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Abstract 
For better applications of fuzzy automata on target tracking, this paper 
presents an associated method of fuzzy automata by discussing the relation 
between fuzzy automata. The equivalence is mainly discussed regarding these 
fuzzy automata. The target tracking based on the associated method of fuzzy 
automata is given. Moreover, the simulation result shows that the associated 
method is better than single fuzzy automaton relatively. The development of 
these researches in this paper in turn can quicken the applications of the fuzzy 
automata in various fields. 
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1. Introduction 

There exist a lot of ambiguous things in real world. Then better fuzzy signal 
processing is required to further obtain the various fuzzy automata, because it can 
more objectively reflect and process various ambiguous cases in reality. 

The extraction algorithm of various fuzzy automata had been discussed by 
using the neural networks in detail [1] [2]. To the extracted FA, its stability had 
been also described [1]. For better solving some complicated problems in fuzzy 
information processing, some information fusions were performed well by FA 
[3] [4] [5]. At the same time, some controls of fuzzy automata had been applied 
in mechanical engineering [6] [7]. People used the neural networks to deduce 
the automata [8] [9] [10] [11] [12]. Although the fuzzy systems and the neural 
networks are quite different, their functional forms are often similar. 
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In this paper, we will discuss the application of the associated fuzzy automata 
on target tracking. The automata had a partition according to recognizing and 
accepting the language feature that was certain, uncertain and fuzzy. The auto-
mata were classified into the deterministic finite-state automaton (DFA), the 
non-deterministic finite-state automaton (NFA) and the fuzzy automaton (FA) 
[1] [2] [3] [4] [5]. Correspondingly, the fuzzy automata were also classified into 
the finite-state deterministic fuzzy automaton (FDFA), the finite non-deterministic 
fuzzy automaton (FNFA), the fuzzy finite-state automaton (FFA) and the fuzzy 
infinite–state automaton (FIA) [1]. The non-deterministic and fuzzy automata 
could be transformed into the deterministic automata by studying the equivalent 
relation of these automata and by using the neural networks. 

2. Discussion of Relation of Several Fuzzy Automata  

Several fuzzy automata (FA), i.e., FDFA, FNFA, FFA and FIA had been intro-
duced, as well as the equivalence among several FA was discussed in previous 
works [1] [2]. Thus, the partial relation of several FA is introduced as follows. 

Theorem 1. For a fuzzy language L, the following three conditions are equiv-
alent: 

1) L is acceptable by a FDFA. 
2) L is acceptable by a FNFA. 
3) L is acceptable by a FFA. 
Proof: (1) ⇒ (2) In fact, because a FDFA ( )1 0, , , , ,M Q q G Vδ= ∑  is a special 

case of a FNFA, we conclude that (1) implies (2). 
(2) ⇒ (3) Consider the assertion that (2) implies (3). 
Let a fuzzy language ( ),L ω µ=  be accepted by a FNFA  

( )2 0, , , , ,NM Q Q G Vδ= ∑ , i.e., ( ) ( )2, L Mω µ ∈ , then there exists  

( ) { }
*

0 , ,N i ij ijq qδ ω µ =  for some 0 0iq Q∈  and ijq G∀ ∈ , ij Vµ∀ ∈ , where  
*, ij

j
ω µ µ∈∑ =∨ . 

Define a FFA ( )3 0, , , , ,M Q F Q G V= ∑  and make ( )
*

0 ,i ij ijF q qω µ= , thus there 
is ( ) ( )3, L Mω µ ∈ , where *, ij

j
ω µ µ∈∑ =∨ . 

(3) ⇒ (1) Now show that a FDFA 1M  can accept a fuzzy language L recog-
nized by a FFA ( )3 , , , , ,M Q F P G V= ∑ . 

