
Journal of Quantum Information Science, 2017, 7, 160-171 
http://www.scirp.org/journal/jqis 

ISSN Online: 2162-576X 
ISSN Print: 2162-5751 

 

DOI: 10.4236/jqis.2017.74013  Dec. 21, 2017 160 Journal of Quantum Information Science 
 

 
 
 

Study the Entanglement Dynamics of an 
Anisotropic Two-Qubit Heisenberg XYZ System 
in a Magnetic Field 

A. R. Mohammed, T. M. El-Shahat 

Mathematics Department, Faculty of Science, Al-Azhar University, Cairo, Egypt 

 
 
 

Abstract 
We investigate the entanglement dynamics of an anisotropic two-qubit Hei-
senberg XYZ system with Dzyaloshinskii-Moriya (DM) interaction in the 
presence of both inhomogeneity of the external magnetic field b and intrinsic 
decoherence which has been studied. The behavior of quantum correlation and 
the degree of entanglement between the two subsystems is quantified by using 
measurement-induced disturbance (MID), negativity (N) and Quantum Dis-
cord (QD), respectively. It is shown that in the presence of an inhomogeneity 
external magnetic field occur the phenomena of long-lived entanglement. It is 
found that the initial state is the essential role in the time evolution of the en-
tanglement. 
 

Keywords 
Different Dzyaloshinski-Moriya Interactions, Entanglement, Decoherence 

 

1. Introduction 

Nowadays, correlated systems represent one of the most important partners in 
the context of quantum communication [1] [2], quantum networks [3] [4] and 
quantum computers. Probably it is difficult to generate entangled systems with 
the same dimensions. This task may be difficult if the used devices are imperfect. 
Moreover, one success to generate maximum entangled states, but keeping them 
long-lived entangled is a very difficult task and may cost more [5] [6]. These 
states could be subject to noise channels [7] or dissipative environment [8]. 
Therefore, in the presence of a different type of noise, it is important to investi-
gate the behavior of entanglement. There are several efforts which have been 
done to investigate the amount of survival entanglement of different systems 
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pass through a different type of noise. Yu and Eberly investigated that the dy-
namics of entanglement between two qubits system interacting independently with 
classical or quantum noise displays the phenomena of entanglement decay and 
entanglement sudden death (ESD) [9] [10]. The dynamics of impurity and en-
tanglement for a bipartite system that passes into Block channels were investi-
gated in [11]. 

The intrinsic decoherence noise is one of the most important types of noise 
[12]. For example, M.-L. Hu and H.-L. Lian in [13] have investigated the quan-
tum state transfer and the distribution of entanglement in the model of Milburns 
intrinsic decoherence. In [14], R. J. Amaro et al. have studied the interaction of a 
two-level atom and two fields, one of them is classical in the dispersive regime 
by using a model of intrinsic decoherence. By quantum, the possibility of reduc-
ing intrinsic decoherence is a superconducting circuit. Error detection is dis-
cussed by Zhong, et al. The effects of an inhomogeneous magnetic field on en-
tanglement and teleportation in a two-qubit XXZ chain with intrinsic decohe-
rence have been investigated [15] [16]. Therefore, we have motivated to investi-
gate the behavior of quantum correlation for the system consists of two different 
dimensional subsystems in the presences of intrinsic decoherence. We need to 
investigate the effect of the dimensions of the system that passes through this 
type of noise on the degree of correlations between its subsystems. They use 
measurement-induced disturbance (MID), which does not include improvement 
methodology, to portray correlations as classical or quantum [17]. 

