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Abstract

This paper proposes a new efficient algorithm for the computation of Greeks
for options using the binomial tree. We also show that Greeks for European
options introduced in this article are asymptotically equivalent to the discrete
version of Malliavin Greeks. This fact enables us to show that our Greeks
converge to Malliavin Greeks in the continuous time model. The computation
algorithm of Greeks for American options using the binomial tree is also giv-
en in this article. There are three advantageous points to use binomial tree
approach for the computation of Greeks. First, mathematics is much simpler
than using the continuous time Malliavin calculus approach. Second, we can
construct a simple algorithm to obtain the Greeks for American options.
Third, this algorithm is very efficient because one can compute the price and
Greeks (delta, gamma, vega, and rho) at once. In spite of its importance, only
a few previous studies on the computation of Greeks for American options
exist, because performing sensitivity analysis for the optimal stopping prob-
lem is difficult. We believe that our method will become one of the popular
ways to compute Greeks for options.
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1. Introduction

Greeks are quantities that represent the sensitivity of the price of derivative
securities with respect to changes in the price of underlying assets or parameters.
They are defined by derivatives of the option price function with respect to
parameters such as the price of underlying assets, volatility level, and spot
interest rate. The computation of these sensitivities is very important for risk
management, for an example on this and similar topics, refer to Hull [1]. The
recent development of the Malliavin calculus approach in financial mathematics

enables us to compute Greeks for a various kinds of contingent claims, for a
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previous research on this topic, see Fournié et al [2] and Kohatsu-Higa and
Montero [3] among others. See also Bernis et al [4] for the computational
methods of Greeks for exotic options such as knock-out options and lookback
options. In these studies, Greeks were usually represented by expectation
formulas derived from the Malliavin calculus; these expectations are computed
using Monte Carlo simulations. Many previous studies have focused on the
computational methods of Greeks for European options and exotic options such
as Asian options. In recent times, several studies on the computation of Greeks
for American options have been reported. See Gobet [5] and Bally et al [6], for
example. One can obtain Greeks by simply taking the differential of the option
pricing function if the closed-form pricing formula is known. However, one
generally cannot compute Greeks for American options using this direct method
because the explicit formula for the price of American options is not known. The
most direct approximation method to derive Greeks for American options is the
finite difference method. However, it is well known that the finite difference
method sometimes leads to unstable results. In order to overcome this short-
coming, Malliavin calculus approaches combined with Monte Carlo methods are
widely used. Despite recent progress of the Monte Carlo simulation approach to
the pricing of American options, such as Longstaff and Schwartz [7], it is not
easy to derive the price and Greeks for American options using this approach.
Although Gobet [5], Bally et al [6] considered the Monte Carlo simulation an
approach to compute Greeks for American options, the approach is mathema-
tically difficult to understand. Therefore, the finite difference approach is still
widely used in practical purposes to compute vega and rho. Therefore, we
introduce a new approach in this paper.

Muroi and Suda [8] [9] proposed new methods for the computation of Greeks
for European options using the binomial tree methods of Cox et a/ [10] and the
discrete Malliavin calculus introduced by Leitz-Martini [11] and Privault [12]
[13]. See also Privault and Schoutens [14]. In that article, we took derivatives of
the expectation form-formula for European options directly and computed it
further using relationships between the discrete Malliavin calculus and the
discrete Skorohod integrals. Although this is an elegant way to derive Greeks for
European options, this method still requires a closed-form formula for the
option price to derive option Greeks. Muroi and Suda [8] [9] took derivatives of
the pricing formula for European options, however, in this article we take
derivative at each node on the binomial tree to derive Greeks for American
options. In other words, we employed a step-by-step approach. In this article, we
also show Greeks for European options are asymptotically equivalent to discrete
version of the Malliavin Greeks and the binomial Greeks are converging to
Greeks in the continuous time model. This model is also extended to the jump-
diffusion model in Suda and Muroi [15]. Chung et al [16] also proved the
binomial delta for plain vanilla European options is converging to delta in the
continuous time model.

The remainder of this paper is organized as follows. In Section 2, we give brief
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explanations on the binomial tree methods of Cox et a/. [10]. The computational
methods of Greeks are introduced in Section 3. Computation algorithms of
Greeks for American options are discussed in Section 4. The numerical results
are given in Section 5 followed by the concluding remarks in Section 6. In the
Appendix, we show the derived Greeks converge to the Malliavin Greeks in
Black and Scholes model.

2. Binomial Tree

In this section, we briefly explain the binomial tree model of Cox ef al [10],
which has been explained in many textbooks such as Hull [1]. The basic idea for
computation of Greeks for European options is also presented. On the basis of
these explanations, the computational methods of Greeks using the binomial
tree are explained in detail in the next section.

Introduce independently and identically distributed random variables

{Ei}i=1,»--,N on the probability space (Q,F,Q), where ¢ is a random variable
with probability Q[ei = \/A—IJ =p, Q[ei =—\/A—t:| =1-p. The time step At is

fixed as T = NAt. We introduce a random walk process, {WiAt }Hm y > given by
Wiy =€+ +¢.

One can regard the stochastic process {WiAt}izl-uN with p=1/2 as an ap-
proximation of the standard Brownian motion. On the other hand, the stocha-

stic process {WiAt} is generally regarded as an approximation of the

=1, N

1
Brownian motion with drift in the general case ( p # E ).

2p—
VAt
The binomial tree is a computational method for pricing options on securities

whose price process is governed by the geometric Brownian motion

dR, = P, (rdt+o5dz,), P, =s, 1)

where {Zt}tzo is a standard Brownian motion under the risk-neutral measure Q.
A binomial tree is constructed in the following manner. We consider a model
with N periods and assume that the maturity date of the options is fixed as
T = NAt. If the price of underlying assets at time iAt(i=0,1,---,N —1) is given

by S, the price moves to US,, or dS, (d<1<u) in the next time period

iat

(i+1)At. The probability of the price moving upward to (UuS,,) is p and

downward to (dS,,, ) is 1-p. In order to construct the binomial tree so that the
expectation and variance are consistent with the geometric Brownian motion (1),

we fix the parameters u, d, p as

u=e"™ d=e™ p-= e™ ~d
u-d
where we assume an additional relationship, u=1/d. Consider European options
with a pay-off function @®(-) and a maturity date 7. The price of options at
time iAt is denoted by £(x,iAt) if the price of underlying assets is x at time
iAt . The price is given by the backward induction algorithm
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E(x,iAt)=e"™ ( pE(xu,(i +1)At)+(1— p)S(xd,(i +1)At))
E(x,NAt) = D(x). )

One can derive the closed-form formulas for Greeks for European options

using the discrete Malliavin calculus (See Muroi and Suda [8]).

