an unstable chaotic regime. 

In conclusion, we note that the main result of the work consists in the formu-
lation and demonstration of simple effective methods and criteria for chaos. The 
examples considered are the model problem of Sprott and a nonlinear electronic 
generator of Kiyashko S.V. Pikovsky A.S., Rabinovich M.I., which show the clar-
ity and simplicity of the criteria and allows constructively identify chaotic beha-
vior in three-dimensional problems with any kind of actions, and also generalize 
to systems of higher dimension. 

The instability and chaos conditions obtained in studies of dynamic regimes 
in nonlinear generators can be useful both for further theoretical studies of dy-
namic regimes in nonlinear generators and for optimizing the operation of de-
vices using such generators. 

Note that with regard to the very phenomenon of chaos, there are enough 
problems that are yet to be solved. For example, questions about the time of de-
velopment of chaos, the alternation of modes—intermittency, the amplitude of 
chaotic oscillations, the frequency spectrum, etc. But these are questions of the 
following studies. 
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