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Abstract

The interpretation of the equilibrium of a solid body floating on the surface of
a liquid body is well known as the “Archimedes’ Principle”. Presently, the
equilibrium of the solid body is interpreted as the result of the concurrence of
two mechanical actions which are equivalent and opposite: the “weight” of the
body, directed downwards, and the “Archimedes’ force” having a magnitude
equivalent to the weight of the volume of liquid displaced by the volume of
the body immersed in the liquid, directed upwards. We show arguments
proving that this interpretation is not a correct physical interpretation. The
same arguments show that a new different interpretation is a correct one. The
new interpretation is based on the hypothesis that the “weight” of a body im-
mersed in a body-medium is proportional to the volume of the body im-
mersed in the body-medium and to the difference in density between the
matter of the body and the matter of the body-medium. Accordingly, if a body
is completely immersed in a body-medium, there is only one mechanical ac-
tion on the body. This action may be downwards or upwards, or its magni-
tude may be zero. In this last case, the body is in equilibrium within the
body-medium.
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1. Introduction

In the last twenty years, quite regularly, papers appeared in the literature on
“Archimedes’ Principle” [1]-[10]. This “Principle” [1] [2] [3] is undoubtedly the
most fundamental law in hydrostatics, used to interpret a set of natural pheno-
mena, for example “isostasy” of continental crust on the earth mantle, but it is

somewhat curious, however, that physics teachers and scholars still debate about
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it approximately 2300 years after Archimedes’ death.

The reasons for this discussion are fundamentally two. The first is that they
are unsatisfied with the current interpretation in the cases of solid objects which
sink in fluids and rest on the bottom of the respective fluid-containers. In these
cases, it is difficult to explain the observed decrease in the weight of the solid
body in terms of the difference in hydrostatic pressure between the bottom and
the top of the body [5] [6] [7] [8] [9].

The second reason is that they feel that this “Principle” is in relation with the
concept of “weight” of a body [5]-[12]. This is “inevitable”, because the phe-
nomenology studied by Archimedes introduces the concept of “density”, a
“property” of the matter intimately related to the “weight” of a body. Weight is
one of the most important consequences of the natural process we call “gravita-
tion”, and therefore we can understand the importance of the discussion about
this “Principle”.

In this study, we first show the fundamental hypothesis which is at the basis of
the current interpretation of the phenomenology studied by Archimedes. Then,
we propose a new interpretation, which is quantitatively equivalent but not
physically equivalent to the present one. Lastly, we show that the current inter-
pretation is not a correct physical interpretation because it is in contradiction

with the observations, whereas the new proposed interpretation is a correct one.

2. The Two Hypotheses
2.1. The Case of a Body Completely Immersed into a Fluid

Let us consider a solid body completely immersed in a fluid body-medium. We
assume that the body-medium is a liquid body of density dj,. Let V the volume
and d the density of the matter of the body. Let the body be in equilibrium
within the body-medium (d),, = d). The present interpretation of this phenome-
nology is

vd =Vvd,, 1)

Le. the equilibrium of the body is the result of the concurrence, on the body, of
two mechanical actions (called “forces”) having equivalent magnitudes and op-
posite directions.

One of the forces is the “gravitational force” or the “weight of the body”. The
magnitude of this force is proportional to the volume of the body and to the
density of the matter of the body. The action of this force is downwards. The
second force is the “Archimedes’ force” (also called “buoyancy”). The magnitude
of this force is equivalent to the weight of the volume of the liquid displaced by
the solid body. The action of this force is upwards.

This interpretation certainly explains the observed equilibrium. However, let
us now consider it carefully. Let us consider the same body immersed not in the
liquid but in the air. In this case, the body is not in equilibrium, and the present

interpretation is that the mechanical disequilibrium is the result of the concur-
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rent action of two forces, the weight of the body Vd and the Archimedes’ force
vd,,

We remark that although the change in the conditions, the current interpreta-
tion assumes that the value of the weight of the body is Vd as in the case the
body is immersed into the liquid. Whatever the body-medium, despite the dif-
ferences in the physical conditions, we believe that the value of the weight of the
body does not change. This is the fundamental hypothesis the present interpre-
tation of this phenomenology is based on.