3. Computation of Greeks for European Options

New computational methods of Greeks for European options are presented in
this section. Although computational methods of delta and gamma using the
binomial tree have already been proposed by Pelsser and Vorst [17], computa-
tional methods of other Greeks such as vega and rho using the binomial tree
have not been deeply studied, except in the finite difference approach.

Because the option price is given by the weighted sum of the pay-off function,
we can compute Greeks if we assume that the pay-off function is smooth.
However, the pay-off function for, say, European call options is not smooth.
Therefore, the smoothness of the pay-off function is too strong to be assumed
for practical purposes. In this section, however, we compute Greeks under the
following assumption. We will show that the obtained formulas in this section
converge to Greeks in the continuous time model under the milder conditions.
It is discussed in Section 7.2.

Assumption 1. We assume that the pay-off function ®(-) is a smooth

function.

3.1. Computation of Delta

In this subsection, we calculate de/ta, which is used to measure the sensitivity of
the option price with respect to changes in the price of underlying assets. Delta is
given by the first derivative of the option value function with respect to the price

of underlying assets. Delta for European options is computed as

A (s,0) =e'm{p£8(se"m,m)+(l— p)ﬁé’(se"ﬁ,m)}
0s 0s 3)
At d oAt oAt d —oJAt —oJAt
=e {pag(se ,At)e +(1- p)&g(se ,At)e .
. The first

Now, we have two approaches to compute aié‘ (se"Z,At)
4

z=t/A
one is given by

R Gt Gt P

7=+/A 2\/A>t

0 o2
Ef(se ,At)

and the second one is given by

d
=—2~&(X,At
Ss ()

2=+/At X
These two formulas yield the approximation formula for the derivative

x ose”*
+o /At

X=se™

a oz
Eé’(se ,At)

7=+/At

d
—£(x,At
5 E(xAt)

oAt

X=se

600

K2
o5
“2:0

Scientific Research Publishing



Y. Muroi, S. Suda

_ 1 _ 5(se"m,At)—5(se’“&,At) +O(th). 5)

x=set o VAL ose™ At 2V At

Substituting this formula in (3) leads to the following relation

Tt g(se"m,At)\/AT+E(SE"’&,At)(—x/AT)

SoAt 2

d
= g(x At
5 & (At

Ag (s,0)=

Taylor expansion yields the approximation formula for p, and it is given by

+o(\/ﬁ). (6)

_1 1 3/2
p= 3+ 2 /AT +O(A7), o)

. . 1 o’
where 4 is a constant given by u=— r—7 . Let us compute the expec-
o

tation E [5 (se“l , At)(el - ,uAt)] . The above approximation formula leads to

E[E(se"‘1 At) (e - ,uAt)}
=p (sef’r At)(r yAt) (1- p)S(se‘“m,AI)(—E—yAt> (8)

= l:ﬁg(se“m, At) +_T\/A_t£(se‘”m,m)} + O(Atz).

2

Note that we have used the identities

%(8(5@’@‘,&)+5(se“’m,At)) = 5(5,At)+0<\/A—t)

E(se"m,At) —6(se"’m,At) = ngf(se‘” , At)

+0(At)=0(V/at)
z2=0
to derive the last equality. This formula allows further computation of (6). It is
given by

—rAt

Ac (5,0)=———E| (567, At) (¢ - uat) |+ O(VAL)

E[&(se™, At)(q - uat) | =AY (5,0)

SoAt
e—rAt

SoAt

(9)

~
~

We call this MS delta, which is the one-step version of discrete Malliavin delta
given in Muroi and Suda [8]. Actually, we can show the stronger result,

AY® (s,0)=A¢ (5,0)+0(At), (10)

if we assume smoothness to the pay-off function. This is organized as the
following theorem, because we use the Formula (10) to show the accuracy of
Vega.

Theorem 1. We assume that the pay-off function ®(-) asasmooth function.
We can estimate the accuracy of MS delta as

AY® (s,0)=A¢ (5,0)+0(At).

[Proof] First we compute a higher order term for the error term for MS delta.

Taylor expansion,
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£(se¢"m,At) = 5(sei"m,At) +%€(se“z,m)(¢2\/ﬂ)

z=t/At
1 62 oz — 2 3/2
12 g(sem at)(z2dAT)|  +O(ar?),
201 et VA
yields the higher order term for equality (4). It is given by
o S(se“&,At)—S(se‘“&,At)
—&(se”, At) =
oz 7=+/At 2\/A7t
2
ia—zg(se“,m)\/ﬂ +0(At).
oz re A

This leads to the higher order expansion formula for the delta given by (6):

e E(5e7VA At) VAL + E(se V™ At)(—/At
AE(S’O):zazt (Se ) +2(Se )( )

e—rAt 2 o
+ - {p?é‘(se ,At)

(11)

2

-(1- p)é%ﬁ(se‘”,At)

]JKt+O(At).

Z:\/B Z:—\/E

The second term in (11) is calculated as

ol , & )
P?é’(se“ ,At) -(1- p)yé‘(secr ,At)

1At =&

o 2 o° o1
:(yyg(se",m) +$5(se ,At)

=0(/at),

where we have used the approximation (7). This result enables us to compute

J\/E+O(At)

z=0 =0

delta given by (11). It is computed as

era (s, At AT+ €(se ™, at) (At
Ae(s0)=S } +O(AL).