Let a fuzzy language ( ),ω µ  be accepted by a FFA ( )3 , , , , ,M Q F P G V= ∑ . 
Assume 

{ }10 1, , 1, ,i i i iV i Tθ θ θ θ += < ≤ < = �  

( ){ }*
1, , , , , , , 1, ,i j i i j m i j mQ p V F p p p Q p G i Tθ θ σ θ σ+= ∃ ∈ ≤ < ∈∑ ∀ ∈ ∀ ∈ = �  

Define the set of the states 12 2 TQ QQ′ = ∪�∪ , where ( )2 1, ,iQ i T= �  de-
notes all subsets of the state iQ , and  

( ){ }*
0 , , , 1,j j m mQ p P F p p p Gσ σ= ∈ ∈∑ = ∀ ∈  
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Now, define [ ]0 0q Q=  and a FDFA  

( )1 0, , , , ,M Q q G Vδ′ ′= ∑  

where [ ]0 0q Q=  denotes that 0 jq p=  if ( ), , 1j mF p pσ =  for some jp P∈  
and mp G∀ ∈ , *σ ∈∑ . And the meaning of [ ]i  is similar in the following. 

At the same time, define ( ), ,q q Fσδ σ µ = �  for q Q′∈ , σ ∈∑ , Vµ∈ , 
and define ( ) ( )q mG q G pµ′ = �  if there exists ( ), mF q p Vσ µ= ∈ , where 

mp G∀ ∈ , qµ  is the membership degree in the state q , and q Fσ�  denotes a 
new state with the membership degree q Fσµ � . 

For q Q′∈ , we prove the equality ( )
1

*
1, ,

nnq q F Fσ σδ σ σ µ =� � ���  is true. 
By induction method: for n = 0 (i.e., the empty symbol), there is ( )* , ,q qδ ε µ = . 
Assume that the assertion holds true for n − 1, i.e., there exists the following 

equality: 

( )
1 2 1

*
1 1, ,

nnq q F F Fσ σ σδ σ σ µ
−− =� � � ���  

According to the induction and ( ), ,q q Fσδ σ µ = �  defined, then, for n, 
there is 

( ) ( )( )
( )

2 1 2

* *
1 1 1 2 2

1 1

, , , , , ,

, ,
n n

n nq q

q F F q F F Fσ σ σ σ σ

δ σ σ µ δ δ σ µ σ σ µ

δ σ µ

=

= =

� �

� ��� � � ���
     (1) 

where 1 2, , Vµ µ µ ∈ . 
So the equality ( )

1

*
1, ,

nnq q F Fσ σδ σ σ µ =� � ���  is true. 
Finally, we prove: if ( ) ( )3, L Mω µ ∈ , then ( ) ( )1, L Mω µ ∈ . 
Assume ( ) ( )3, L Mω µ ∈ , then  

( )
*

0 , m mF p p Vω µ= ∈  for 0 , mp P p G∀ ∈ ∀ ∈  

where *
1 nω σ σ= ∈∑�  

( )( )( ) ( ) ( )
13 1 0 nm n n

m
L M P p F F G pσ σµ µ σ σ= = =∨ � � ��� �  

where np G∈ . 
On the other hand, there is 

( ) ( )( ) ( )* * *
0 1 0 1 1 2 2 1, , , , , , , ,n n n n n nq q q qδ σ σ µ δ δ σ µ σ σ µ δ σ µ−= = = =� � �  

where [ ]0 0q Q= , nq G′∈ , jq Q′∈ , , ,j n Vµ µ µ ∈ , 1, , 1j n= −� . 
At the same time, according to the above Formula (1) again, there is 

( )
1

*
0 1 0, ,

nnq q F Fσ σδ σ σ µ =� � ���  

Then 

( )( )( ) ( )( )
( ) ( )

1 0 1

*
1 1 0 1

0

, ,

n n

n n

q n

L M G q

G q F F F F G pσ σ σ σ

µ σ σ δ σ σ µ

µ

′ ′= =

′= =

� �

� ��� � ��� �
 

where [ ]0 0q Q= , np G∈ . 
Since ( )

0 0q P pµ = , then µ µ′ = . Therefore, there is ( ) ( )1, L Mω µ ∈ . Thus, 
we have shown that (3) implies (1). 

