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Abstract

Toward the lattice QCD calculation at finite density, we propose
“matter-antimatter coexistence method”, where matter and anti-matter
systems are prepared on two parallel R*-sheets in five-dimensional Euclidean
space-time. We put a matter system M with a chemical potential #€C ona

R'-sheet, and also put an anti-matter system M with —z on the other
R*-sheet shifted in the fifth direction. Between the gauge variables

U,=e"" in Mand U, =e"* in M, we introduce a correlation term

S, =3, 24{N. ~Retr[U, (x)U] (x)]} = 2,5 48° (A (x)- & ()] with a

real parameter A . In one limit of A—o , a strong constraint

U, (x)=U,(x) is realized, and therefore the total fermionic determinant

becomes real and non-negative, due to the cancellation of the phase factors in
M and M, although this system resembles QCD with an isospin chemical

potential. In another limit of A —0, this system goes to two separated
ordinary QCD systems with the chemical potential of z and —z" . For a
given finite-volume lattice, if one takes an enough large value of A,
U,(x)=U,(x) is realized and phase cancellation approximately occurs

between two fermionic determinants in A and M , which suppresses the sign
problem and is expected to make the lattice calculation possible. For the
obtained gauge configurations of the coexistence system, matter-side
quantities are evaluated through their measurement only for the matter part
M. The physical quantities in finite density QCD are expected to be estimated
by the calculations with gradually decreasing A and the extrapolation to
A=0. We also consider more sophisticated improvement of this method
using an irrelevant-type correlation.
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1. Introduction

Nowadays, quantum chromodynamics (QCD) has been established as the fun-
damental theory of strong interaction. Together with the success of perturbative
QCD for high-energy processes of hadron reactions, the lattice QCD Monte
Carlo simulation has been a powerful tool to analyze nonperturbative aspects of
QCD, after the formulation of lattice QCD and its numerical success [1]. Indeed,
lots of studies of the QCD vacuum, hadrons and the quark-gluon plasma have
been done for both zero-temperature and finite-temperature in lattice QCD.

Finite density QCD is also important to understand the QCD diagram, nuc-
lear systems and neutron stars, and it is desired to perform the lattice QCD
analysis as the first-principle calculation of the strong interaction. However,
there appears a serious problem called the “sign problem” [2] [3] in the practical
lattice QCD calculation at finite density. This problem originates from the com-
plex value including minus sign of the QCD action and the fermionic determi-
nant at finite density even in the Euclidean metric [4].

At finite density with the chemical potential p, the Euclidean QCD action
S [A, W, y] is generally complex,

S[A .7 u]=Se [A]+ [dX{77(D+m+uy, )y} €C, (1)

with the gauge action S;[A]€R and covariant derivative D" =0"+igA". (In
this paper, we use hermite )-matrices of ;/L =y, in the Euclidean metric.)
Therefore, one cannot identify the action factor as a probability density in the
QCD generating functional, unlike ordinary lattice QCD calculations. Also, the
fermionic determinant at finite density generally takes a complex value [4], and
its phase factor is drastically changed depending on the gauge configuration in a
large-volume lattice, so that the Monte Carlo importance sampling loses its
efficiency, which makes the numerical analysis highly difficult for the evaluation
of the integral. This is the sign problem.

The sign problem has been a longstanding difficult problem in computational
physics, and widely appears in various region of statistical physics, condensed
matter physics and QCD physics at finite density. Then, it is desired to develop
some methods to suppress the sign problem in many fields in theoretical physics.

In this paper, we propose a new method of “matter-antimatter coexistence
method” [5] utilizing the charge conjugation symmetry for the practical lattice
QCD calculation at finite density, aiming at a possible solution of the sign
problem. The purpose of this method is to suppress the sign problem and then
to enlarge the calculable region of the QCD phase diagram at finite density and

temperature. The organization of this paper is as follows. In Section 2, we

DOI: 10.4236/jmp.2017.812123

2035 Journal of Modern Physics


https://doi.org/10.4236/jmp.2017.812123

H. Suganuma

propose a new theoretical method of “matter-antimatter coexistence method” in
Euclidean QCD at finite density, and show its actual procedure for the lattice

calculation. Section 3 will be devoted to the summary and the conclusion.