Applying the Formula (8), the higher order expansion for delta is finally given
by
Ag (5,0) =A% (5,0)+O(At). (12)

This shows the theorem.
Discrete Malliavin Greeks for European options using an N-steps binomial
tree were obtained by Muroi and Suda [8]; they used the discrete Malliavin
derivatives introduced by Leitz-Martini [11]. See also Privault [12] [13]. Discrete
Malliavin delta AP is given by
e—rNAt
D =

soNAt

E
As discussed in Appendix, MS delta and discrete Malliavin delta is actually

E[ @ (567 ) (Wyyy — NA) |

equivalent. Because Muroi and Suda [8] used the discrete version of the Mal-
liavin calculus approach, one cannot use their method to derive Greeks for Ame-

rican options. In our study, we exploit the stepwise approach to derive Greeks
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for American options. See Section 4 for a detailed discussion on the computation
of Greeks for American options.

If we exploit another approximation formula for the derivative

d

d—é’ (x,At) , we can obtain another approximation formula for delta. If
X

+o A

X=se™

we use a more direct formula for the derivative,
E(se”ﬂ,m) —5(sei"m,At)

Seio’x/AT _ Seiam
8(se“m, At) —8(se“’M,At)

ZSax/E

we get another approximation formula for delta for European options in the

d —& se*"r At
dx ( ) (13)

~
~

one-period time model. Substituting (13) in (3) yields A™", and it is given as
S(se“m, At)—g(se"’@,m)

280\/E

This is the delta introduced by Hull [1]. This fact reveals that the two different

A:U” (S, 0) ~

approximation formulas for d—E (Se"’r At) given by (5) and (13) yield two
X

different approximation formulas for delta'. Our computational results indicate
that MS delta converges a little bit faster than delta introduced by Hull [1].
Moreover, as shown in the Appendix, the formula, AY° (S,O):AE (s,0), is
actually satisfied. This means that MS delta is more natural representation of
delta than Hull’s delta.

Lastly, we can show the convergence of MS delta to delta in Black and Scholes
model, even if we do not assume the smoothness to the pay-off function. This is
shown in Appendix.

3.2. Computation of Gamma

In this subsection, we calculate gamma, which is used to measure the sensitivity
of delta with respect to changes in the price of underlying assets. Gamma is
given by the second derivative of the option value function with respect to the
price of underlying assets. The pricing algorithm for European options (2) yields

delta for European options:
AE(S,O):e‘rA‘{pgg( g VM At) e 4 (1- p) ( g VM At) ‘GJ—}
_ —rAt{pA ( U\/E’At) eoVA | (1 p) ( o-o/At At) —oJ_}

Applying chain rule to & (Se"Z , At) leads to
o0&

~—(se”,At)
Ag (se-f’r At) oz

ose”’
2=tJAt

Delta for European options is given by

'Actually, MS delta is deeply related to Hull’s delta. We have a relation,
A'Ews (S, 0) = eerA:u” (5, 0) + O(\/E) , because we have Formulas (8) and (9).

%%
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o€

Ag (5,0)= e™ {pB—g(seﬂ,At)lm +(1- p){a(seﬂ,m)l_m}

oS /A

Taking derivative with respect to the price of underlying assets yields gamma
for European options as

—rAt
e

1
I'c(s,0)= _EAE (s,0)+ —

{p%(AE (se‘”,At)e”Z)

z—\/ﬁ}

z=VAt

+(1- p)%(AE (se‘”,At)e‘”)

Using the approximation formula

%AE (se”*, At)e”

7=+-/At
Ag (se"& , At)e"ﬂ —-Ac (se"’ﬁ , At)e"’&

) 2/at +o(Var)

allows further calculation of gamma as

—rAt

Te(s,0)=~ Sezo_m E[ £(se™, At)(5, - pat)
& [ (se™ at)e (o — uat) | +O(VA)
2 e )]
" ;Zt E[Af° (se™,At)e” (o - uat) |+ O(VAL)  (14)
S el )
:Sztt E[AY (s, At)e™ (¢ - sat)
=t (s.0)

We call this formula MS gamma. This formula is valid only if the pay-off
function @(-) is a smooth function. In this case, the order of the error term is
O(«/A—t) , Le. Tg(s,0)= rys (s,0) +O(\/A7t). Second equality in (14) is shown
by using the Formula (10). We will also prove that MS gamma is asymptotically
equivalent to the Gamma in the Black and Scholes model in the Appendix.

3.3. Computation of Vega

The computational method of vega for European options is presented in this
subsection. Vega is the sensitivity of the option pricing formula with respect to
changes in volatility level, o . It appears that the computational methods of
vega and rho using the binomial tree have not yet been considered seriously,
except for the finite difference approach. See Hull [1] for computation of vega
using the finite difference approach with the binomial tree. Let us assume that
the price for underlying assets at time iAt is given by s,,,. The price and vega

for European options at time iAt are denoted by £(s,,,iAt;o) and
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V. (s 1At; o), respectively. Vega for European options is given by taking de-
rivatives to the pricing Formula (2):

W (suoiAt o) =6 ™ {pg( w8 (i+1) At o )
+(1- p) (swe ™™ (i+1) At o )
:])li+l)2i+])3i‘
where 12"V} 1) are given by

i —r a 0’
V' =e A‘{ié‘(sm e (i +1)At; o)

a(é;p)é‘(sme"r (i+1)At; o)}

)}2i rAl{p_g( Imea«/_ ( +1)At O') |At cr\/_\/—

+(1- p)gé’(sme‘“r (i+D)ato)s,e ™™ (- JE)}
:e*’mE[ (s,me"‘”1 (i+1)At; cr)s,me"“1 .+1]
Y =e‘mtE[V (smte"f'*1 (i+l)At;cr)]

The derivative of p with respectto o is given by
2—e™ (e"m +e o )

2 VA= 1+ 2 [T+ o a0,
4 o

foled (eam _eod )2

This result and the approximation Formula (8) lead to the approximation

formula for 1;':

Vli _%(1+ 2r jerAt

2

Xs(smea (i+1)At; a)J—+i( e " (i+1) a0 ) (- JE)+O(At3/2)
ze{e-fm{ (1+%)} Z’UAt£<sme‘“”1,(i+1)At;a)}+O(At3/2).

