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Abstract

In this note, we experimentally demonstrate, on a variety of analytic and
nonanalytic functions, the novel observation that if the least squares poly-
nomial approximation is repeated as weight in a second, now weighted, least
squares approximation, then this new, second, approximation is nearly perfect
in the uniform sense, barely needing any further, say, Remez correction.
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1. Introduction

Finding the min-max, or best L, polynomial approximation to a function, in
some standard interval, is of the greatest interest in numerical analysis [1] [2].
For a polynomial function the least error distribution is a Chebyshev polynomial
(3] [4] [5].

The usual procedure [6] [7] to find the best L, approximation to a general
function is to start with a good approximation, say in the L, sense, easily ob-
tained by the minimization of a quadratic functional for the coefficients, then
iteratively improving this initial approximation by a Remez-like correction pro-
cedure [8] [9] that strives to produce an error distribution that oscillates with a
constant amplitude in the interval of interest.

In this note, we bring ample and varied computational evidence in support of
the novel, worthy of notice, empirical numerical observation that taking the er-
ror distribution of a least squares, L, , best polynomial fit to a function, squared,
as weight in a second, weighted, least squares approximation, results in an error

distribution that is remarkably close to the best L_, or uniform, approximation.
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2. Fixing Ideas; The Best Quadratic in [-1, 1]

The monic Chebyshev polynomial

Tz(x)zxz—%,—lsxsl (1)
is the solution of the min-max problem
minmaxe(x),e(x)=x*-a,-1<x<1. (2)

This min-max solution, the least function in the L sense, is a polynomial
that has two distinct roots, and oscillates with a constant amplitude in
-1<x<1, e(-1)=-e(0)=e(1). Indeed, say e =x’+a,+ax is such a po-
lynomial, and e, = X* + p, + p,X is another quadratic polynomial, then e <e,
in the interval, for otherwise €, and e, would intersect at two points, which is
absurd; x*+a, +a,Xx=Xx"+p,+ px is either an identity, or has but the one
solution X=—(p,—a,)/(p,—a,).

Thus, the monic Chebyshev polynomial of degree n is the least, uniform, or
pointwise, error distribution in approximating X" by a polynomial of degree
n-1.

To obtain a least squares, a best L,, approximation to T, (x) we first mi-

nimize I(a)
I(a)z'[jl(xz—a)2 dx, I’(a)zj'fl(xz—a)dx:o (3)

to have the value a=1/3=0.3333.
Minimizing next |(p), under the weight (x2 - a)2 ,a=1/3

1(p)=[",(=3) (x* = p) tx 1'(p)=[",(x = p)(x* ~¥/3) k=0 ()

now with respect to p, we obtain p =11/21=0.5238, which is surprisingly much
closer to the optimal value of one half.

We may replace the difficult L, measure by the computationally easier L
measure with an even M>>1. Let a, be a good approximation, and a =a,+6

be an improved one. Minimization cum linearization produces the equation
1 2 n 1 2 n-1 _
J:l(x —ao) dx_ML(X —ao) dx=0 (5)

where N>1 isodd.
Starting with a, =11/21=0.5238, we obtain from the above equation, for
n=17, the value a =0.495, as compared with the optimal a=0.5.

3. Optimal Cubicin [-1, 1]
Seeking to reproduce the optimal monic Chebyshev polynomial of degree three

T3(x)=x3—%x,—lsx§1 (6)

we start by minimizing | (a,)

I(a)= '[fl(x3 —aix)zdx, I'(a,) = _[jlx(x3 —ax)dx=0 (7)
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and have a =3/5=0.6.
Then we return to minimize the weighted 1(p,) with respectto p

(p)=[[,( ~ax) (- px) o,
1'(p,) = .[flx(x3 —aix)2 (¥ = px)dx=0

and obtain p, =195/253 =0.770751, which is considerably closer to the optimal
value of 0.75. See Figure 1.

(8)

We are ready now for a Remez-like correction to bring the error function closer
to optimal. The minimum of e(x)=X’—0.770751x occurs at m = 0.50687. We
write a new tentative e(X)= x® —ax and request that —e(m)=e(1), by which

we have

3
a = 11 :r:q = 0.750047 9)

as compared with the Chebyshev optimal value of a =3/4=0.75.

4. Optimal Quartic in [0, 1]
Starting with
e(X)=x" +a,x* +a,x* + ax+a, (10)
we minimize
I(ao,ai,az,as)zjie(x)zdx (11)

and obtain the best, in the L, sense, e(x) shown in Figure 2.

Then we return to minimize
1 2
L(Pos Py Par Ps) = [ €(X)" (X* + pgx® + p,x° + pyx+ py ) dx (12)

weighted by the previous e(x) squared, and obtain the new, nearly perfectly
uniform e(x) of Figure 3.

By comparison, the amplitude of the monic Chebyshev polynomial of degree
four in [0,1] is 1/128 = 0.0078125.

0.4 4

/ m = 0.50687
—11 '1
-m / X

/"‘ -0.4

Figure 1. (a) Least squares cubic. (b) Weighted least squares cubic.

