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Abstract

For a graph G, let b(G) =max{|D|: D is an edge cut ofG} . For graphs G and H, amap ¢:V (G)—)V (H)

is a graph homomorphism if for each e=uve E(G), ¢(u)e(v)eE(H). In 1979, Erdés proved by prob-
abilistic methods that for p > 2 with

%+2p_2 if p=0(mod2),
fP)=y,
54‘2— if pEI(mod2),

if there is a graph homomorphism from G onto K, then b(G) > f ( p)|E (G)| In this paper, we obtained
the best possible lower bounds of b(G) for graphs G with a graph homomorphism onto a Kneser graph or a
circulant graph and we characterized the graphs G reaching the lower bounds when G is an edge maximal

graph with a graph homomorphism onto a complete graph, or onto an odd cycle.

Keywords: Maximum Edge Cuts, Graph Homomorphisms

1. Introduction

In this paper, the graphs we consider are finite, simple
and connected. Undefined notation and terminology will
follow those in [1]. Let G be a graph. For disjoint non-
empty subsets X,Y =V (G), let [X,Y] denote the set
of edges of G with one end in X and the other end in Y.
Forasubset ScV(G),let S=V(G)\ S. An edge cut
of G is an edge subset of the form [S,SJ for some
nonempty proper subset S <V (G) . Define

b(G)= max{|D| : D is an edge cut ofG} :

For graphs G and H, a map ¢:V(G)—>V(H) is a
graph homomorphism if for each e=uveE(G),
@(u)e(v)e E(H). If there is a graph homomorphism
from G to H, then G is called H-colorable. Sup-
pose that G is H-colorable. Then every graph homo-
morphism ¢:V (G) >V ( H ) also induces a map
o, E (G) - E(H ) If for any graph homomorphism
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¢:V(G)>V(H), and for any e, e, eE(H), we
always have i(pel (e )| =l(/)e’] (e, )| , then G is called
edge-uniformly H-colorable.

Throughout this paper, we use K, to denote the com-
plete graph with p vertices and C,,,, to denote an odd
cycle with V (C2p+1 ) = {Vi,i eZ ? and
N (Vi ) = {Vi—l sVi+1}-

Theorem 1.1 (Erdds [2]) Let p > 2 be an integer and

1

2p+l1

— if p=0 d?2
2+2p—2 if p=0(mod2),
fP)=1",
—+— if p=1(mod2).
2 2p

If there is a graph homomorphism from G onto K,
then b(G)> f(p)|E(G)|.

Let p and g be two positive integers with p > 2q. The
Kneser graph K, is the graph whose vertices repre-
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1264 S.H.FAN ET AL.

sent the g-subsets of {0,1,---,p—1}, where two vertices
are connected if and only if they correspond to disjoint
subsets.

Theorem 1.2 Let p, g be two positive integers
with p > 2q. If there is a graph homomorphism from G
onto K., then b(G)=> 2?01|E(G)|

Let p and g be two positive integers with p > 2q. The
circulant graph K is the graph with vertex set
V(G)={0,1,2,---,p—1} and the neighbors of vertex v
are {V+Q,v+Q+1L---,v+p—qj.

Theorem 1.3 Let p, q be two positive integers

with p > 2q. If there is a graph homomorphism from G
then b(G)z%q|E(G)|.

onto K,

Theorem 1.4 Let p, g be two positive integers
with p > 2q and let

2 2
P49 *4q if piseven,
. ~ 2p(p-2q+1)
(p.a)= 2_4q? +4q-1
P2 370 it pis odd.
2p(p-2q+1)

If G is an edge-uniformly K, -colorable, then
()= 1 (p.9)E(G).

A graph G is edge-maximal H-colorable if G is
H-colorable but for any graph G’ such that G’ con-
tains G as a spanning subgraph with |E(G')| > |E(G)|,
G is not H-colorable.

In Section 2, we prove an associate Theorem which
will be used in the proofs of other theorems. In Subsec-
tion 3.1, we give an alternative proof of Theorem 1.1 and
characterize the graphs G reaching the lower bound in
Theorem 1.1 when G is edge-maximal K,-colorable. In
Subsection 3.2, we show the validity and sharpness of
Theorem 1.2. In Subsection 3.3, we show the validity of
Theorem 1.3 and Theorem 1.4 and characterize the
graphs G reaching the lower bound in Theorem 1.4 when
G is edge-maximal K -colorable. In Subsection 3.5,
we show a best possible lower bound for b(G) when G
has a graph homomorphism onto an odd cycle C,,,,
and characterize the graphs reaching the lower bound
among all edge-maximal C,, -colorable graphs. There
are a lot of researches about graph homomorphism can
be found in [3-7].