For further computation of 1)', one needs delta at time (i+1)At. Moreover,
it is necessary to compute vega for European options at time (i+1)At to
evaluate 1J' . This implies that one has to use the backward induction algorithm
to compute vega for European options. Vega at the maturity date is given by
V. (Sya: NAt;o) =0. These results are combined to form the computational
formulas for vega:

V. (S 1AL 0) = E{em‘{ (1+2—2)}_th£(sme“'ﬂ (i+1)At)}

O
+ E[e”A‘AE (swe (i+1) At a)s,me""“eﬁ] (15)
+E [e”A‘VE (swe™ (i+1) At a)} +0(At?),

Delta and vega at time (i+1)At are substituted by MS delta and vega to get
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MS vega at time iAt, respectively. In other words, MS vega at time iAt is

defined recursively by the backward algorithm,

W (s 1At o) = E[e‘m {—(u Z—EJ}LZ”Atg(sme“M,(i +1) At)}

o
+E [e”mAE"S (swe™ . (i+1)Ato)s Ate"““csm} (16)

+E [e”AtVEMS (sue™ ™, (i+1)At; aﬂ.

We have the following theorem on MS Vega.
Theorem 2 Let us assume that the pay-off function @(-) is a smooth

function. The accuracy of the MS vega is given by
V. (s,0,0)=1" (s,O;a)+O(\/E).

We need a little bit more effort show this fact and it is shown in Appendix.
We also show the convergence of MS vega to the vega in the Black and Scholes
model even if we do not assume the smoothness of the pay-off function in the
Appendix. It should be noted that in order to compute Vega, we formally
assume VN* =0 if the pay-off function @(-) is not smooth one. As an alter-
native approach, the finite difference approach is used to obtain vega for prac-
tical purposes. In many cases, it works well: however, in some it does not, for

example one cannot obtain a stable estimator of vega for digital options.

3.4. Computation of Rho

The computational method of rho for European options is discussed in this
subsection. Rho measures the sensitivity of the option price with respect to
changes in the spot interest rate level, r. It is defined by the first derivative of the
option value function with respect to the spot interest rate, . The price and rho
for European options are denoted by £(s,,,iAt;r) and pg (S, iAt;T), respec-
tively, if the price of underlying assets at time iAt is given by s,,,. Simple cal-

culation yields
Pe (S 1AL T) = pl + ) + p},
where p, pi, pl are given by
p, =—Ate™™E [8 (sime‘“i+1 (i+1)At; r)}

i _ 4-TAt ap a«/ﬁ H . 6(1— p) 70& H .
Py =€ {Eg(sme ,(|+1)At,r)+ p» S(Sme ,(|+1)At,r)

py=e"™E [pE (sme”“,(i +1)At; r)}

p

The derivative 3 in p) isgiven by
r

rAt
D¢ At = "At+o(At3/2).
or oAl _ g-oat 20

This relation and the Formula (8) leads to the further calculation,
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E(sime(’&,(i +1)At; r)

ZZO' 2

i oAt {\/E

+__\QE5(Smea AL (T+1) AL r)}+O(At3/2)

= e;At E |:5(5ime’ffi+1,(i +1) At; r)(ei+1 _IUAt):| +O(At3/2)_

In order to compute p}, one needs to compute rho at time (i+1)At, Ze,
PY ( Sin€”, (1 +1) At; r). This implies that one has to use the backward induc-
tion approach to evaluate rho. These results are combined to form the computa-
tional formulas of rho for European options:

. - t B
PE (SiAt’ IAL; I‘) = emlE|:(6|_+1_£_Atj€(simemm’(l +1)At; I‘)
c o
(17)
+ e (€7, (i+1) AL r)}O(AtS/Z).

In order to compute MS rho at time iAt, rho at time (i+1)At is substituted
by MS rho at time (i+1)At. In other words, MS rho is defined recursively by
the backward algorithm,

. _ » t oy [ .
R e
+p® (sme"“+1,(i +1)At; r)}

Because rho at the maturity date is equal to 0, rho given by the Formula (17) is

further calculated as

cp) _ a-TAt fq_ﬂAt_ 6q At 0q At 3/2
Pe(s.0;r)=e EK—G AtJS(se ,At,r)+pE(se ,At,r)+0((At) )}

- ie*r‘A‘E KE‘_—M—Atje(se"WW AL r)} + O(\/E)

(18)
i=1 o
=pe° (s,0; r)+O(JA7).
This shows the final result,

Pe (5,0;1) = pi® (s,O;r)+O(«/E).

MS rho is also asymptotically equivalent to the rho in the Black and Scholes

model.

4. Computation of Greeks for American Options

We suggest a new algorithm for computation of Greeks for American options.
An American option is a contingent claim that its holder can exercise at any
time before its maturity date. Consider an American option with a pay-off
function @(-) and a maturity date T = NAt. If the price of underlying assets at
time iAt is given by x, the price of these options at time iAt is denoted by
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A(x,iAt). The price of American options is given by the backward induction

algorithm:
A(x,iAt) = max{e’m‘ (PA(xu,(i+1)At)+(1-p)A(xd,(i +1)At)),d>(x)},

where the price of options at the maturity date is given by A (x,NAt)=®(x).