The reason for this is that we believe that the weight of a body depends on the
mass of the body, ie. on the product between volume V and density d of the
matter of the body. Ceteris paribus, the weight of a body only depends on the
mass of the body. This is the reason we have omitted gravitational acceleration g
in Equation (1). This view is related to the interpretation of the weight of a body
in terms of an action at a distance (a “gravitational attraction” or similar) be-
tween the body and the body represented by the planet that we live on, the Earth.

However, what is the relationship between the weight of a body and the mass
of the body actually? Let us consider a body in equilibrium within a fluid
body-medium. In this case, we do not measure any weight of the body. If the
volume of the body increases, although the mass increases, the body remains in
state of equilibrium and we do not measure any increase in the weight of the
body. The body remains in equilibrium as well if the volume of the body de-
creases: although the mass decreases, we do not measure any decrease in the
weight of the body.

These arguments suggest that the relationship between the weight and the
mass of a body is questionable. The process that generates the “weight” of a body
seems related to the value of the density of the matter of the body rather than to
the volume of the body. In particular, the process seems related to the difference
in density between the matter of the body and the matter of the body-medium
the body is immersed in. We measure a “weight” only if the difference in density
between the matter of the body and the matter of the body-medium is not 0.

Of course, it is possible to interpret the mechanical equilibrium of a body
completely immersed in a liquid body-medium as presently (Equation (1)), but
these arguments suggest that a different interpretation is also possible. Since in
this case we do not measure any weight of the body, the equilibrium of the body
can be interpreted as the result of the action of one single “force”, which magni-
tude is proportional to the volume of the body and to the difference in density

between the matter of the body and the matter of the fluid body-medium:
V(d—dy)=0 )

In interpretation (2), we call the expression at the first member the weight of
the body in the case the body is immersed in the liquid (briefly, the weight of the
body in the liquid). Ceteris paribus, the value of the weight of a body is different,
depending on the body-medium the body is immersed in. The weight of a body

immersed in a body-medium is proportional to the volume of the body and to
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the difference in density between the matter of the body and the matter of the
body-medium. For example, the weight of the body in the case the body is im-
mersed in the body-medium we call “(ideal) vacuum” is V(d-0) = Vd.

We highlight that interpretation (2) is quantitatively equivalent to current in-
terpretation (1), but the physical interpretation of the phenomenology is sub-
stantially different, because interpretation (2) assumes the existence of only one
“force” acting on the body. Depending on the sign of the difference in density
between the matter of the body and the matter of the body-medium, the force
may be directed downwards or upwards, and in the case the difference in density
is 0, the magnitude of the force is 0, 7.e. there is no action on the body. In the last

case, the body is in equilibrium within the fluid.

2.2. The Case of a Floating Body

The case of the equilibrium of a body completely immersed in another body is
only one of the cases of the phenomenology studied by Archimedes. It is now
necessary and interesting to discuss the case of a body floating on the surface of
a liquid. In this case, we observe a mechanical action pushing the body upwards
when we try to immerge the body completely into the liquid.

Let us consider a body of volume V; floating on the surface of a liquid body.
Let v the volume of the body immersed into the liquid. The present interpreta-

tion of the equilibrium of the body is as follows:
vd =vdy, (3)

Le. the equilibrium is the result of the action on the body of two concurrent
forces. One force is the “weight” of the body. The magnitude of this force is
proportional to volume V and to density d of the matter of the body. The action
of this force is downwards. The second force is the Archimedes’ force. The mag-
nitude of this force is equivalent to the weight of the volume of the liquid dis-
placed by the volume of the body immersed in the liquid. The action of this force
is upwards.

As shown in the case of Equation (2), we now do the hypothesis that the
weight of a body immersed in a body-medium is proportional to the volume of
the body immersed in the body-medium and to the difference in density be-
tween the matter of the body and the matter of the body-medium. In this case, a
part of the body, the volume v; is immersed in the liquid, whereas the remaining
part, the volume V — v; is immersed in a different body-medium. We consider
the case this body-medium is the ideal vacuum (d = 0). Accordingly, we propose

this different interpretation:
(V-v)(d-0)=-v(d—d) 4)

We read Equation (4) as follows: the equilibrium of the body is the result of the
concurrent action of two forces. One force is the weight of the part (volume) of
the body immersed in the vacuum. The magnitude of this force is proportional

to the volume of the body immersed in this body-medium (V - v), and to the
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difference in density between the matter of the body and the “matter” of the
body-medium (d - 0). This mechanical action is downwards. The second force is
the weight of the part of the body immersed into the liquid. The magnitude of
this force is proportional to the volume of the body immersed in the liquid (v),
and to the difference in density between the matter of the body and the matter of
the liquid body-medium (d - d,). This mechanical action is upwards.