2. An Associate Theorem

In this section, we shall prove an associate Theorem
which will be used in the proofs of other theorems.
Throughout this section, we assume that G and H are two
graphs and ¢ is an onto graph homomorphism from G
to H. Note that we can also view ¢ as a map from
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E(G) to E(H) such that for each e=uve E(G),
o(e)=p(u)p(v)  E(H).

Lemma 2.1 Let g be a function between sets X and Y.
Then

1)Forany Sc X, g’l(S_): g7'(S).

2) For any sets CcY and DcY, Cc D if and
onlyif g7'(C)c=g™'(D).

Lemma 2.2 If D= [S,S_] is an edge cut of H, then

o (D)=[¢)'1(S),¢)‘] (S)J is an edge cut of G. Con-

sequently, ¢! (D)= [(p’l (S).0™ (§)J

Proof. Foreach xe¢™'(S), yeg'(S) with
xy € E(G), by the definition of inverse image, ¢(X)e S,
and ¢(y)eS . Hence, p(xy)=¢(x)o(y)eD, and so
xy € ¢ ' (D). It follows that ™' (D)= [(o’l (S).o" (S)J

Conversely, for each xy e o™ (D),
p(X)o(y)=p(xy)e D_:[S,S] We may assume that
@(x)eS and ¢(y)eS.Then xegp'(S) and

ye¢ ' (S). This proves ¢ ' (D)= [w'l ()¢ (S)] :
Therefore, ¢! (D)= [w" (S).o" (S)J is an edge cut of

G. By Lemma 2.1 1), (p’l(D):[(p’l(S),(p’l(S_) )
Lemma 2.3 Suppose that F ={D,,D,,-,D,} is an

edge cut cover of H. Then

f’z{gp‘l (D,),¢' (D), .07 (D, )} is an edge cut
cover of G. Moreover, if an edge e of H lies in exactly
I’ members of F , then every edge in ¢ (e) lies in
exactly |’ members of F'.

Proof. By the definition of graph homomorphism, for
each e=xy e E(G), ¢(xy)=¢(x)p(y)eE(H). Since
F is an edge cut cover of H, then
o(xy)=9(x)p(y)e D, for some D, eF . It follows
that xye¢o '(D;), and so F' is an edge cut cover of
G. By Lemma 2.1 2), eeD, if and only if
¢ (e)c ¢ (D), and so if an edge e of H lies in ex-
actly ' members of F , then every edge of ¢'(e)
lies in exactly | members of F'.

Let k, | be two positive integers. A k-edge cut at least
I-cover of a graph H is a collection F ={D,,D,,-,D,}
of k edge cuts of H such that every edge of H lies in at
least | members of F . A k-edge cut I-cover of a graph
H is a collection F ={D,,D,,--,D,} of k edge cuts of
H such that every edge of H lies in exactly | members of
F . A k-edge cut average l-cover of a graph H is a col-
lection F ={D,,D,,---,D,} of edge cuts of H such that

:(:1 Di = E(H) and Z:(=1|Di|= I|E(H)|'

Lemma 2.4 Suppose that ¢ is an onto graph homo-
morphism from G to H and F ={D,,D,,---,D,} isak
edge cut cover of H such that z:(:1|(p’1 (D )| >1|E(G)|.
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Then b —|E |
Proof. By Lemma 2,
F'={p" (D).¢" (D,). 0 (D,)]

is an edge cut cover of G and for any edge e of H, if e
lies in exactly |'-members of F , then every edge of
@' (e) lies in exactly |I' members of F'. Therefore,

b(G)z'E|E(G)| follows from

||E(G)|szik:l|(p'1(Di )|skb(G).
Theorem 2.5 If one of the following is true, then
|
b(G)2E|E(G)|.

1) There is a graph homomorphism from G onto H and
H has a k-edge cut I-cover.