Introduce new sets,
S ={x|xe(0,0), A(x,iAt) =®(X)} and ¢ =(0,50)\S, (i=0,1,--,N)

The continuous region and stopping region for American options are defined

N
by C=J_,G and S= UIN:OS, , respectively. We will present an intuitive way
for the computation of Greeks for American options. If the price of underlying
assets at the initial time satisfies S e S, Greeks are simply the derivative of the
pay-off function. Sensitivity for American options at the initial time respect to a

parameter 6, is computed as
0,A(5,0)=0,0(s)

if the function @(-) is differentiable at se &;. (Second derivatives such as
gamma is given by 6.4 (s,0)=0,®(s).) If the price of underlying assets at the
initial time satisfies s e C,, Greeks are also given by the derivative of the price

function of American options, and it is given by’
GGA(S,O)zé[e“‘ (PA(su,At)+(1-p)A(sd, a0} . (19)

Notice that the Formula (19) has a same functional form to the European

options Greeks. Delta, for example, is given by
0,@(s) if ses,

AMS 5,0)= —rAt .
- :aAtE[A(Seml’At)(el‘ﬂAt)] if seC,.

One can compute other Greeks using same method. Numerical demonstra-
tions are shown in Section 5. The extended binomial tree of Pelsser and Vorst
[17] is one of the most suitable alternative methods to derive delta and gamma
using binomial trees. One can efficiently and accurately derive Greeks efficiently
and accurately as discussed in Section 5. However, one cannot apply this method

to derive vega and rho.

5. Numerical Results

In this section, we demonstrate the numerical results for the new computational

methods of Greeks that were introduced in previous sections. In order to check

“Strictly speaking, one cannot use our computational formula for delta if the initial price is on the
early exercise boundary, and one cannot use our gamma, vega, and rho formulas if the nodes on the
binomial tree are on the early exercise boundary. However, numerical results show that our formula
works very well when we compute Greeks for American put options with the pay-off

®(x)=(K=x)" if the delta is fixed at A, (S,O):—l on the stopping region and the boundary.

This is because we have a smooth-fit condition in the continuous model, and our model is an ap-
proximation of the Black and Scholes model.
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the effectiveness of our approach, Greeks for American put options are com-
puted by the newly proposed approach and the finite difference approach. We
also demonstrate the extended binomial tree approach of Pelsser and Vorst [17]
to compute delta and gamma. It is well known that the extended binomial tree
approach of Pelsser and Vorst [17] yields very accurate and fast algorithms to
compute delta and gamma for options. On the other hand, the finite difference
approach is a very popular approach for computing vega and rho, as discussed in
Hull [1]. We also compare to the existent other tree methods for computations
of Greeks.

Figures 2-4 and Figure 6 plot the values of Greeks (delta, gamma, vega, and
rho, respectively) for American put options computed using our approach and
the finite difference approach. MS Greeks, extended binomial Greeks (EB Greeks)
calculated by the extended binomial tree of Pelsser and Vorst [17], Greeks
introduced by Hull (Hull’s Greeks) are also plotted in Figure 2 and Figure 3.
The extended (N-step) binomial tree is a N +2 binomial tree starting from

—2At, as shown in Figure 1. The EB delta and EB gamma are given by
A5 A(s(2,0),0)-A(s(-2,0),0)

A $(2,0)-s(-2,0)
A(s(2,0),0)-A(s(0,0),0) .A(s(0,0),0)-A(s(-2.0),0)

$(2,0)-5s(0,0) $(0,0)-s(-2,0)
5(2,0)-s(-2,0)

EB _
ry =

where S(i, j)ZS*Ui. These results are computed using binomial trees with
N =4,8,---,100 steps for one year. The parameter values assumed for these

numerical studies were

$s=100, 0=03, r=005 K=100, T =1(year).

s(4, 2)

Figure 1. Extended binomial tree.
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The MS Greeks (delta, gamma, vega, and rho) are represented by the real lines
and the dotted line (without any mark) represents the finite difference Greeks
(FD Greeks). Two other kinds of dotted lines, dotted lines with a circle and
square, represent EB Greeks and Hull’s Greeks (delta and gamma), respectively.
The horizontal lines in Figure 2 and Figure 3 are the EB delta and EB gamma
computed by the extended binomial tree with 100,000 steps for one year. The
horizontal lines in Figure 4 and Figure 6 are FD vega and FD rho computed
using the binomial trees with 100,000 steps for one year. Because we use very

fine meshes for the computation of these horizontal lines, these numerical

To--6 - g_ o
0.405 |- ®- 0 -6-6-0--6-6-0--0-6-0--0-6-0--0-6--0--0 -4

= = —F—F - - - -8 - w- - = & i

0.415

Delta

0.425 - ~ s

10 20 30 40 50 60 70 80 90 100

Number of Steps per One Year

Figure 2. Delta for American put options (MS delta, EB delta, FD delta, and Hull delta, K
= 100) computed by binomial trees with N =4,8,---,100 steps.

2 D

\ - — H— — Hll

0.0148 |~

0.0146 [~

0.0142 |- -

0.014 - / B

1 | 1 | | 1 1 | | L
10 20 30 10 50 60 70 80 90 100

0.0138

Number of Steps per One Year

Figure 3. Gamma for American put options (MS gamma, EB gamma, FD gamma, and
Hull gamma, K= 100) computed by binomial trees with N =4,8,---,100 steps.

K2
610 ‘:ff Scientific Research Publishing

o



Y. Muroi, S. Suda

results are expected to be very accurate. If the initial underlying asset price s is

in the continuous region, i.e. S e (,, the FD delta and gamma are given by

AFD A(s+As,0)-A(s—As,0)

g 2As
F/FAD _ A(S"'AS’O)_ZA(SaZO)‘i'A(S—AS,O)
(4s)

and the FD vega and rho are given by
_A(s,0;0+Ac) - A(s,0,0 - Ao)

WP (s,0;0)= e
A(s,0;r +Ar)—A(s,0;r —Ar
£ 5. <AL 20) A5 020

where As, Ao, and Ar are small parameters. We take AS=SxAh,Ac =cAh,
and Ar =rxAh, (Ah :10’3) for our computations. Figure 2 shows that MS
delta converges much faster than the FD delta. Figure 3 shows that FD gamma
does not appear in the picture, and we do not recommend the use of the finite
difference approach to compute gamma. Figure 4 reveals that MS vega conver-
ges slower than FD vega. However, this is not a universal result. MS vega and FD
vega for American put options are plotted in Figures 5 with strike prices of
K =105 (in-the-money case). The oscillation phenomenon for FD vega is
observable for the options with the strike price K =105. The behaviors of MS
rho and FD rho demonstrated in Figure 6 are almost the same, and we found
this to be a universal relationship in our numerical experience. It is important to
note the backward induction algorithm needs to be used only once to obtain MS

rho, whereas it has to be used twice to obtain FD rho. Hence, the computational

RWAAYRURY.