Q.E.D. 
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Moreover, other several FA are also equivalent, such as, a language L is ac-
cepted by a NFA, iff, there exists a DFA that accepts the language L, i.e. L = 
L(DFA) = L(NFA) [1]; a fuzzy language is accepted by some FDFA if it is ac-
cepted by some L-nested systems of DFA [3]; the FFA is equally powerful as 
L-nested systems of NFA [4]. 

3. Union of Fuzzy Automata  

The algorithm consists of four parts: 
1) Construct the associated network 
Transform FA into a neural network with N recurrent neurons that computes 

the degree of membership µ  of the state of FA for inputting the arbitrary 
string. Make the degree of membership in the state iq ′  label 0 1iµ ′< ≤ . Let N 
recurrent neurons perform the union of FA in the first stage, and choose the  

sigmoid discriminative function ( ) 1
1 e xg x −=
+

 to compute the degree of  

membership. Let M non-recurrent output neurons perform again the union of 
FA in the second stage, which compute the union value of FA. For each ka ∈∑ , 
construct an input vector ( )1 10, ,0, ,1, ,0, ,0k kI I− +� � , where ∑  is a finite set of 
the input symbols. Thus, we perform the union algorithm of FA by using the 
networks. 

2) Decision-making Model on Target Tracking 
For i S∀ ∈ , the i th FA for target tracking is labeled a fuzzy set iF

�
, i.e., 

( ) ( ) ( ){ }1 1 2 2, , , , , ,i
i i M iMF o f o f o f= �

�
                 (2) 

where ( )po p U∈  is the target that corresponds to the serial number p, ipf  is 
the degree of membership that the i th FA judges the identified target belonging 
to the pth target type, and 0 1ipf≤ ≤ . For the target tracking results that are de-
noted by a fuzzy set, we may use a fuzzy distribution to describe it; S and U are 
the index sets of FA and target, respectively. 

A fuzzy distribution iΞ  that corresponds to iF
�

 can be expressed as: 

,i ip p
p U

f o i S
∈

Ξ = ∀ ∈∑                       (3) 

Assume K is a variable in U. i S∀ ∈ , for a given proposition “K is iF
�

”, a 
fuzzy distribution that corresponds to K will be derived as follows: 

( ) , ,i
K ipp f i S p UΞ = ∀ ∈ ∈                     (4) 

It denotes that the possibility of the value of K is the degree of membership 
that p belongs to the fuzzy set iF

�
. 

For the usual hard judgement, i.e., a single type (e.g. 1p  type) is chosen as the 
solution of an identified target type, which it can be regarded as a special case of 
the above Formula (3). 

3) Union of several FA 
Let ( )ipf t  and ( )i tΞ  denote the fuzzy degree of membership and fuzzy 

distribution that the identified target belongs to the p type by measuring of the 
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FA i at time t respectively. ( )l
ipf  denotes the fuzzy degree of membership that 

the identified target belongs to the p type by the cumulative union of the FA i 
until time l. l

iΞ  denotes the fuzzy distribution of the identified target by the 
cumulative union of the FA i until time l, where 1,2, ,l t= � , i.e., 

( ) ( )i ip p
p U

t f t o
∈

Ξ = ∑                         (5) 

To integrate the fuzzy distribution that is obtained by cumulative union at 
time 1t −  and the fuzzy distribution that is obtained by measuring at time t, we 
can obtain the fuzzy distribution t

iΞ  of the cumulative union of the FA i for 
target tracking until time t, and the distribution is 

( )tt
i ip p

p U
f o

∈

Ξ = ∑                          (6) 

where ( ) ( ) ( )1 ,t t
ip ip ipf H f f t− =   . H is a fuzzy integration function, and H is 

usually obtained by the Formula (7) below. 
Assume ( ) ( ) ( ) ( )( )1 , 2 , ,ip ip ip ipM t f f f t ′= � . Here, the fuzzy integration func-

tions H may be selected as follows: 

( )( ) ( )
1

1

1 , 0
t qq

ip ip
l

H M t f l q
t =

 = > 
 
∑                  (7) 

4) Initialization 
Before processing a new signal, initialize the FA network first: 

( ) ( )0 0 0 0 0
0 1 1 0, , , ,1,0, ,0NS S S S S−= =� �  

let 0
00 1S< <  be arbitrary. 

