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Abstract

The paper develops a multi-product supply chain model where supply-
production-sale integration is considered and the worst-case conditional value
at risk (WCVaR) model is applied as the risk measure, and also provides a
coordination strategy to minimize the supply chain risk. First, by analyzing
the source demand of market in the supply chain, three WCVaR models con-
sisting of three tiers—the supplier, the manufacturer and the retailer in the
supply chain are proposed to measure the market risk. Then, a risk coordina-
tion model is proposed to cover the whole supply chain including producing,
order, inventory and sales. Finally, the numerical results show the efficiency of
the model in mitigating risks. And we make a summary of supply chain risk
management strategies.
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1. Introduction

The early research on integrative supply chain focused on the condition of cer-
tain demand with problems solved by integer programming models. In recent
years scholars have begun to study the condition of random demand which is
more close to reality [1]-[6].

Since Rockafellar and Uryasev [7] [8] proposed the equivalent model of CVaR,
it has been widely used in supply chain risk management [9] [10] [11], and etc.
Gotoh et al [9] proposed analytical solutions and linear programming (LP)
formulation of the minimization of the CVaR measures defined with two different
loss functions and demonstrated the efficiency of the LP solutions by numerical

examples. Zhang et al. [10] presented some convex stochastic programming
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models for single- and multi-period inventory control problems to minimize the
expected losses subject to risk aversion constraints expressed through VaR and
CVaR as risk measures, and proposed a sample average approximation method.
Zhou et al. [11] proposed an optimal order model for multi-product problems,
which is formulated as a linear programming problem subject to CVaR con-
straints and offers an appropriate analytical tool for decision-makers with dif-
ferent risk preferences. On this basis, we would like to have the concept of
WCVaR, which was introduced by Zhu et al [12] for the situation where the
probability distribution are partially known; it is proved that the WCVaR inhe-
rits the same properties of the CVaR such as the coherency and the convexity,
which makes risk analysis available and makes it an effective tool for supply
chain risk measurement.

In this paper, two types of risks are included to represent the total risk in
supply chain. And the coordination risk of supply chain is expressed with the
equilibrium between the minimization of market risk and of operation risk. In
addition, as mentioned above, CVaR/WCVaR has several fine mathematical
properties [7] [12]. So the paper is organized as follows: Section 2 studies three
market risk models and proposes the coordination model with the robust opti-
mization models via WCVaR; in Sections 3, the numerical examples are pre-
sented to test the models and the theoretical analysis; Section 4 draws some con-

clusions.

2. Supply Chain Risk Modeling
2.1. Description of the Problem

The supply chain we consider includes retailers, manufacturer, suppliers and
customers. The process is divided into three phases, and the risk models are
proposed via WCVaR: (1) retailer’s order-sales model; (2) manufacturer’s or-
der-production-wholesale model; (3) supplier’s stock-supply model in Figure 1.
Then we have the following assumptions:

Assumption 1: All enterprises make decisions based on the customers’ de-
mand, and the demands for all goods and raw materials are independent of each
other.

Assumption 2: If the goods are not sold out at the end of the period, retailers
will sell the rest at a discount price. So do manufacturers.

Assumption 3: In this paper, two kinds of risk are considered: one is called
operation risk and the other is called market risk. The former is aroused mainly
due to the uncertainty between the upstream and downstream enterprises; while
the latter is mainly due to the uncertainty between the first three in the supply
chain and the customer. The total risk of supply chain is considered as the sum
of these two risks.

Suppliers Manufacturers | ) Retailers »| Customers

\ 4

Figure 1. Supply chain model.
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2.2. Modeling

Based on the above assumptions, we divide the whole process of supply chain
into three phases to build the following corresponding WCVaR models:

1) Retailer’s order-sales model

This is the phase where most of market risks in supply chain is found. The re-
tailer orders from the manufacturer based on customers’ demand. Variables are
as follows: let the customer’s demand vector for all products is represented as
&= (él, & &y )T ;let x, denote the retailer’s order quantity for product n,
and the retailer’s order quantity vector for all products is represented as
X=Xy Xy s Xy )T; let X denote the order set from the retailer; suppose
that the loss function in the first phase is Li(X,fi ) , and the random variable
§i yields a distribution density function pli (t)(i =121 ) Therefore, we de-
fine the customer’s joint distribution clusters of the demand as:

P ={le/1.lp1‘ (t)

i=1

|
Z/’Lll:l'ﬂ,llzo’i :1!2!.”y|}

i=1

|
Let Al:{ﬂl:(ﬂflﬂ;!'“ll})‘zﬂ'ﬂ:11111201i:1!21"'1 I})‘Ne define
i=1

WCVaR as follows:
|

WCVaR,, (x)=max Y 4F; (X, ),

Aen T !
. 1 v
where a CVaR loss function Fy (X,a) =0y + ELERW [L1 (x,t)- O!J p, (t)dt.
The retailer’s optimal order quantity can be solved from:
|
min  WCVaR, (x)= max igl:,?,llpli (X&)
s.t. Xe X
which is equivalent to
min g
st 2R (%e),i=121,

XeX,al,;(leRl.