1 1 1 | 1 | 1 | 1
50 100 150 200 250 300 350 400 450 500

Number of Steps per One Year

Figure 4. Vega for American put options (MS vega and FD gamma, K = 100) computed
by binomial trees with N =4,8,---,500 steps.
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| | | | | | | | |
50 100 150 200 250 300 350 400 450 500

Number of Steps per One Year

Figure 5. Vega for American put options (MS vega and FD gamma, K = 105) computed
by binomial trees with N =4,8,---,500 steps.

Rho
T
1

50 100 150 200 250 300 350 400 450 500

Number of Steps per One Year

Figure 6. Rho for American put options (MS rho and FD rho, K = 100) computed by
binomial trees with N =4,8,---,500 steps.

time for MS rho is expected to be shorter than that for FD rho. Table 1 lists the
computational time and results for MS rho and FD rho computed by a binomial
tree with 10,000 steps’. It was found that the computational time for MS rho was
about 20% shorter even though the computational results obtained were almost
the same. Hence, computing MS rho rather than the FD rho is more advanta-
geous.

Figures 7-10 present Greeks (delta, gamma, vega, and rho, respectively) for

°It is enough to use binomial trees with 100 steps to obtain Greeks. Then, one can compute in an in-
stant.
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Delta

0.9~

50 100 150 200

underlying asset price

Figure 7. Delta for American put options as a function of the undelying asset price (MS
delta, EB delta, and FD delta, K= 100).
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Figure 8. Gamma for American put options as a function of the undelying asset price
(MS gamma, EB gamma, and FD gamma, K = 100).

Table 1. Computational time for Rho.

MS rho FD rho
Value —34.8461 —34.8460
Time 14.77 (s) 18.78 (s)

American put options as a function of the price of underlying assets. The price
range of underlying assets is from 50 to 200. Other parameters used for these
numerical studies are same as those used in the previous numerical studies.
Figure 7 and Figure 8 plot the MS, FD, and EB delta and gamma computed
using the 100 step binomial trees, respectively. The curves of all the MS Greeks
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35 [~

25 [~

20 [~

ega

underlying asset price

Figure 9. Vega for American put options as a function of the undelying asset price (MS
vega and FD vega, K= 100).

[

50 100 150 200

underlying asset price

Figure 10. Rho for American put options as a function of the undelying asset price (MS
rho and FD rho, K= 100).

and EB Greeks are very smooth, whereas those of FD delta and FD gamma are
unstable. Figure 9 and Figure 10 plot the MS and FD vega and rho using a 100
step binomial tree, respectively. As shown in Figure 9, the shape of MS vega is
very smooth, whereas the oscillation phenomenon is observed for FD vega. The
oscillation phenomenon for FD vega is especially strong when the strike price is
higher than the initial price of underlying assets. Figure 10 reveals that the
numerical results of MS rho and FD rho are almost same.

Finally, we compared our new methods with other existing tree methods. We
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compare MS delta with delta for European options computed by other kinds of
binomial tree, namely tree methods introduced by Chung and Shackelton [18],
Tian [19], and Leisen and Reimer [20]. These are summarized in Figure 11. In
order to obtain delta using the binomial trees of Chung and Shackelton [18] and
Tian [19], we employed the extended binomial tree approach. On the other
hand, we used the finite difference approach to the binomial tree for Leisen and
Reimer, because we wanted to implement simple calculations. Leisen and
Reimer [20] introduced a new kind of binomial tree, which computes the price
of options efficiently. They construct two kinds of trees using two different
transform formulas. Note that because no significant difference is observed in
two methods of Leisen and Reimer [20], we used “Method-1" described in their
article. As shown in Figure 11, Greeks calculated by trees introduced by Chung
and Shackelton [18] and Tian [19] converges to the real value smoothly,
however, MS delta converges faster than these methods. Delta computed by the
tree introduced by Leisen and Reimer [20] converges considerably fast, if one
uses trees with odd steps.. It should be pointed out that it is not easy to compute

vega and rho by Leisen and Reimer’s binomial tree.

6. Conclusion

This paper presented new computational methods of Greeks using the binomial
tree. There are two important results in this paper. First, we obtain a very
efficient algorithm to evaluate Greeks. It is especially efficient to compute Greeks
for American options. Although many studies have been conducted for the

computation of Greeks for European options, few papers have examined the

'
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Figure 11. Delta (MS delta and delta computed by various kinds of binomial trees.)
computed by binomial trees with N =4,8,---,100 steps. MS: MS delta. CS: delta com-
puted by binomial tree introduced by Chung and Shackelton [18]. Tian: delta computed
by binomial tree introduced by Tian [19]. LR: delta computed by binomial tree intro-
duced by Leisen and Reimer [20].
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computation of Greeks for American options. We introduce the binomial tree
approach to overcome these problems and confirm its effectiveness for comput-
ing Greeks for American options very quickly and accurately. Numerical results
indicate that Greeks converge faster when computed using our method than
when computed using the extended binomial tree approach of Pelsser and Vorst
[17]. Second, we show that Greeks computed by our algorithm converge to the
Greeks in the continuous time model. We also showed the relation between MS
Greeks and discrete Malliavin Greeks. We are now preparing an article on
computations of Greeks in the jump diffusion models using the binomial tree
approach (Muroi and Suda [9] and Suda and Muroi [15]).
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Appendix: Closed-Form Formulas for Option Greeks

We first show the error estimate of MS vega given by (16). This is presented in
Section A. We also prove that MS Greeks converge to Greeks for continuous
time Black and Scholes model. This is shown in Section B. Closed-form
expectation formulas for MS Greeks (delta, gamma, vega, rho) for European
options are investigated in Appendix B. We found that MS Greeks are approxi-
mations of the discrete version of the Malliavin Greeks in the continuous time
model and these results indicate that MS Greeks converge to Greeks for a
continuous time model (Black and Scholes model) when we take a limit,
At —0.