In this paper, we will investigate the quantum correlations base on MID in our 
model. As we probably are aware, the quantum entanglement of dense issue frame-
works is a vital developing field as previously. Individuals have made a few exami-
nations of quantum entanglement of thermal equilibrium states of spin chains sub-
ject to an external magnetic field at finite temperature [18] [19]. Likewise, the quan-
tum correlations of two qubits with Dzyaloshinskii Moriya (DM) interaction, which 
can impact the phase transition, additionally have pulled in much consideration 
[20]. In this paper, in the examination with the warm quantum discord of two qu-
bits [21] [22], we not just extend the examination on warm quantum correlation to 
blended turn (1/2, 1) XXZ display, yet in addition consider the impacts of DM 
interaction and outside magnetic field on a thermal quantum correlation measured 
by MID [23]. 

The rest of this paper is organized as follows. In Section 2, we introduce the 
Hamiltonian of the Heisenberg model with different DM interaction and present 
the exact solution of the model. In Section 3, is devoted to investigating the dy-
namics of entanglement and quantum correlation by means of negativity, mea-
surement-induced disturbance [24] and Quantum Discord, respectively, Finally, 
we summarize our results in Section 4. 

2. Model and Solution 

The Hamiltonian H for a two-qubit anisotropic Heisenberg model with z-component 
interaction parameter zD  is  
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where J and zJ  are the real coupling coefficients, γ  is the anisotropic para-
meter. zD  is the z-component DM interaction parameter, and ( ), ,σ =i i x y z  are 
Pauli matrices. B is the homogeneous part of the magnetic field and b describes 
the inhomogenity. The external magnetic fields and Dzyaloshinskii Moriya inte-
raction are assumed to be along the z-direction. All the parameters are dimension-
less. We get on the eigenvalues of the Hamiltonian H are given by 
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We get on the eigenvectors of the Hamiltonian H are given by  
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The master equation describing the intrinsic decoherence under the Markovian 
approximations is given by  

( ) ( ) ( )
d

, , ,
d 2
ρ

ρ ρΓ  = − −       
t

i H t H H t
t               

(8) 

where Γ  is the intrinsic decoherence rate. The formal solution of the above master 
equation can be expressed as  
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where ( )0ρ  is the density operator of the initial system and kM  is defined by  
2

2e e
t Hk k iHtM H

Γ
−−=                       (10) 

According to Equation (9) it is easy to show that, under intrinsic decoherence, 
the dynamics of the density operator ( )tρ  for the above-mentioned system which 
is initially in the state ( )0ρ  is given by  

( ) ( ) ( )
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2exp
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m n m n
mn
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(11) 

where mE , nE , mψ , nψ  are the eigenvalues and the corresponding ei-
genvectors of H. In the standard basis { }00 , 01 , 10 , 11  the time evolution 
of the density operator of the system will be obtained for two different initial 
states as: 

The two qubits are initially in an entangled state ( )0ρ φ φ= ,  
( ) ( )cos 01 sin 10φ α α= + , we get  
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3. Entanglement Evolutions 
3.1. Negativity 

There is some systems could be entangled but have a zero negativity and non-zero 
values of quantum correlations. This means that there are some quantum corre-
lation cannot be predicted by using the negativity as a measure of entanglement. 
However, by using the measurement-induced disturbance as a measure of quan-
tum correlation, one can quantify the unpredicted quantum correlation [24] [25]. 
Therefore, we are studying the effect of a type of noise called intrinsic decoherence 
on the negativity and the measurement-induced disturbance in this section, we in-
vestigate the behavior of entanglement in the presences of intrinsic decoherence, by 
means of negativity N. This measure states that if { }µλ  represents the eigenvalues 
of 2T

abρ , then the negativity is given by, 4
1 1iiN λ
=

= −∑  where 2T  refers to the par-
tial transposition for the second subsystem. By using this definition for our sys-
tem, the negativity can be calculated explicitly as, [ ]max 0, 2min iN λ = −  . Thus 
in this letter, we use negativity as our measure of entanglement. The values of N 
range from zero to one: For a maximally-entangled when 1N = , while for a un-
entangled state 0N = .  