Suppose that ¢, denotes retailer’s order cost per unit for product z; r, de-
notes retailer’s salvage value per unit for product 2, where r, <c ; a, denotes
retailer’s inventory cost per unit for product n; s, denotes retailer’s selling
price per unit for product n. For retailer, the total loss of all products includes
inventory loss and discount loss when there is oversupply, as well as the oppor-
tunity loss when the product is in short supply. So in this phase the loss function
can be expressed as follows:

L(x&)=2 (@ e -l -] (5, e )[& %]}

n=1

Let & denotes random vector & at time & where k=1,---,K, and p],

denotes the probability distribution of samples. So the approximate expression
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of F;(X,q) isrepresented as follows i=1.-:-,1:

1,8 i([Li(vak)_alT plik)'

l_ 1 k=1

F; (X,al)z Fy (X,/ll,al):al-i-

Let s, =L (X,&)-a, vy =%, —&rand o =&, —X,, k=1 K.
Suppose that g = (ul,l,ul,z,---,,tﬁy,( ) , v =(V1,1,v1y2,---,v1'K ) s
o = (a)n, @, W ) At a certain confidence level of S, we have the
following linear programming problem:

(WCVaR 1) min V4

X,01,44.V1,@1, 71)
N

s.t. Hix 2 Zl{(an +C —h )Vl,k + (Sn -G, )wl,k} —a,
n=;

My 20,5 vy 2 X =& vy 20,

Wy 2 é:n,k — Xy @y 2 0,

N
DX <@, a,peR, A <X <A,
n=1

K .
LS b, =120,

— M1 k=1

n=4-- N, k=1.--,K.

nzot

The linear programming problem (WCVaR 1) minimizes the worst-case con-
ditional value at risk for the decision-maker who takes inventory loss and op-
portunity loss of all products in the supply chain into consideration. In addition,
®, denotes the financial budget for the retailer’s orders. Finally A' and A?
denote the least and the most order quantity respectively. Then we can get the
approximate (WCVaR) and the corresponding optimal order X" for retailer by
solving problem (WCVaR 1).

2) Manufacturer’s order-production-wholesale model

In this phase, the manufacturer orders a quantity of raw materials from the
supplier for production. The variables are as follows: let random variable
& =(§l,~-,§n,~-,§N )T; let x, denote the manufacturer’s production quantity
for product n, and the manufacturer’s production quantity vector for all prod-
ucts can be represented as Y =(Y,-, Y, Yy )T ;let 'Y denote production set
for the manufacturer; suppose that the loss function in the second phase can be
represented as L2(y,§ i) , and the random variable ¢' yields the distribution
density function p} (t). We define the manufacturer’s joint distribution clusters

of the demand as:

|
YA =LA 20,i=1'2""’|}'

Let A, :{/12 =(A2 20, A7)

WCVaR as follows:

ZJJIZ =147 20,i=1,2,---,|},wedeﬁne
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I
WCVaR (y):/rl?%é/lfﬁi (V)

where F,(y,,)=a,+ i]@m [L(y.t)-a, ]* p; (t)dt . The manufacturer’s
optimal production quantity can be solved from:
|
min  WCVaR,, ( y) = XTS\)E é}f Fi (Y, 0!2)
s.t. yeY

which is equivalent to
min  z,
st 2R (Y.a,),i=12,,1,
yeY,a,, z, €R.