5) Performance of union 
The training of FA network and some calculation are mainly performed in the 

first stage, i.e., after processing a signal with a certain length, the output t
iS ′  of 

FA network is the degree of membership iµ ′  of the states of FA at the time t. 
The second stage is an output layer that performs the union of FA. The output 

values 1pO −  are determined by the output values of FA network. 

4. Application of Associated Fuzzy Automata on  
Target Tracking  

In positioning and navigation systems, the information provided by each sensor 
is generally inaccurate, ambiguous, incomplete or even contradictory, which in-
cludes a lot of uncertainty. In order to achieve better target tracking and identi-
fication, a target tracking department has to rely on uncertain information for 
computing and reasoning. The logical computation such as fuzzy automata 
tracking is a kind of better fuzzy logic processing method. This processing me-
thod can handle some unknown uncertainty information, since it is to make use 
of a fuzzy membership degree, fuzzy function and network learning method ra-
ther than using an exact computation that is difficult to obtain. 

Because some influences of some distribution situations of the targets and 
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their movement laws, measurement error of the sensor, some processing me-
thods and other factors, to judge whether or not the track from two local nodes 
is corresponding to the same target is usually very difficult. Particularly, it is 
more difficult under more cross, more bifurcate, maneuvering track occasions or 
the dense target environment. When a system includes a sensor calibration, 
conversion, delay errors and larger navigation, the single FA tracking method 
looks not ability, so it needs to seek other methods, thus, the union of FA me-
thod is proposed. 

In addition, because some targets usually locate in different complex envi-
ronment, it is difficult to use only a kind of fuzzy automata to track them, thus, 
it also needs to develop a method that can better track the targets under mul-
ti-target interference cases. In here, a method on associated fuzzy automata is 
proposed for better target tracking in a multi-target case. Thus, it will be a theo-
retic base for application of any automata. These researches developed in this 
paper can lead to the development of the theories and the applications of fuzzy 
automata hierarchy in various fields. 

To facilitate the discussion, here consider only two fuzzy automata. One 
group of targets that the number of targets is 100 in simulation is used. Simulate 
the targets movement with the intentionally or unintentionally maneuvering and 
speed change with the process noise in a two-dimensional flat. The initial posi-
tions of targets obey the normal distribution in the moving region. The initial 
velocity obeys the uniform distribution 10 m/s - 1000 m/s. Let the targets make 
rectilinear motion at a uniform velocity and take a turn to the left or the right 
motion at a uniform velocity, and the deviation turning rates be 2 6ω = − �  and 

3 6ω = � . The sizes of deviation radius 1r  and 2r  of moving region are 1 100 kmr =  
and 2 130 kmr = , respectively. Based on a union of FA method, the target 
tracking is performed under a medium-density target environment with 100 
targets. 

In the union of FA, the target tracking is performed based on the Formula (7) 
of fuzzy integration function. The sampling is 160 times in simulation and sam-
pling rate T is 1 second. The simulation results for the union of FA are shown in 
Figure 1(a) and Figure 1(b) respectively. From Figure 1, the tracking effect of 
union of FA is better than that of single FA on multiple-target tracking. When 

1q = , the tracking curve of union of FA is basically same as the true curve of the 
target orbit, but the single FA for target tracking is not so good, which is shown 
in Figure 1(b). It signifies that the information on the target tracking can be al-
most completely utilized by the union of FA than using the single FA informa-
tion. 

5. Conclusion  

For fully utilizing the information on fuzzy signal processing, this paper presents 
several FA and discusses their relation. According to the relation of FA dis-
cussed, the union of these automata is discussed, and also the application of the  
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(a) 

 
(b) 

Figure 1. Comparison between union of FA and single FA on target tracking. (a) (q = 
1/2) x-axis; (b) (q = 1) x-axis. 
 
associated FA is given on target tracking. Then, it will be a theoretic base for ex-
traction and application of any automata on the image processing and pattern 
recognition etc. Finally, some problems and development trends on the fuzzy 
automata will be studied for future researches. 
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