2) There is a graph homomorphism from G onto H and
H has a k-edge cut at least I-cover.

3) G is edge-uniformly H-colorable and H has a
k-edge cut average |-cover.

3. Main Results

3.1. Graphs with a Graph Homomorphism onto
a Complete Graph

In this section, we present an alternative proof for Theo-
rem 1.1 and determine all graphs G reaching the lower

bound in Theorem 1.1 when G is edge-maximal
Kp-colorable.

Lemma 3.1 Let p > 2 be an integer and let = { pJ ,
2
(3]2
I = T . Then the graph K, has a k-edge cut
’)
I-cover.

Proof. Let F = {[x,v (K, \ X)) X is am -subset

of V (Kp)}. Then F is an edge cut cover of K, with

p
|f|= {EJ =k. Since every [X,V(KP\X)JE}'
2

has size ‘[X VvV (Kp \ X )J‘ = LEJ [g—‘ , and since
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m
—_—
%

p)‘:(SJ, every edge of K, must be in exactly

=| members of F .

Thus, Theorem 1.3 follows from Theorem 2.5 1) and
Lemma 3.1.

The lower bound of Theorem 1.1 is best possible, in
the sense that there exists a family of graphs such that the
lower bound of Theorem 1.1 is reached.

Let G and H be two graphs. The composition of G and
H, denoted by G[H] , 1s the graph obtained from G by
replacing each vertex of v, eV (G) by H;, a copy of H,
and joining every vertex in Hy to every vertex in H if
vV, € E(G).

Theorem 3.2 Suppose that there is an onto graph ho-
momorphism from G to K, and G is edge maximal
Kp-colorable.

Then each of the following holds.

1) b(G)=> f(p)|E(G)|. where equality holds only if
G is edge-uniformly Kp-colorable.

2) Among all edge-maximal Kj,-colorable graph G,
b(G)=f(p)|E(G)| ifandonlyif G=K,[K, %

Proof. 1) By Theorem 1.1, b(G) > f ( |E |- Sup-

pose that b(G)> f(p)|E(G)|- Let p:V(G)—>V(K,)

be an arbitrarily given graph homomorphism and let
V(K,)={v.v,,--.v,} be labelled such that if

Vo
Vi =9 (v;), then V|<|V,|<-- <|V| For any subset

XcV(K ), let Y V K \X and let ¢ also de-
note the induced map ¢: E()G (K ) Then

gDil(x) Uviex¢’ (I) UveXVi and

¢ (Y)=V(G)\¢™'(X). Since G is an edge-maximal

Kp-colorable, (o’l([X,Y]K :[(o”(X),(p’l (Y )JV(G) is
p
P
a complete bipartite graph. There are k = { pJ parti-
2

tions of V(K ) into two parts (X Y) i=12,--Kk,
such that 0<|Y|—|X|<1 Set D, =[X,Y,]. Label

1|S|(P 2|—"'£|‘P k)| By
Lemma 2.2 and Lemma 2.3 and the assumption that

b(G)= f (PE(G), +E(G)=b(G)=[e'(

o) k-%|E(G I(Dk)|Zz:(:l|¢7_l(Di)|:||E(G)|’

them so that |go

D, )| and

)|z k|e"
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. Therefore all the inequalities are

equalities and so |g0'1 (D, )| = |g0'1 (D, )| == |go‘1 (D, )|

Let X' —{vl Vi ViV, with v ¢ X', Y'=

4
V(K,)\X" and D'=[X"Y']. Let X"=X"U{v,}\{},
Y"—V(K )\X" and D"=[X",Y"]. Then |p™(D')=

o (D
|¢f‘ N =l (X))o ()
:{I\/1|+|Vil|+-~+vi J
£l
+[|V(K")|{'Vl'+|v“'“’%1 D
and
o7 ()=l (X)o7 (v")
=[|vp|+|vil|+---+vilpJ ]
[‘v(Kp)‘—[|vp|+|vh|+---+ ViFJ*‘ B
it foll fi " that |V,|=
;ndosoovi,\i | —r(|)\1/n| —|§0 =|V || —|§) for sclme a;)os|1‘[1\|/e |:1/1tc|3-

ger 8, which implies G is edge uniformly Ky-colorable.
2) Suppose that G is an edge- max1mal K,-colorable

graph such that b(G)= |E | By the proof of
1), there is some positive 1nteger s such that
G=K,[K:]