According to assumption, the retailer’s demand correlates with the source
demand—consumers’ demand, a fluctuation factor. So we have ¢ =¢, (cf) . For
simplicity, let {=&+6, where @ denotes the fluctuation factor, and for
product n, 6, (n =1, N) is a random variable which yields the normal dis-
tribution N (0,52) , which are independent of the source demand. In addition,
we suppose that |, denotes manufacturer’s production cost per unit for prod-
uct ;; g, denotes manufacturer’s salvage value per unit for product n, where
g, <l,; b, denotes manufacturer’s inventory cost per unit for product n; ¢,
denotes retailer’s selling price per unit for product n; w,, denotes manufactur-
er’s order cost per unit for material m (given); A, denotes the required quan-

tity of material m for per unit of product n, so for all products, the total demand

N
for material mis » A Y,; V, denotes the processing cost per unit for product
n=1

M
n (given); so we have | =v, +> W, A . For the manufacturer, the total loss of
m=1

all products includes inventory loss and discount loss in case of oversupply, as
well as the opportunity loss in case of short supply. So in this phase the loss
function can be expressed as follows:

L(16) =20 41 -0y, ~€.] + (6 -1 vl ).

n=1

Let £, denote random vector ¢ at time & where k=1---,K, and pj,
denote the probability distribution of samples. So the approximate expression of

F,(Y,@,) is represented as follow:

#g([%(y{k)—aﬂg&z p;kJ.

Let ), = Lz(yvgk)_az > Vox = Yo —Gaxo and @y =Gk = Yn> k=1--K.
According to the assumption, ¢, =&, ,+6,,, where k=1---,K. Suppose

Ifz(y,/lz,az)zaz+

ﬂzz(ﬂz,llﬂz,z"":ﬂz,K)> VZZ(VZ,l’VZ,Z'“"VZ,K)’ wzz(wz,llwz,zv“"wz,l()- At a

certain confidence level of f,, we have the following linear programming
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problem:
(WCVaR2) min X

(Vi tt2v2.@2,72)
N
st fiy) > Z{(bn +1, =9, v +(c, —|n)0’2,k} —-a,,
n=1

Mo 20, Vo 2 (§nk+9 )’ Var 20,

a)z,k 2 (‘fn,k + en,k ) - yn > a)z,k 20,

N
zlnyn SO,, a1, € R,

n=1
M
In:Vn+ZWmA'n><n’
m=1
K .
X2 1_ kzluzkpzw =11,

A?SynSA?) nzll"'yN) kzl,,K

The linear programming problem (WCVaR 2) minimizes the worst-case con-
ditional value at risk—the objective of the decision-maker who takes inventory
loss and opportunity loss of all products in the supply chain into consideration.
In addition, @, denotes the financial budget of the manufacturer for produc-
ing all products. Finally A’ and A! denote the least and the most production
quantity respectively. Then we can get the approximate WCVaR and the optimal
production y* (the corresponding quantity for raw material mis A, y" for
the manufacturer.

3) Supplier’s stock-supply model

In this phase the supplier offers raw materials to the manufacturer. The va-
riables are as follows: let random variable y =(}/1,-~,;/m,---,}/M )T; let z, de-
note the supplier’s inventory quantity for raw material m, and the supplier’s in-
ventory quantity vector for all raw materials can be represented as
z :( Lyt Iy )T; let Z denotes inventory set for the supplier; suppose
that the loss function in the third phase can be represented as L, (Z, 7' ) , and the
random variable 7' yields the distribution density function p} (t). We define
the supplier’s joint distribution clusters of the demand:

Let A3 :{1'3 :(/’113!/123!“'113)‘2/113 :1!/113 ZO!I :1121"'1|}>We define
WCVaR as follows:

WCVaR, (y)= maxZﬂ1 Fa(z.03)s

AzeAg
1
where Fy(z,0,)=0a, +QLEan [L(z, 053] p; (t)dt . The supplier’s optimal
stock quantity can be formulated by
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|
min  WCVaR, (z)=max ) A’F; (z,a)

AzeAg i1
s.t. ze X
which is equivalent to
min
s.t. ;(32F3i(z,a3),i=1,2,---,|,

ZeY,aa,;(3eR1.

According to assumption, the manufacturer’s demand correlates with the

source demand—customers’ demand, a fluctuation factor. So we have
N

7y =¢,(&). For simplicity, let y=A_ (£+&) (where D A. & denotes the
n=1

total stock quantity of raw material m, ¢ denotes the fluctuation factor, and for
product n, &, is a random variable which yields the normal distribution
N (0, 0'2), n=1---,N. In addition, they are independent of customer’s de-
mand). In addition, we suppose that d_, denotes supplier’s inventory cost per
unit for raw material m; W, denotes supplier’s selling price per unit for raw

material m (given). So in this phase the loss function can be expressed as follows:
M
LG(Z'Y):Z{dm [Zm _ym] +Wm|:7/m _Zm] }
m=1

Let y, denote random vector y at time & where k=1,---,K, and p;k
denote the probability distribution of samples. So the approximate expression of
F,(Z ;) isrepresented as follows:

LS [ntan)-a] T4 )