3.2. Quantum Correlation via Measurement-Induced Disturbance 

By using a b
k i jΠ =Π ⊗Π  and a

iΠ , b
jΠ  are complete projective measurements 

consisting of one-dimensional orthogonal projections for parties a and b, we can 
apply local measurement { }( )k k k kk kδ′ ′Π Π Π = Π  and 1kkΠ =∑ , to any bipar-
tite state ρ  (of course, including thermal state). After the measurement, we get 
the state ( ) ( ) ( )a b a b

i j i jijρ ρΠ = Π ⊗Π Π ⊗Π∑  which is a classical state. If the mea-
surement Π  is induced by the spectral resolutions of the reduced states  

a a a
i ii pρ = Π∑  and b b b

i ii pρ = Π∑ , the measurement leaves the marginal in-
formation invariant and is in a certain sense the least disturbing. In fact, ( )ρΠ  
is a classical state that is closest to the original state ρ  since this kind of mea-
surement can leave the reduced states invariant. One can use any reasonable 
distance between ρ  and ( )ρΠ  to measure the quantum correlation in ρ . In 
this article, we will use Luos method i.e., quantum mutual information differ-
ence between ρ  and ( )ρΠ , to measure quantum correlation in ρ . The total 
correlation in a bipartite state ρ  can be well quantified by the quantum mutual 
information ( ) ( ) ( ) ( )a bI S S Sρ ρ ρ ρ= + − , and ( )( )I ρΠ , quantifies the clas-
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sical correlations in ρ  since ( )ρΠ  is a classical state. Here  
( ) 2logi iiS ρ λ λ= −∑  denotes the von Neumann entropy. So the quantum cor-

relation can be quantified by the measurement induced disturbance ( )Q ρ =

( ) ( )( )I Iρ ρ− Π . where  

( )

11
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33

44

0 0 0
0 0 0
0 0 0
0 0 0
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ρ
ρ

ρ

 
 
 Π =
 
 
                   

(13) 

3.3. Quantum Discord 

Quantum discord is based on the difference between the quantum mutual informa-
tion and the classical correlation. For a two-qubit quantum system, the total correla-
tion is measured by their quantum mutual information ( ) ( )ab aL Sρ ρ=  

( ) ( )b abS Sρ ρ+ − , where ( )a bρ  and abρ  denote the reduced density matrix of 
( )a b  and the density of the bipartite system respectively, and ( )S ρ =
( )2logtr ρ ρ−  is the von Neumann entropy. Quantum discord, which quantifies 

the quantumness of correlation between A and B, is then defined as the differ-
ence between the total correlation and classical correlation. For the X state de-
scribed by the density matrix quantum discord (QD) is given as  

[ ]1 2min ,QD D D=                       (14) 

with  
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where iλ  being the four eigenvalues of the density matrix ρ  and ( )xΓ =  
( ) ( )2 2log 1 log 1x x x x− − − − . As the density matrix of our system in Equation (9) 

is X states, quantum discord can be evaluated by substituting from Equation (9) 
into Equation (11) after straightforward calculation, quantum discord reads  
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In Figure 1 we plot the negativity N as a function of time t with different val-
ues DM interaction in the absence of a magnetic field. We see that negativity the 
movement starts from a point that varies according to different the initial states. 
We note that negativity rising to the highest value approaching one. We find that 
it oscillates and decay over time and with increased the DM interaction, it is seen 
that increased amplitude while reducing frequencies, the negativity N oscillates 
for the longest time before it reaches steady-going values. On the other side in the 
presence of an inhomogeneous external magnetic field, we find that the negativ-
ity N, the oscillation period decay and decay faster before reaching a stable values 
in Figure 2. In Figure 3 we plot the Measurement-induced disturbance (MID) as 
a function of time t with different values DM interaction in the absence of a mag-
netic field. We see that MID at the beginning of the track Moves from a point 
that varies according to Different the initial states. We note that negativity rising 
to the highest value at 0.62. We find that it oscillates and decay over time and with 
increased the DM interaction, it is seen that increased amplitude while reducing 
frequencies, MID oscillates for the longest time before it reaches steady-going 
values. On the other side in the presence of an inhomogeneous external magnet-
ic field, we find that MID, the oscillation period decay and decay faster before 
reaching a stable values not equal to zero in Figure 4. In Figure 5 we plot quan-
tum discord (QD) as a function of time t with different values DM interaction in 
the absence of a magnetic field. We see that QD At the beginning of the track 
moves from a point that varies according to different the initial states. We note 
that negativity rising to the highest value approaching one. We find that it oscil-
lates and decay over time and with increased the DM interaction, it is seen that 
amplitude is greater with reducing frequencies; QD oscillates for the longest time 
before it reaches steady-going values. On the other side in the presence of inhomo-
geneous external magnetic field, we find that MID, the oscillation period decay 
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Figure 1. The negativity N as a function of time t. The dotted, dashed and solid curves are evaluated for 0,1, 2D = , respectively 