Conversely, suppose that G K [KSJ By Theorem
1.1, b(Kp( )) ‘K s . It remains to show
that for any partition (X,Y) of V (Kp [Rs J) ,

[X.Y] < f (p)|K, [K: ]

Let V,,V,,---,V, denote the partition of V (Kp [RSJ)

such that for i=1,2,---,p, V; is an independent set of

Kp[Rs:I. Let [X,Y] be an edge cut of K (s) such
that 1) [X.Y] is maximized and subject to 1), 2)
|{i :|Xi||Yi|¢ 0}| is minimized, where X; =XV, and

Y, =Y NV,. Then we have the following claims:
Claim 1. Foreachi, 1<i<p, |Xi||Yi| =0.
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Otherwise, there is i such that |Xi||Yi|¢0. Let
m=|X|-|X;| and t=|Y|-|Y|, Ifm=tlet X'=XUY,
and Y'=Y\Y; Then [X'Y'] is an edge cut of Kp[RsJ

such that |[X Y] |=|[X’Y’| and

|{ |X||Y1¢0})] |{ |X ||Y|7'50}‘Lv , contrary to the

choice of [X Then m =t . Without less of general-

ity, we may assume m<t.Let X'=XUY, and

Y'=Y\Y. Then [X"Y"] is an edge cut of K,|Ks
such that [[X".Y"]|= m)[Y,|>|[X.Y]. con-
trary to the choice of [X,Y].

Claim2. [{i:v, € X}|-[{i:V, <Y} <1.

Otherwise, [[{i:V, = X}|-[{i:V, gY};U>2 Choose
V, € X and set X' X\V, and Y'=YUV,. Then
[X Y] is an edge cut such that

XYY =G+ (v e XY= [ v e Y -1)m?

>[[X.Y].
contrary to the choice of [X,Y].
2.2
By Claim 1 and Claim 2, we have [X,Y]|= p4s
(pz _1)52
when p is even and |[X ,Y]| =~ whenpis odd,

thatis, [X.Y]= f(p)‘E(Kp[

3.2. Graphs with a Graph Homomorphism onto
a Kneser Graph

In this section, we shall show the validity and sharpness
of Theorem 1.2.

Theorem 3.3 Let p and g be two positive integers with
p=>2q. Then K, hasa p-edge cut 2q-cover.

Proof. For i=0,1,---,p—1, let
V, ={X ={0,1,2,---,p-1}:|X|=qandie X} and

_ -1
D, = Vi,Vl}. Then |\/,|:[fI J. By the definition of

K,q> Vi is an independent sets of K

-1 -
edge cut of size [p Jx[pq qj . Then

Dp_l} is an edge cut cover of Kp:q.

and D; isan

F={D,.D,, -,
Since K, has [SJ vertices and each of them is of

N
degree (pgqj, ‘E(Kp:q)‘:u.

2

Since each edge of K is contained in
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=2 -
(pj [p_qj q edges cuts, K, hasap-edge
X
q q
2

cut 2g-cover.

Proof of Theorem 1.2 Theorem 1.2 follows from
Theorem 2.5 and Theorem 3.3.

Theorem 3.4 (Poljak and Tuza, Theorem 2 in [8]). If

p < 30, then the maximum edge cut of K is induced
by the maximum independent set of K and is of size

a7
X .
q-1 q
Theorem 3.5 The bound in Theorem 1.2 is best possible.
Proof. By Theorem 3.4, the edge cuts we choose in
the proof of Theorem 4.1 are the maximum edge cuts of
K,q When p < 3q. Therefore, the bound in Theorem 1.2
is reached by K, when p <3q.
3.3. Graphs with a Graph Homomorphism onto
a Circulant Graph

In this section, we verify the validity and sharpness of
Theorem 1.3 and Theorem 1.4.

Theorem 3.6 Let p and g be two positive integers with
p > 2q. Then the following hold.

1) K,, hasap-edge cut at least 2g-cover.

2) K, hasap-edge cut average

pip
211 =1 = |- -1
HERR
p—1-2(q-1)
Proof. For i=0,1,---,p—1, let

V;{i,iﬂ,---,[EJ—l} and let D, =[V,V|. Then
2

F ={D,.D,,-+-,D

> p-1

a2 e

1) Notice that for any edge e=uve K, € lies in at
least 2¢ members of F ={D,,D,,--,D,}, then K,

-COVCEr.