1-46ia i=1

If3(z,i3,a3):a3 +

Let s, =L (2,7)~ %> Vay =2y = V> and @y =7, —2,, k=1 K.
According to the assumption, ¢, =& +6,,,where k=1-.-,K.Suppose that

/13:</‘3,1’ﬂ3,2r"'1ﬂ3,+<)’ V3:(V3,1vV3,2"”!V3,K)’ “’3:(@3,110’3,21"'1603,K)' Ac-

N
cording to the assumption we have y, , ZZ[Am*n(fn,k + &k )] At a certain

confidence level of f;, we have the following linear programming problem:
(WCVaR 3) min X

(203,13, V3,03, 73)

M
St phgy 2 Z{diS,k + mes,k} —0y, 5, 20,
m=1
N

Vak 2 Iy _Z[Am*n (fn,k +énk )] > vy 20,

n=1

N
Wy 2 Z[An*n (‘fn,k T énk )J_ Zy> @5 20,

n=1

m:].,",M, k:]-, !K)
M

>dnz, <Py, a3 1 €R,
m=1
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A<z, <A, m=12.-,M

1 & P
132a3+ﬁ2/43.kp;k’ =11,

— M3 k=l

The linear programming problem (WCVaR 3) minimizes the worst-case con-
ditional value at risk—the objective of the decision-maker who takes inventory
loss and opportunity loss of all products in the supply chain into consideration.
In addition, @, denotes the financial budget of the supplier for all raw material.
Finally A’ and A° denote the least and the most stock quantity respectively.
So we can get the approximate WCVaR3 and the optimal raw material stock
quantity z° for the supplier by solving problem WCVaR 3. Here we translate

the storage quantity of raw materials into the storage quantity of products and it

N
is feasible. According to the formulation: z; = Z(AW *u*) , m=1--- M, we

m n
n=1

can get the inventory quantity of all products u’.

2.3. Coordination Model for Supply-Production-Sale Integration

In contrast with the above models, we combine the three linear programming
(WCVaR1), (WCVaR2) and (WCVaR3) into one model based on the source
demand to forecast the market risk together with corresponding weights ( 7,
7,, 7y, where m +m,+m,=1), and all the enterprises obtain corresponding
decision-making strategy about ordering, production and inventory. The market

risk objective function is:
O =7+ 7o), + s X3

So we build the coordination risk model as follow:
(WCVaR 4) min O=my, +7m,0, + 731,

X,00, 4, V1,81, 71
Y\02.H2V2,@2,72)
2,03,443.V3.03, 73)

N

S A Z:;{(a +C, )v1k+( )a)lk} a,

A >0, Vik 2 Xy = Gnio Vik >0,

Oy 2 & =Xy @y 20,

N
DX <@, a,pneR, A<x <A,
n=1

nzopt Z/uikplk’
—,31

:quZZ{( 9, )Var +(C, In)a)z,k}_a2’

Moy 20,5 vy 2, (§nk+9nk)’ Vo 20,

@, = (‘fn,k +0,, ) “VYo» @, 20,

M
In :Vn+zwmAn*n > A?gyn SA?’
m=1
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N
2LV S, a1, €RY,

n=1

i :
,u pl ]
1 - ,Bz k=1 2k ek

X2+

M
My 2 Z{dm‘/3,k + me3,k} — 035 gy 20,

m=1

N

V3,k 2 Zm _Z[An*n (fn,k + gn,k )] > V3,k 2 0 >

n=1

N
5 6
w3,k ZZ[A'n*n (é:n,k +€n,k ):|_Zm’ a)3,k 20 > An < Zm < ATI >
n=1

M N
>d,z,<®@;, a5, 1:€R 2, =D (A *U,),n=1--,N, k=1-K,
m=1

n=1
i=12,---,1, m=1--- M,
1 K i -
Zaza3+1_ﬂ3k2:;ﬂ3,kp3kr =11,

X, = Yo <65 |Yo Uy <O

Parameters >0 and o >0 in the last constraint inequality of the prob-
lem (WCVaR4) are called the coordination coefficients.

For the coordination strategy (WCVaR4) above, we have made some numeri-
cal experiments to verify that it is possible to obtain the coordination strategy for
the supply-production-sale integration, and at the same time we compare the in-
fluence of coordination strategy on the enterprises and the supply chain as a

whole.

3. Numerical Experiment

(WCVaR4) is a linear programming. Here we assume that we have 4 kinds of
products and 6 kinds of raw materials. The demands for these products yield

certain distributions. And we also assume the two fluctuation factors that 6 =6

and o =9. Let the weights of risk be 7, =7, =7, :%, and the confidence

levelsbe S, =p,=/,=95%.