Briefly: The weight of the volume of the body immersed in vacuum is equiv-
alent and opposite in direction to the weight of the volume of the body im-
mersed in the liquid. The negative sign at the second member in Equation (4) is
necessary to obtain the numerical equivalence between the two members, be-
cause the two differences in density have different signs.

As in the case of expressions (1) and (2), we highlight that expressions (3) and
(4) are quantitatively equivalent. However, they are not physically equivalent.
Current interpretation (3) hypothesizes the equilibrium of the body as the result
of the concurrence of forces having magnitudes higher than the magnitudes of
the forces in interpretation (4).

However, exact quantitative equivalence between Equations (3) and (4) is only
in the case the body-medium in which is immersed the part of the body not im-
mersed in the liquid body-medium is the ideal vacuum. If, for example, the
body-medium in which is immersed the part of the body not immersed in the

liquid is the air, there is no real equivalence.

3. Testing the Two Interpretations

We have shown that the equilibrium of a body floating on the surface of a liquid
can be interpreted in two different ways, and that in the case the body-medium
in which is immersed the part of the body not immersed in the liquid is the ideal
vacuum, the two hypothesis are quantitatively equivalent. Since this quantitative
equivalence, one might think that it is impossible to determine whether one of
the two hypotheses is wrong. This is not the case, fortunately. Let us consider the

current interpretation first.

3.1. The Current Interpretation

Let us consider a body B floating on the surface of a liquid body. Let B the vo-
lume of the body and d, d, the density of the matter of the body and of the lig-
uid body, respectively. Let us assume that a part v of volume B is immersed in
the liquid, whereas the part B — v= Cis immersed in the ideal vacuum. Lastly, as
an example, let us assume that dj,, = 3d, so that v= B/3. This means that at equi-
librium the ratio between the volume of the body immersed in the liquid and the
volume of the body not immersed in the liquid is 1/2. The present interpretation

of the mechanical equilibrium is as follows:
Bd =vd,, . (5)

Let us point out the physical meaning of Equation (5): this equation means

that the action of the Archimedes’ force due to volume vimmersed in the liquid
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balances the weight of body B.

Let us now consider a second body A. Let A the volume and d the density of
the matter of this body, and let volume A such that A = 25.

Let us position body A on the top of body B (as a simple example, we assume
that body A and body B are two cylinders of the same radius). Since A = 2B, B=

(A + B)/3, i.e. the new equilibrium condition is

(A+B)d =(v+C)d,,. (6)

Equation (6) means that the Archimedes’ force due to immersed volume v+ C
balances the action of the weight of the whole body A + B. This means that at
equilibrium no part of body A is immersed in the liquid.

Let us now write Equation (6) as:

Ad + Bd :vdqu +Cdqu . (7)

From balance (5) and from balance (7) follows that the buoyancy due to vo-

lume Cimmersed in the liquid balances the weight of body A:
Ad =Cdy, . (8)

Therefore, according to this interpretation, if we position a body of volume A
on the top of a body C of volume Cfloating on the surface of the liquid, body C
progressively sinks into the liquid, and as soon as it is immersed completely, the
Archimedes’ force balances the weight of body A. This means that at equilibrium
no part of body A is immersed in the liquid body.

Equation (8) is not a condition of balance, however, because at equilibrium,
the ratio between the volume Cimmersed in the liquid and the volume A + Cof
the whole body is 1/3, whereas in this case, since C= B— v= 58— B/3and A =
2B, ratio /(A + C) is not 1/3 but 1/4. If we position a body of volume A on the
top of a body of volume C floating on the surface of the liquid, at equilibrium a
part of body A is immersed in the liquid. Therefore, the observation contradicts
the current physical interpretation of the Archimedes’ Principle.

3.2. The New Interpretation

Let us now consider the second interpretation. Equilibrium of body B is inter-
preted as the result of the concurrence of two equivalent and opposite actions:
the weight of the part of the body immersed in the liquid (the weight of volume
v) and the weight of the part of the body immersed in ideal vacuum (the weight
of volume B — v). According to our quantitative definition of weight, we write

(B-v)(d-0)=-v(d—d,,). ©)

Le. the weight of the part (volume) of the body immersed in the liquid balances
the weight of the part (volume) of the body immersed in ideal vacuum.