} is an edge cut cover of K, with

has a p-edge cut at least 2g-cover.

E{,( ] p(p-1-2(q-1))

2) Since
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andso K, hasa p-edge cut average

Pl P
(|25 ]-ata-0)
p—1-2(q-1)
Proof of Theorem 1.3 Theorem 1.3 follows from
Theorem 2.5 and Theorem 3.6 1).
Proof of Theorem 1.4 Theorem 1.4 follows from
Theorem 2.5 and Theorem 3.6 2).

Theorem 3.7 Let G be an edge-maximal graph such
that G is edge uniformly K, -colorable. Then

G=K,,[K:]| and b(G)=f(p,q)|E(G)

Proof. Suppose that G is an edge-maximal graph such
that G is edge-uniformly K, -colorable. Then,

-COVeEr.

G=K,, [RSJ for some positive integer S. By Theorem

14, we have b(K,,[K ])= £ (.a)[E(K,e[K:]).

Now we prove that

b(Kya [ K ])= 1 (R)[E(K,q [K: ])

For i€{0,1--,p—1} =V (Kp,q ), let V; =h7'(i), where

h:V(G)—>V (Kp/q) is an onto graph homomorphism
from G to K, such that for any edge Xy of G,
q S|h(x)—h(y)|s p—q. By the definition of graph
homomorphism, V; is an independent set. Let [X,Y]
be an edge cut of K, [KSJ such that 1) |[X,Y]| is
maximized and subject to 1), 2) |{| :|Xi ||Yi| # 0}| is mi-
nimized, where X, =XV, and Y, =Y V..

Claim 1. For each i, Xi||Yi| =0.

Proof. Otherwise, there is i such that |X||Y;[#0.
Since for each v, €V,, either |N(Vi)ﬂ X|2|N(Vi)ﬂY|
or |N(Vi)ﬂ X|£|N(vi)ﬂY|. If the former is true, then
|[X \X;, YU Xi]| > |[X,Y]|, contradicting the choice of
[X,Y]; if the latter is true, then |[X UY,Y Y, ]| > |[X,Y]
contradicting the choice of [X,Y].

Assume that X :Uij:ijV. andlet {j,, j,o ) )=

B

| J
Without loss of generality, we can assume that |J| < LgJ

Let C, be the cycle with vertex set
{0,1,2,--, p—1} :V<Kp/q), where i is adjacent to j if
and only if [i—j|=1(mod p). Let dist; (J) be the
length of the shortest path of C, which contains all the
elements in J. Then dist, (J)>m—1.

Claim 1. dist, (J)=m-1.

Proof. Suppose, to the contrary, that dist;_ (J)>m-1

Let P be a path of C, which contains all the elements

AM



1268 S. H. FAN

in J and assume that j, j, are the endpoints of P.
Then there is k eV (P)\J. Let X'=(X\{V, })U{V,}

and J'=J\{j,U{m}. Then dist. (J')<dist; (J)
and ‘[X " )?’] > ‘[X,)?] , a contradiction.

dmmz.mzng
2

Proof. Suppose, to the contrary, that m < LgJ Let P

be a path of C, which contains all the elements in J
and assume that j, j, are the endpoints of P. Let
. eVLSCp)\V(P) be such that j, j,, € E(C, ). Let
X'=XU{V,,} and J'=3U{j,.,}. Then

dist, (3") = dist, (3 )+1<L2J and [ X, X" >[[x, X7,

a contradiction.
By the above discussion, we can calculate that

b(Ky[K:])= f(p,q)‘E(Kp/q(s)[Rs])‘.

3.4. Graphs with a Graph Homomorphism onto
an Odd Cycle

In this section, we will show a best possible lower bound
for b(G) when G has a graph homomorphism onto an
odd cycle C,,,, and characterize the graphs reaching
the lower bound among all edge-maximal
C,,., -colorable graphs.

Theorem 3.8 Suppose that there is an onto graph ho-
momorphism from G to C Then each of the fol-
lowing holds.

1) b(G)=

if G is edge-uniformly C

2p+l

2 .
P |E(G) , where equality holds only
2p+1

2p41 ~COlorable.