For simplicity, we consider the situation that distribution function yields sin-
gle distribution and mixed distributions (Experiment 1 considers the situation
that the demands for all products yield normal distribution, Experiment 2 con-
siders the situation that the demands for all products yield uniform distribution,
Experiment 3 considers the situation that the demands for first two products
yield normal distribution, and the demands for the other two products yield
uniform distribution, Experiment 4 considers the situation that the demands for
first two products yield uniform distribution, and the demands for the other two
yield normal distribution. In addition, the expectation for every product is same,

and so is the variance). So we have Table 1.
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Table 1. Risk decisions for different distributions.

Experiment 1 Experiment 2
n 1 2 3 4 1 2 3 4
X 22,5 27.0 29.5 19.4 24.8 25.8 29.0 22,0
y 28.1 22.4 29.5 22,5 29.2 25.2 30,6 213
u 30.5 25.3 30.6 26.4 27.8 27.1 323 220
t 28.1 25.3 29.5 22.5 27.8 25.8 306 220
Experiment 3 Experiment 4
n 1 2 3 4 1 2 3 4
X 29.7 27.6 29.1 20.8 25.5 23.8 315 246
y 31.0 24.1 30.8 21.5 27.2 25.2 329 249
u 28.8 31.1 323 22.1 29.6 29.3 339 26.2
t” 28.8 27.6 30.8 21.5 27.2 25.2 329 249

We find that no matter whatever distribution they yield, the corresponding
decision variables X", y* and u" hardly satisfy the equation X =y =u".
In contrast, their disparities are obvious. It shows that when enterprises in the
traditional supply chain focus on their own market risk, the competitiveness of
the supply chain is neglected. The differentiations of internal demands increase
quickly so that the supply chain would suffer tremendous losses. So a compre-
hensive model considering all the risk is required. From the vertical point of
view, see Experiment 1, in traditional supply chain all enterprises realize their
own minimum of total market risk ($305.5), but the operation risk ($237.3) is
neglected. In fact, the total risk is ($542.9). The supply chain may lose its compe-
titiveness. By means of collaboration, the integrative supply chain makes a com-
prehensive forecast to the source demand, and achieves a balance between the
market risk and operation risk. The risk is clearly reduced, with the total risk af-
ter coordination dropping to $360.9. The results are same in other experiments.
So the integrative supply chain is effective in reducing the risk. From the hori-
zontal point of view, let us take Experiment 1 and Experiment 2, where the de-
mands in Experiment 1 yield normal distribution and the demands in Experi-
ment 2 yield uniform distribution. We can see that all the risks in Experiment 1
are larger than those in Experiment 2. The risks in Experiment 3 and Experi-
ment 4 fall within the above two. Therefore, all risks correlate with their distri-
bution, in addition the risk when the demands yield normal distribution is larger
than that when the demands yield uniform distribution.

Besides the common factors such as mutual trust and cooperation, we would
like to discuss here the impacts of the factors in the above numerical experi-
ments, and summarize the strategies as follows:

1) The enterprises should strengthen mutual trust and cooperation in the supply
chain. Cooperation is the trend, and mutual trust is a bridge connecting enter-

prises with the market. In the processes of risk identification, risk forecast, risk
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management and risk feedback, the effect of mutual trust and cooperation shows.

2) Risk preference is an important factor for enterprises in their supply chain
design. Risk preference affects the measure to and the strategy against risks. The
confidence level in (WCVaR) affects the market risk of the enterprises in the
supply chain. If the enterprises in the supply chain have different risk preference,
especially when their risk preference are completely opposite, the market risk
and total risk will increase greatly, and the supply chain will operate ineffectively.
Therefore, the coherence in risk preference is important for the whole supply
chain.

3) All enterprises must break all kinds of capability constraints in budget, ca-
pacity, inventory and etc. All the constraints have impact on the efficiency of the
supply chain, and should be fully considered in practice. Moreover when the
supply chain acts as a whole, its efficiency depends on the least efficiency part.
So the supply chain should break all kinds of capacity constraints and improve

themselves.

4. Conclusions

In this paper, a risk coordination model is proposed to cover the whole supply
chain including producing, order, inventory and sales. To sum up, coordination
strategy for the supply-production-sale integration dealing with the multi prod-
ucts can reduce the total risk and operation risk in supply chain effectively. And
we are to point out that the coordination strategy is a static strategy, which pro-
vides the decision-makers with an important guidance.

We will study the risk coordination model of multiple objective loss functions
to cover the whole supply chain including producing, order, inventory and sales

for further research. We can even consider the situation of multi retailers.
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