2. Matter-Antimatter Coexistence Method

In this section, we introduce the matter-antimatter coexistence method for
general complex chemical potential p#eC. In this method, we use phase
cancellation of the fermionic determinants between a matter system with u
and an anti-matter system with —z", which generally holds in QCD at finite
density.

2.1. General Property of QCD at Finite Density

To begin with, we start from the general property of finite-density QCD [4],
S[Ay.7iu] =S[Ay.7i-u'], )

for the Euclidean QCD action S[A,t//,y7;,u] in the presence of the chemical
potential peC.

For instance, in continuum QCD, one finds
[Z(D+m+uy )y | =7 (D+m=uy, )y, (3)
which leads to Equation (2) and

Det(lZ)+m+m/4)*:Det(ID+m—y*y4). (4)

Also in lattice QCD, the fermionic kernel D. corresponding to D+m
generally satisfies D! =y,D.7, [6], and therefore one finds

[7(D: +wr)w ] =7 (D — 7 v, (5)
which leads to Equation (2) and
Det (D + uy,) =Det(Dg - u'7,). (6)

Then, as an exceptional case, the QCD action with the pure imaginary
chemical potential x<iR is manifestly real, and hence its lattice calculation is
free from the sign problem. However, the QCD action is generally complex at

finite density.

2.2. Definition and Setup of Matter-Antimatter Coexistence
Method

Now, we show the definition and setup of our approach, the “matter-antimatter
coexistence method” [5]. In this method, we consider matter and anti-matter
systems on two parallel R*-sheets in five-dimensional Euclidean space-time. For
the matter system A with a chemical potential 1€ C on a R*-sheet, we also
prepare the anti-matter system M with —4" on the other R*-sheet shifted in
the fifth direction, as shown in Figure 1.

We put an ordinary fermion field y/(X) with the mass m and the gauge
variable U (X) =™ at xeR* on the matter system M, and put the other

v
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Matter system M anti-matter system M
with with -’
prd pd
> 1
T // _A 5
U,(x) » // 0,(x)
L L1 11 L~
Ww(x) - L W(x)
L~ L1
L // L1 //
e o |~ L all |~
R¢ |~ P
L~ |~
5th

Figure 1. The matter-antimatter coexistence system
in five-dimensional Euclidean space-time. We put

the matter system M with x, U, (X) and y(X)
on a R*-sheet, and the anti-matter system M  with
', U, (x)=U, (x+§) and ¥(X) :y/(x+§)
on the other R*-sheet shifted in the fifth direction.

fermion field ¥(x)= y/(x +§) with the same mass M and the gauge variable
u, (X) =AM —y
the fifth direction vector with an arbitrary length a,, which is independent of

(X+§) on the anti-matter system M . Here, 5 denotes

v

four-dimensional lattice spacing a.
Between the gauge variables U, (X) in Mand U, (x) in M, we introduce

a correlation term such as
s, =Y. 24{N, -Retr[U, (x)U/ ()]} (7)

with a real parameter A (>0) in the lattice formalism. This correlation acts on
U,(x) and U, (x) at the same four-dimensional coordinate xeR*®, and
connects two different situations: U, (x)=U, (X) in 2 —o and two separated
QCD systemsin 4 —0.

In fact, the total lattice action in this method is expressed as

S=S; [u]+;¢/7(DF [U]+ . )w +Ss[U]
+ZX:‘¥'(DF [U]—y*74)‘P+ny:2/1{NC ~Retr[U, (x)U] ()]}

with the gauge action Sg [U ] € R and the fermionic kernel Dg [U] in lattice
QCD. After integrating out the fermion fields w and V¥, the generating
functional of this theory reads

Z = [DUe**IDet (D [U ]+ 7, ) [DUe " Det(D, [U]- 477, )

-y ZA{NC—Retr[UV(x)UJ(x)}}
>< e XV

- [pu] DL]e’(SG[“]*S“’[U])Det{(DF [U]+a7,)(De[U -2

-3 Zi{NC—Retr[Uv(x)UJ(x)J}
><e X,V i

&)
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z

cont

Here, the total fermionic determinant
A[U,UJEDet{(DF [U]+,L1}/4)(DF [U:|—,u*}/4)} (10)
is generally complex, and all other factors are real and non-negative in Z.