in the initial states π π π π, , ,
2 3 4 8

α = , respectively ( 2γ = , 1J = , 1Jz = , 0.02Γ = , 0b = ). 

 

 
Figure 2. The negativity N as a function of time t. The dotted, dashed and solid curves are evaluated for 0,1, 2D = , respectively 

in the initial states π π π π, , ,
2 3 4 8

α = , respectively ( 2γ = , 1J = , 1Jz = , 0.02Γ = , 1b = ). 
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Figure 3. The behavior of measurement-induced disturbance (MID) as a function of time t. The dotted, dashed and solid curves 

are evaluated for 0,1, 2D = , respectively in the initial states π π π π, , ,
2 3 4 8

α = , respectively ( 2γ = , 1J = , 1Jz = , 0.02Γ = , 0b = ). 

 

 
Figure 4. The behavior of measurement-induced disturbance (MID) as a function of time t. The dotted, dashed and solid curves 

are evaluated for 0,1,2D = , respectively in the initial states 
π π π π, , ,
2 3 4 8

α = , respectively ( 2γ = , 1J = , 1Jz = , 0.02Γ = , 1b = ). 
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Figure 5. The behavior of Quantum Discord (QD) as a function of time t. The dotted, dashed and solid curves are evaluated for 

0,1, 2D = , respectively in the initial states π π π π, , ,
2 3 4 8

α = , respectively ( 2γ = , 1J = , 1Jz = , 0.02Γ = , 0b = ). 

 

 
Figure 6. The behavior of Quantum Discord (QD) as a function of time t. The dotted, dashed and solid curves are evaluated for 

0,1, 2D = , respectively in the initial states 
π π π π, , ,
2 3 4 8

α = , respectively ( 2γ = , 1J = , 1Jz = , 0.02Γ = , 0b = ). 
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and decay faster before arrive at a steady-going non-zero value for the long-time 
case for different values of the DM interaction in Figure 6, which means that the 
inhomogeneous external magnetic field is a positive component to the entangle-
ment when the partial anisotropic parameter of the system is at a fixed non-zero value. 
They obtained the similar result that a proper external magnetic field can protect 
the entanglement from the destructive effect of the intrinsic decoherence. 

4. Conclusion 

In the presence of both external magnetic field and intrinsic decoherence, we 
have treated the entanglement dynamics of an anisotropic two-qubit Heisenberg 
XYZ system with Dzyaloshinskii-Moriya interaction which has been studied. We 
found that the initial state of the system plays an important role in the time evolu-
tion of the entanglement. The magnetic field has an effective role in maintaining 
the intertwining for a long time and non-analysis. The negativity, MID, and QD 
for different DM interaction will arrive at a steady-going non-zero value for the 
long-time case, which means that the external magnetic field b is a positive com-
ponent to the entanglement when the partial anisotropic parameter of the system 
is at a fixed non-zero value. 
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