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The existence of nonlinear three-point boundary-value problems has been stu-

died [1]-[6], and the existence of sign-changing solutions is obtained. In the past,

most studies were focused on the cone fixed point index theory [7] [8] [9], just a
few took use of case theory to study the topological degree of non-cone mapping
and the calculation of fixed point index, and the case theory was combined with
the topological degree theory to study the sign-changing solutions. Recent study Ref.
[10] [11] have given the method of calculating the topological degree under the case
structure, and taken use of the fixed point theorem of non-cone mapping to study
the existence of nontrivial solutions for the nonlinear Sturm-Liouville problems.
Relevant studies as [12] [13] [14].

Inspired by the Ref. [8]-[13] and by using the new fixed point theorem under
the case structure, this paper studies three-point boundary-value problems for A
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class of nonlinear second-order equations

u"(t)+f(u(t))=0,0<t<1;
u'(0)=0,u(1)=au(n),
Existence of the sign-changing solution, constant O0<a <1,0<7n <1,
f eC(R,R).

Boundary-value problem (1) is equivalent to Hammerstein nonlinear integral

(1)

equation hereunder

u(t)= jG (t.;s) f(u(s))ds,0<t<1 (2)

Of which G(t,s) is the Green function hereunder
(1-s)—a(n-s),0<s<p0<t<s;
1-5),n<s<10<t<s;
G(ts)=—t |07
l-a|(l-an)-t(l-a),0<s<p,s<t<I

(1-ay)-t(l-a),np<s<ls<t<l.

Defining linear operator K as follow

)=[,G(t.s)u(s)ds,uecclo1] 3)

Let Fu(t)=f(u(t)), te[O,l], obviously composition operator A=KF ,

(Au)(t)=[G(t.s) f(u(s))ds,0<t<1 (4)

It’s easy to get: UeC? [0,1] is the solution of boundary-value problem (1),
and ueC [O,l] is the solution of operator equation u=Au.

We note that, in Ref. [9] [10], an abstract result on the existence of sign-
changing solutions can be directly applied to problem (1). After the necessary
preparation, when the non-linear term f is under certain assumptions, we get
the existence of sign-changing solution of such boundary-value problems.
Compared with the Ref. [8], we can see that we generalize and improve the non-
linear term f , and remove the conditions of strictly increasing function, and
the method is different from Ref. [8].

For convenience, we give the following conditions.

(H) f (u):R—> R continues, f (u)u >0, YueR,u#0,and f (0)20

. f(u
(H,) IIrTgL):,B , and npeN , make 4, <f<4,, , of which
u—>! u
O0<A <A, <<, <A, < isthe positive sequence of COSvX = COSIVX .

o,

(H,) exists &>0, make lim sup

[u]—>+o0

2. Knowledge

Provided Pis the cone of £in Banach space, the semi order in E'is exported by
cone P. If the constant N>0,and 8<Xx<y= ||X|| <N ||y||, then Pis a normal
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cone; if Pcontains internal point, Ze. intP =, then Pis a solid cone.
E becomes a case when semi order <, e any X,yeE, sup{x, y} and
inf{x,y} is existed, for xeE, X" =sup{x,0}, X =sup{-x6}, we call posi-

tive and negative of x respectively, call |X| =X"+X as the modulus of x. Ob-

viously, X" eP, X e(-P), X|€ P, x=x"-x".

For convenience, we use the following signs: X, =X", X_=-X. Such that
X=X, +X_, |[¥=x,-x.

Provided Banach space E=C [0,1] ,and F's norm as ||

||u|| = r(‘)[lfg( u (t)| .Let P= {u eEJu(t)>0,te [0,1]} , then Pis the normal cone of

, Le

E, and Ebecomes a case under semi order <.

Now we give the definitions and theorems

Def 1 [10] provided D < E,A:D — E isan operator (generally a nonlinear).
If Ax=Ax, +Ax_ ,VxeE, then A4 is an additive operator under case structure;
if v'eE,and Ax=AX, +AX +V',VXxeE, then Ais a quasi additive operator.

Def 2 provided x is a fixed point of 4, if xe (P\{B}) , then x is a positive
fixed point; if x ((~P)\{6})., then xis a negative fixed point; if
X & (P U (=P)), then xis a sign-changing fixed point.

Lemma 1 [6] G(t,S) is a nonnegative continuous function of [O,l]x[O,l] s
andwhen t,5¢[01], G(t:5)27G(0,5), of which 7 :“1(1—;;7).