Let us now position body A on the top of body B. The physical balance is now
the result of the concurrence of weight of body A in vacuum and weight of body
B = v + C in the liquid:

A(d-0)=—(v+C)(d-d,,) (10)
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We write Equation (10) as:
A(d-0)=-v(d —d,)-C(d-dy). (11)

From balance (9) and from balance (11) follows the mechanical balance (vo-
lume B— v= O):

A(d-0)=C(d-0)-C(d-dy,) (12)
(A-C)(d-0)=-C(d-dy,). (13)

Therefore, according to this interpretation, if we position a body of volume A
— Con the top of a body C of volume C floating on the surface of the liquid,
body C progressively sinks into the liquid, and as soon as it is immersed com-
pletely, its weight balances the weight of volume A — Cin vacuum. This means
that at equilibrium no part of body of volume A — Cis immersed in the liquid
body.

It is easy to show that this is a real condition of equilibrium by calculating the
ratio between the volume Cimmersed in the liquid and the volume A — Cim-
mersed in ideal vacuum. As we have seen in 3.1, at equilibrium this ratio is 1/2.
Since C= B— v, v=B/3and A=2Bwehave CJ(A- C) = (B-v)/(B+v)=(B-
B/3)/(B+ B/3) =1/2.

Again, we highlight that Equations (8) and (13) are numerically equivalent,
but they are physically very different. According to current interpretation, Equa-
tion (8) is a condition of physical balance: the Archimedes’ force due to the im-
mersion of volume Cbalances the weight of body A. This is indisputably in con-
tradiction with the observations, however. Therefore, the interpretation of the
equilibrium of a solid body floating on a liquid body as the result of the concur-
rent action of the weight of the body and of the Archimedes’ force, equivalent to
the weight of the displaced volume of liquid, is not a correct physical interpreta-
tion.

According to the interpretation we propose, Equation (13) is a condition of
physical balance: the weight in the liquid of volume Cbalances the weight in va-
cuum of volume A — C. This is in agreement with the observations. Therefore,
this interpretation is a correct physical interpretation. The equilibrium of the
floating body is correctly interpreted as the result of the concurrent action of two
opposite equivalent “forces”, each having magnitude proportional to the product
between the volume of the body immersed in the body-medium and the differ-
ence in density between the matter of the body and the matter of that

body-medium, respectively.

4. Conclusions

Presently, the equilibrium of a body floating on the surface of a liquid
body-medium is interpreted as the result of the concurrent action on the body of

two opposite equivalent “forces”. One force is the “weight” of the body, propor-
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tional to volume and density of the matter of the body, directed downwards. The
second force is the Archimedes’ force, also called “buoyancy”, directed upwards,
equivalent to the weight of the volume of liquid displaced by the part of the body
immersed in the liquid.

In this study, however, we have shown that this interpretation is not a correct
physical interpretation, because it is indisputably in contradiction with the ob-
servations. We have therefore proposed a new interpretation, which is quantita-
tively equivalent to the current one and in agreement with the observations.

According to this interpretation, the equilibrium of the floating body is the
result of the concurrent action of two opposite equivalent forces that are very
different in concept and magnitude from the respective forces in the current in-
terpretation. Each of these two forces has magnitude proportional to the product
between the volume of the body immersed in a body-medium and the difference
in density between the matter of the body and the matter of the body-medium,
respectively.

A part v of volume V of the body is immersed in the liquid body-medium,
whereas the remaining volume V' — vis immersed in a different body-medium,
(the air, for example). We propose to call these two forces “weights”, ie. the
weight of the volume of the body immersed in the liquid body-medium (the
weight in the liquid of volume v), and the weight of the volume of the body im-
mersed in the air (the weight in the air of volume V- v).

According to this interpretation, in the case a body is completely immersed in
a fluid body-medium, only one force is acting on the body. This force may be
downwards or upwards, or its magnitude may be zero. In the last case, the body
is in equilibrium within the fluid body-medium.

In the case the body is completely immersed in the peculiar body-medium we
call (ideal) “vacuum” (d = 0), the weight of the body is proportional to quantity
V(d-0) = Vd, where dis the density of the matter of the body, ie. the weight of
the body is proportional to quantity we call “mass” of the body.
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