2.3. Four-Dimensional Continuum Limit

Near the four-dimensional continuum limit of a=0, this additional term

becomes
1 ~ PNNY:
5= L5 (A (x)- A (x )} =Jaxs (B (0)-E ] ay
with 4. = Aa?, and the generating functional goes to

o g A2 X))

_jDAIDAe (se[Al+sg[ A ])Det{(D+ m+ﬂy4)(lﬁ+m—y*y4)} (12)

with the continuum gauge action S;[A]eR and D" =¢" +igA".

2.4. Lattice Calculation Procedure

Next, we show the actual procedure of this method for the lattice QCD
calculation at finite density. In the practical lattice calculation with the Monte
Carlo method, the fermionic determinant in Z is factorized into its amplitude

and phase factor as

Z = [DU [DUe el F=elY)

Det{(D; [U]+ 427,)(De[U |- 47}

13
—ZZI{NC—Relr[UV(x)UJ(x)}} . (13)
xe Oprase [U.U ],
and the phase factor of the total fermionic determinant
O [U U ] =Lkl ) (14)

is treated as an “operator” instead of a probability factor in a similar way to the
phase quenched reweighting method [3], while all other real non-negative
factors in Z can be treated as the probability density.

The additional term S, connects the following two different situations as the
two limits of the parameter A :

1) In one limit of 42—, a strong constraint U, (x)=U, (x) is realized,
and the phase factors of two fermionic determinants Det(DF [U]+ y74) and
Det(DF [U] - #*74) are completely cancelled, owing to Equation (6). Therefore,

the total fermionic determinant is real and non-negative,
Det{(DF [U]+ a7 (D [U:u]—ﬂ*n)}zo, (15)

that is, Oppee [U ,U:| =1, and the numerical calculation becomes possible
without the sign problem. Note however that this system resembles QCD with
an isospin chemical potential [7], which is different from finite density QCD.

2) In another limit of 4 — 0, this system goes to “two separated ordinary
QCD systems” with the chemical potential of x# and -z, although the
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cancellation of the phase factors cannot be expected between the two fermionic
determinants Det(DF [U ]+ ,u;/4) and Det(DF [U] - ,u*yA) for significantly
different U, (X) and U, (x), which are independently generated in the Monte
Carlo simulation.

In fact, in other words, this approach links QCD with a chemical potential and
QCD with an isospin-chemical potential.

For a given four-dimensional finite-volume lattice, if one takes an enough
large value of A, U, (x)=U,(X) is realized, and approximate phase cancellation
occurs between the two fermionic determinants D(Et(DF [U ] + /174) and
Det(DF [U]- /,1*74% in Mand M . Then, we expect a modest behavior of the
phase factor O U,U] in Equation (14), which leads to feasibility of the

numerical lattice calculation with suppression of the sign problem.

phase

Once the lattice gauge configurations of the coexistence system are obtained
with the most importance sampling in the Monte Carlo simulation, matter-side
quantities can be evaluated through their measurement only for the matter part
M with u.

By performing the lattice calculations with gradually decreasing A and their
extrapolation to A =0, we expect to estimate the physical quantities in finite
density QCD with the chemical potential g . (This procedure may resemble the
chiral extrapolation, where the current quark mass m is gradually reduced and
the lattice data is extrapolated to m=0.)

Here, we summarize the lattice QCD procedure of the matter-antimatter
coexistence method for finite density QCD:

1) For the matter system M with x on a finite-volume lattice, prepare also the
anti-matter system M with —z  on a fifth-dimensional parallel lattice.

2) For the coexistence system M + M , introduce the correlation S, between
Mand M.