Lemma 2 K:P — P is completely continuous operator, and A:E —> E is
completely continuous operator.

Lemma 3 A is a quasi additive operator under case structure.

Proof: Similar to the proofs in Lemma 4.3.1 in Ref. [10], get Lemma 3 works.

Lemma 4 [6] the eigenvalues of the linear operator Kare
11 1 1

2‘1 ’ /12 , , j“n ’ ln+1
1, of which 4, is defined by (H,).

The lemmas hereunder are the main study bases.

,+++. And the sum of algebraic multiplicity of all eigenvalues is

Lemma 5 [10] provided E is Banach space, P is the normal cone in E
A:E — E is completely continuous operator, and quasi additive operator un-
der case structure. Provided that

1) There exists positive bounded linear operator B ,and B;’s r ( Bl) <1, and
u"eP,u eP,get

—-Uu" < AX<Bx+uy,VxeP;
2) There exists positive bounded linear operator B,, B,’s r(B,)<1, and
u,eP,get
Ax>B,x—U,,Vxe(-P);
3) A9 =0, there exists Frechet derivative A, of Aat @, 1 is not the eigen-

value of Aj, and the sum u of algebraic multiplicity of A;’s all eigenvalues in

the range (1, 00) is a nonzero even number,
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A(P\{6})c P, A((-P)\{6}) = _p

Then A exists three nonzero fixed points at least: one positive fixed point, one

negative fixed point and a sign-changing fixed point.

3. Results

Theorem provided (H,) (H,) (H,) works, boundary-value problem (1) exists a
sign-changing solution at least, and also a positive solution and a negative solu-

tion.

Proof provided linear operator B = (/11 —g) K, Lemma 2 knows

B:C[O,l]—)C[O,l] is a positive bounded linear operator. Lemma 4 gets K’s

r(K):%,so r(B):(ﬂl—gjr(K)zl—i<l.

(H;) knows m>0 and gets
f(u)g(ﬁi—gju+m,Vte[O,l],uzO (5)
f(u)z(ﬂi—gju—m,Vte[O,l],USO ©6)

Let uy(t)= mI:G (t,;s)ds, obviously, u,€P. Such that, for any u(t)eP,

there

And for any U’ eP, from (H,), obviously gets (Au)(t)>-u"(t).
Forany U(t)e—P, there

= Bu(t) -t (1)

Consequently (1) (2) in lemma 5 works.
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We note that f (0)20 can get A9=0, from (H,), we know Ve&>0, and
Jr>0 gets

| (u)=pul < ou.Ju <
Then
[(Fu)()=2u(0)] =|f (u(t)) - Bu(®)] < elu, ¥ [ul <r
[Au = A0 - pKul = [K (Fu) - BKu] < & [K] Jull, ¥[lu] < r
Such that
it = /ﬁi"_ el

1
Le. A, =pK, from lemma 4 we get linear operator K’s eigenvalue is —,
n

then Aj’s eigenvalue is lﬁ Because 4, <f <4, .1, let u be the sum of

algebraic multiplicity of A;’s all eigenvalues in the range (1,00) ,then u=2n,
is an even number.
From (H,) f (U)U >0, ue R\{O} , there

f (u(t))>0,vte[0,1],u(t)>0,

f(u(t))<0,vte[0,1], u(t)<O0.
Easy to get

F(P\{0}) = P\{6}, F((-P)\{0}) = (-P)\{0},
Lemma (1) for any u(t)eP,
(Ku)(t)=['G(t;s)u(s)ds Zyj;c;(o,s)u(s)ds,
consequently K(P\{#})<P. Such that
A(PA[0}) = P. A((-P)\(0}) = P,

Such that (3) in lemma 5 works. According to lemma 5, A exists three nonzero
fixed points at least: one positive fixed point, one negative fixed point and one
sign-changing fixed point. Which states that boundary-value problem (1) has
three nonzero solutions at least: one positive solution, one negative solution and

one sign-changing solution.

4. Conclusion

Provided that all conditions of the theorem are satisfied, and f (u) is an odd
function, then boundary-value problem (1) has four nonzero solutions at least:

one positive solution, one negative solution and two sign-changing solutions.

Note

By using case theory to study the topological degree of non-cone mapping and
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the calculation of fixed point index, it’s an attempt to combine case theory and

topological degree theory, the author thinks it’s an up-and-coming topic and

expects to have further progress on that.
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