A. Error terms for MS vega

We present theorem 2 again as theorem 3.

Theorem 3. Let us assume that the pay-off function ®(-) is a smooth

function. The accuracy of the MS vega is given by
W (s,0;0) =" (s,O;o-)+O(\/E).

[Proof]
Insert (12) to the Formula (15) leads to

V. (s 1AL 0) = E {e’m {—(u %)}%%%mg(smeow,(i +1)At)}

O
+E [e‘rA‘A“E"S (swe"“”,(i +1)At; a) sime"(i“em}
+E [e’m‘VE (sue”™ (i+1)At; a)} +0(At%?).
This formula yields
V. (S, 1AL ) = V' (Si, 1AL 0) + V) (S0, 1AL 0)
(20)
+E [e"MVE (sime"(i+1 (i+1)At; o-)] + O(At3/2 )

where new variables ' and )} are defined by

H‘(Sm,iAt:G)=E{e“‘ e N N RIIES

o
V) (S 1AL o)
= E[e"A‘A“E"S (sme”q“,(i +1)At;<7)simef”‘*1ei+1 | }'m] (i=N-1)

2 (S(N—l)At'(N —1)At; O')

d
— E —rAt _q)
e {dx (x)

oey
Sin-pa® €N | ‘ﬁN—l)Al
X:S(Nfl)AtemN

If the pay-off function ®(x) is not smooth, we formally define
YNt (S(N—l)At’( N —1)At; G) =0, although we assume that the pay-off function
®(x) is smooth in this subsection. If the pay-off function ®(x) is smooth,
vega given by (20) is further computed as

3
618 o
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V. (S 1AL 0) = V' (S0, 1AL 0) + V) (S, 1AL 0)
+E [e"A‘VE (smeoeiu J(i+1)At; a) | fimJ +0(At%?).
Vega for the binomial tree model at the initial time is given by
V. (5,0,0) =1 (5,0;0)+1) (5,0;,0) + O (At )+ e ™E [VE (se™, At; 0)}
=1 (5,0;0)+1) (5,0;,0) + O (At ) +e ™E [Vf (se™, At o)

+ V) (se” At o) + O (At )+ e (se™, 24t; 0)}
(21)

=4

1

= " e TN [){‘ (se"WiAt ,0; o-) +)) (se"WiAl JIAL; o-)] +0 (\/E)

=VEMS(S,O;0)+O(\/A_t).

T
o

This shows the result.

B. Convergence of MS greeks to black and scholes model

In Section 3, we derive Greeks under the Assumption 1. As discussed in
Section 3, the smoothness of the pay-off function is too strong to be assumed.
Therefore, in this section, we assume that the pay-off function ®(-) is not a
necessarily smooth function. We show that MS Greeks obtained in Section 3
converge to Greeks in the continuous time model under the following assum-
ption.

Assumption 2. We assume that the pay-off function, ®(-), is a function in
the class K. K is the class of real-valued functions on R that satisfy the
following conditions: (i) ¢(-) is piecewise C®, (ii) at each x, the function

#(-) satisfies ¢(X)=%(¢(X+)+¢(X—)), and (iii) ¢, ¢', and ¢" are poly-

nomial bounded. We assume that f(-) is a function in the class K.

For example, the pay-off function for European call/put options is included in
class K.

Theorem 4. We assume that the pay-off function is in class K. We also
assume the number of steps of the binomial tree give by N to be even. Then, MS
delta, gamma vega and rho converge to delta, gamma, vega, and rho in Black
and Scholes model.

[Proof] We show that MS Greeks (delta, gamma, vega, and rho) are asympto-
tically equivalent to the Malliavin Greeks. Malliavina Greeks are Greeks calcu-
lated using the Malliavin calculus. See Kohatsu-Higa and Montero [3] for detail.

1. Delta

MS delta given by the Formula (9) is further calculated as

—TAt

A (5,0)= ;At E[E(se“l,At)(el —yAt)J
= E[0(se™ ) (o - )]
- faAt E[@(se™ ) (- ut) ],

K2
035: Scientific Research Publishing

619



Y. Muroi, S. Suda

where we used the fact that ¢,---,¢y is an iid. sequence to deduce the last
equality. This yields

-7

AY® (s,0)= %i © [ (se"WT )(ei —yAt)J

& soAt
-
E[GJ )(Wy = 4T) | (22)
E{(D log(S; /s)- ,uo-T}’
SO'T o
Wt

where S; is given by S; =se . Note that this formula indicates that the
MS delta is identical to the discrete Malliavin delta. See Kohatsu-Higa and
Montero [3] about the Malliavin delta, for example. If the pay-off function ®(-)

is smooth, proposition 2.1 in Heston and Zhou [21] leads to

AE"S(S,O)=:—:_E{<D(PT)M}+O[%j
[}

o

)Z }+O( )
=AES(S,O)+O[%j

where the stochastic process P, is a geometric Brownian motion given in (1)

and AES (S,O) is delta in a continuous time model (Black and Scholes model).
Even though MS delta does not approximate delta for the binomial tree model, if
the pay-off function @(-) is not smooth, it still is an approximation formula for
the continuous time delta. Under Assumption 2, corollary 4.2 in Walsh [22]
shows that the option price in the binomial tree model converges to the options
price in the Black and Scholes model. Note that Walsh show the convergence
only on the binomial tree with even numbers. This result shows*

AE”S(&O):iE{q)(PT)M}O(%J

soT o

— A (5,0)+O(%)

As previously discussed, MS delta does not approximate delta for the binomial
tree model, if the pay-off function is not smooth. On the other hand, even if the
pay-off function is not smooth, MS delta still is an approximation for continuous
delta.