3) For the finite four-dimensional volume V; take an enough large value of 4
so as to realize approximate phase cancellation in the total fermionic determinant
A[U ,U} , and generate the gauge configurations using the Monte Carlo
calculation, with treating the phase factor Oy, [U ,UJ as an operator.

4) For the obtained gauge configurations of the coexistence system, perform the
lattice QCD measurement only for the matter part M with u .

5) Reduce the value of the correlation parameter A gradually, and extrapolate
the lattice datato 4=0.

As a caution, even with this method, it is rather difficult to deal with the large
volume case, because the phase factor O, [U ,UJ largely changes depending
on the gauge configuration in the large volume, when A is reduced. For the
finite volume, however, this method is expected to suppress the sign problem
and to enlarge the calculable region at finite density and temperature.

2.5. More Sophisticated Correlation between Matter and
Antimatter Systems

In this method, we have introduced an additional correlation between the matter
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M and the anti-matter M . Although the system goes to ordinary QCD in the
limit of A —0, it is desired to reduce some effect from the additional
correlation at finite values of A. On this point, we here consider a possible
improvement in this framework.

So far, we have demonstrated this method by taking the simplest correlation
of S, in Equation (7). In this method, however, there is some variety on the
choice of the correlation between U, (X) in Mand U, (x) in M . In fact, the
validity of the data extrapolation can be checked by various extrapolations with
different type of the additional correlation.

In particular, it is interesting to consider more sophisticated correlation such

as

S. = EBS(E{NC ~Retr[U, (x)ljj(x)]}j3 =Id4x%a2§[{,ﬂ€(x)— Aa(x)}ZT (16)

with a dimensionless non-negative real parameter <& . At the classical level, this

correlation is an irrelevant interaction and it gives vanishing contributions in the

1 _
continuum limit a — 0, like the Wilson term —Earz//Dzw [6]. By the use of

this irrelevant-type correlation, the effect from the additional term is expected to

be reduced in the actual lattice calculation.

3. Summary and Conclusion

We have proposed the “matter-antimatter coexistence method” toward the
lattice calculation of finite density QCD. In this method, we have prepared
matter M with g and anti-matter M with —z  on two parallel R*-sheets in
five-dimensional Euclidean space-time, and have introduced a correlation term
5, =3, 22{N, ~Retr[U, (x)U] (x)]} =zx%/1a2 (A ()= (x)}" between
the gauge variables U, =™ in M and U, =e"™ in M. In one limit of
A — o, owingto U, (x)=U, (x), the total fermionic determinant is real and
non-negative, and the sign problem is absent. In another limit of A — 0, this
system goes to two separated ordinary QCD systems with the chemical potential
of 4 and —u .

For a given finite-volume lattice, if one takes an enough large value of A,
U,(x)=U,(x) is realized and phase cancellation approximately occurs
between two fermionic determinants in A and M , which is expected to
suppress the sign problem and to make the lattice calculation possible. For the
obtained gauge configurations of the coexistence system, matter-side quantities
can be evaluated by their measurement only for the matter part M. By gradually
reducing A and the extrapolation to A4 =0, it is expected to obtain estimation
of the physical quantities in finite density QCD with .

The next step is to perform the actual lattice QCD calculation at finite density
using this method. It would be useful to combine this method with the other

known ways such as the hopping parameter expansion [8], the complex
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Langevin method [2] and the reweighting technique [3]. For example, if the
hopping parameter expansion is utilized, huge calculations of the fermionic
determinant can be avoided, and a low-cost analysis with the quenched gauge
configuration becomes possible, since the additional term S, only includes
gauge variables. In addition to the actual lattice calculation, the effect from the
additional term is to be investigated carefully.

Efficiency of this method would strongly depend on the system parameters,
such as the space-time volume V, the quark mass m, the temperature 7"and the
chemical potential x . For instance, near the chiral limit m=0 in large V, the
fermionic determinant tends to possess quasi-zero-eigenvalues, which permits a
drastic change of the phase in the fermionic determinant, although the zero
fermionic-determinant case would give no significant contribution in the QCD
generating functional. In any case, this method is expected to enlarge calculable
area of the QCD phase diagram on (T ,mV ) .
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