2) Among all edge-maximal C, ., -colorable graph G,

b(G) =

P_|E(G)| ifand only if G=C,,,[K:].

2p+1
Proof. 1) Notice that C,,,; = K,,.1/0p) >
b(G)=> 22p 1|E(G)| follows from Theorem 1.3. Now
p+

2p
that b(G)=——|E(G)|. Let
suppose that b(G) 2p+1| ( )| e
p:V(G)->V (C2p+1) be an arbitrarily given graph ho-
momorphism and for each ieZ, ., let V=9 (V).
Set W, =[V,,V,,,], for each ieZ Since ¢ is a
graph homomorphism, we have E(G)=|[J, It

i€Zypn

2p+l
follows that |E (G)| =" W,|. We may assume that
W, |= min{|Wi| e ZZp+l}' Then E(G)-W, is an edge-
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cut of G, and so by the assumption on G, we have

|E )| =b(G)=|E(G)|-|W,|= | . 1t fol-

T )=2p[E(G) > (2p+1) X1 W
Hence 2p|W0| 2|W,|+|Wl|+---+|\N2p|. By the choice of

X, , we must have |\N0|=|W1|=---=|W2p|.Let m=W,|.

2p+1
lows that 2 p(

Then for any edge ee E(Czpﬂ), |¢f' (e)|:m. Since

@ is arbitrarily, then G is edge-uniformly

C,,,, -colorable.

2p+
2) Suppose that G is an edge-maximal C,,., -color-

able graph with b(G):%|E(G)|. Let W, be de-
+

fined as in 1). Since G is an edge-maximal
C, ., -colorable graph, the subgraph induces by
complete bipartite graph. Since

b(G) :i|E(G)|, by 1), G is edge-uniformly C

W isa

2p+l
colorable, which means, |\N0| —| 1| == |W2p| There-
fore, |V0| —| | |— s for some posmve integer
sandso G= C2p+1 [K ]

Conversely, suppose G =C, [ Ks |. Note that
‘E(cm1 [Rs])‘:(2p+l)m2. Then
b(cm, [Ks ]) >2 pm? and so it suffices to show that for
any subset & # X gV(Csz[RsJ) and

Y =v(c [K ])\x the edge cut [X.Y] of C, . [K: ]

2pe1
satisfies |[X Y] |£2pm )

Let [X,Y] be an edge cut of C,,,\[K: | such that
1) [X.Y]| is maximized and subject to 1), 2)
|{i | X [Yi] = O}| is minimized, where X; =XV, and
Y, =YV, since [U,, ViU Vi | where

I, —{IeZ e I1sodd} and | —{IEZ2p+
is an edge cut with cardinality 2 pm?, then

|[XY|_‘[UIel I,UIel J‘>2pm Then we have the

s even} ,

following claims:

Claim 1. For each i, Xi||Yi| =0.

Proof. Otherwise, there is i such that |Xi||Yi| #0. Let

S =|Xp|+|Xi| and t=|Y, |+[Yi,|. If s=t,let
X'=XUY, and Y'=Y\Y,. Then [X ,Y'] is an edge
cutof G, such that |[X Y] |—|[X Y] | and
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$|{i | X[V = 0}| :|{i [|X{|[Y"#0,|~1, contrary to the
choice of [X,Y] . Then s=t. Without loss of general-
ity, we may assume S <t. Let X"=XUY, and Y"=Y Y,
Then [X",Y"] isanedge cutof G, such that

XY ] = [X Y]+ (t=s)[Y | >[[X.Y]
choice of [X,Y].

Claim 2. There is exactly one pair of consecutive
number {i,i+1} in {0,1,---,2p} (we consider 0 and
2p as a pair of consecutive numbers, too) such that
|Xi| B |Xi+ | —

Proof. }13y Claim 1 and the structure of C,,,, [KSJ ,
there exist some pair of consecutive numbers {i,i+1} in
{0,1,+-,2p} such that |X;|=|X;,,| Since |[X,Y] >2 pm?,
then there is at most one pair of consecutive number
{i,i+1} in {0,1,---,2p} such that |Xi|=|X | and so
Claim 2 follows.

By Claim 1 and Claim 2,

, contrary to the

i+1

[X.Y]=2pm’.
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