2. Gamma

MS gamma for European options is given by (14). Further computation of MS
gamma yields,

*The order of error term is O [%) , if the discontinuity for the pay-off function ® () isnoton a

lattice point. However, if all discontinuities are on lattice points, the order of the error term is
1
O(Nj . See Corollary 4.2 in Walsh [22] for details. Also note that Chung et al. [16] show that the

rate of error terms of binomial delta for European optionsis O(1/N).
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—rAt

e (5.0) = e (5™ ) -0 o
—TAt
’ oe-sAt E [AEAS (s At)e™ (¢ _“At)]

The first and second terms in (23) are denoted by G, and G,, ie
rys (S,O) =G, +G,:

—rAt

G =- ;GM E[£(se™, At)(¢ - t) |
—rAt
G, = ;At E[AY® (se™, At)e™ (¢ —ut) |
The first term is given by
—rT
G = —ﬁ E [CD(se"WT )(el - yAt)]
e—rT N
o le E[ ®(se™ ) (¢ - pat) |
—rT
- SeZGT E[®(se™ )(W; - aT)]
—-2A¥ (5,0),

and the second term is given by

= eirm eiml o(a+e) o€
G = OSAt ELe“laAt E[é’(se ‘ ’ZAt)(Ez _mt)lﬂt}e ' (g — pAt)

_ 1 —rNAt oWr
_WE[e ® (5™ ) (¢, ~ pAt) (¢, - uAt) |
This formula is divided into three parts, G, =Gj —2G? +G;, where G},G’

and G are

Gl- SzaﬁAtz E[e "o (se™ ), |
:szcr;sz% E{e”d}(se“"‘* ){[Ze jz - NAtH
:WE[e’”CD(sed”T )W =T)]+oyN)
G? :ﬁE[e‘”@(se‘“"’T Jeunt | :SZO_LZTE[e"Tq)(se"WT W |
6 = B[ (se urar = £ e[ (s )|

These results are combined into the closed-form formulas for MS Gamma:

s (5,0)= efrTT E{Cb(se(’WT ){M_(WT —yT)—£H+O(1/N).

s2o ol o

As discussed in the delta case, Walsh [22] yields,
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T o

e (50)= £ e Q(ST){(uoysT/s)—wT)z_|og<sT/s)—uaT_1H+O(1/N)

= e E q)(PT){(Iog(PTl/:s)-l—_yo-T)z - IOg(H’/;)_,UO'T —i}]+0(]/\/ﬁ)
ST E_q)(PT){i_i_ZT _éHJFO(l/‘/W)
=T% (5,0)+0(1/WN),

evenif @(-) isnotsmooth.
3. Vega

MS Vega for the binomial tree model is given by (16). The expectation
E[Vli] is given by

e o 2ot

Under the condition i N -1, the expectation E[V;J is given by

e—rAt
i _ —rAt
E |:VZ :' =E |:e SeU(WiAt”iﬂ)aAt

<E [5 (seJWiAt+6i+le0'5i+2 ,(i + 2) At; G) (€i+z - ,uAt) | .7--(”1)At :| X SeO'(WiAt+ei+l)6i+1:|
e—r(N—i)At

- {E[CD(SG"WT)eﬂzem]—E[Cb(se"WT)eiﬂ],uAt}.

Formulas

E[V :%{ﬁE[cb(se”WT )W =T ) |- E[ @ (se™ )WT],uAt} (i=N-1)

If the pay-off function ®(-) is a smooth one, the expectation e "(NUaE [VZN ’1]
is calculated as

e—r(N—l)AtEI:VZN—lJ
—e T SeO’W(N-l)At \/E ><|: p@'(seg(w(“"”m)'m) Jeg\/ﬂ _(1_ p)q),(seU(W(N-l)At—«/AT)Jea\/ﬂ:|

= e Mse”™ N At xi®’(sea(w(“”m+z)je“ +0(At%?)

z=0

oz

— e Tsge 0 pf (q)”(seaw(”’l)m )seJW(rH)m + cD!(seUW(Nfl)At )) +0 (At3/2)

~oWN),

K2
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If the pay-off function ®(x) is not smooth, the relation
e "(N-DatE [VN 1] (ZO(]./N)),

still satisfied, because we formally assumed V'™ =0. These results are combi-
ned into

N O e ]

’ ,\:: eG-: {ﬁE[CD(SeGWT )(\NT2 _T)j|_ E|:CD(SGC7WLr )WT ]Mt}
1y St o)

As discussed in delta case, the approximation

— efl'T E

W (5,0,0)=e"E

(Iog(ST/s)—,uaT)2 _log(S;/s)—uoT 1 () +O(1J

eadl c o

T o o

eTE (Iog(PT/s)—yaT)2 _log (P /s)—uoT 1](1)(

el ool

:VEB"°‘(S,O;0)+O(L

)

is valid, even if the pay-off function ®(-) is not smooth.

4. Rho

In this subsection, we derive the closed-form formula of rho for European
options. We also show that MS rho converges to rho in the continuous time
model. On the other hand, the formula

E {(ﬂ — Atjg(seawim AL r):| — e*'(N*i)At E ':[ei — HAL _ AtJ(D(SGGWNM ):|
o o

leads the further calculation of rho. This formula is plugged into the Formula
(18) and we have

pé"s(s,O;r):e‘”E[[@ jCD(S )} T (sAF® (5,0)-£(s,0:r)).

The last equality comes from the closed-form formula for MS delta given by

(9) (or (22)). As is the discussions in the previous cases, the formula
P (5,0:1) =T (sAZ (5,0)—E[e @ (R ) ])+O(YVN ) = pf* (5,0)+O(1/VN))

must be satisfied under certain conditions given by Walsh [22].
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