/a e(x) = x3 - 0.6x

b e(x)=x3-0.770751x
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least squares
e(x) = x4 = 2x3+ 9/7x? = 2/7x + 1/70

0.015
0.010 -+
X
O Ll ] T 1 1 1
-0.005 -
Figure 2. Least squares quartic.
weighted least squares
e(x) = x* = 2x% + 1.245x2 - 0.245x + 0.00695
0.008 -
X
O T 1 T T |1
-0.008
Figure 3. Weighted least squares quartic.
5. Best Cubic Approximation of exin [0, 1]
To facilitate the integrations we use the approximation
1 1 1 1 1 1
=l X+ — X+ =+ X=X+ =X+ =X (13)
2! 3! 41 5! 6! 7!
and minimize
1 2 X
1 (35,8,8,,3,) = [ e(x) dx, e(x) =€* +a +ax+a,x* +ax’ (14)

with respect to @,,a,,8,,a,;. The best e(X) obtained from this minimization is

shown in Figure 4.
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Then we use the square of the minimal e(X) just obtained, as weight in the

next minimization of
2
I(Pos Pus Py p3):_[:e(x)2(eX + Py + PXH PX° + p3x3) dx (15)

with respectto g, P, P,, Ps-

The nearly perfect result of this last minimization is shown in Figure 5.

6. Best Cubic Approximation of sinx in [0, 1]

To facilitate the integrations we take

sinx=x—lx3+lx5—lx7+ix9 (16)
3! 5! 71 9!
and obtain the least squares error distribution as in Figure 6.
The subsequent nearly perfect weighted least squares error distribution is

shown in Figure 7.

least squares
e(x) = exp(x) - (0.999062 + 1.01827x + 0.421365x2 + 0.278514x°)

0.010 1

-0.0004 1

Figure 4. Least squares cubic fit to e*.

weighted least squares
e(x) = exp(x) — (0.99951 + 1.01634x + 0.421867x? + 0.280063x°)

0.0006 A

—0.0006 -

Figure 5. Weighted least squares cubic fit to e*.
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least squares
e(x) = sin(x) + 0.000252741 - 1.00475x + 0.0190962x? + 0.144244x3

0.0003 1

—-0.0001 4

Figure 6. Least squares cubic fit to sinx.

weighted least squares
e(x) = sin(x) + 0.000142581 - 1.00444x + 0.0195382x2 + 0.143424x3

0.000154

0 . : : —X ]
-0.00015- \/ v

Figure 7. Weighted least squares cubic fit to sinx.

7. Best Quadratic Fit to JX in [0, 1]

We start with

e(x)=vx—(a,+ax+ax’),0<x<1 (17)
under the condition
6(0)=—e(1)vao=%(1—a1—az) (18)

and minimize

I(al,az):j:(&—%—ai(x—%J—az(xz—%Dzdx (19)

with respectto a and a,, to have

1 121 13,
e(X)=+vX—-| —+—x—-——x"|[,0<x<1 20
() x (10 70 14 j (20)

shown as curve ain Figure 8.

Next we minimize
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0.1 4
e(x) = sqrt(x) — (1110 + 121x/70 — 13x/14, 6(0) = ~0.1) /a
b
0.05 b
a
0 T T T T 1 X
/ 0.2 0.6 0.8 1
~0.05 -
e(x) = sqrt(x) - (0.064 + 1.949x — 1.077x2, &(0) = ~0.064)
~01 1

Figure 8. (a) Least squares quadratic fit to Jx. (b) Weighted least squares quadratic fit
to \/; .

1 (py. pz)=ﬁ(\/§‘%‘ pl["‘%} P2 (XZ _EDZ

2
1 121 13,
X = —+—X——X dx
(I (10 70 14 B

e(x)=+/x —(0.064+1.949x -1.077x"),0< x <1

and obtain

shown as graph b in Figure 8, as compared with the optimal, in the L

e(x)=+/x —(0.0674385 +1.93059x ~1.06547x" ), 0 < x <1.
8. Best Cubic Fit to x1/4in [0, 1]
We start with
e(x)=x""+a, +ax+a,x’ +a,x°, 0<x<1
under the restriction e(0)=e(1),or a,=-1-a —a,,and minimize
I (ao,ai,az):j:(x’/“ -x*+a, +a1(x—x3)+a2(x2 —x3))2 dx

with respect to @;,a,,a, to have the minimal e(x) shown in Figure 9
Then we minimize

1 2 2
1(Pos Py P,) = €(%) (xw =X+ P+ pr (x=X7)+ p, (X - x3)) dx
and obtain the nearly optimal error distribution as in Figure 10.
9. Another Difficult Function
We now look at the error distribution
e(x)=1In(1.001+ x)—(a@x3 +a Xt +ax+ ao), -1<x<1
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sense

(23)

(29)

(25)

(26)

(27)
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under the condition that e(1)=e(-1),or a, =3.8007012-a,.

Least squares minimization of e(x) yields the error distribution in Figure
11.

Next we minimize
2
1(Po. P, Py Ps) = _[:e(x)2 (In (1.001+ x)—( poX3 + P X2 + X+ po)) dx (28)

least squares e(0) = e(1)
e(x) =x°2° - 0.1974359 - 3.4260935x + 6.0475113x? — 3.6214178x°

0.1

; RN

Figure 9. Least squares cubic fitto x"*.

weighted least squares e(0) = e(1)
e(x) = x%% - 0.1380602 - 4.8966192x + 9.7061310x? - 5.80951181x*

0.15 +

-0.15

Figure 10. Weighted least squares cubic fit to x"*.

least squares
e(x) =In(1.001 + x) — (4.46808x3 — 1.22895x2 — 0.667377x + 0.107099)

14

0.5

Figure 11. Least squares cubic fitto In(1.001+x).
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weighted least squares

e(x) = In(1.001 + x) - (7.31015x® - 2.12971x2 — 3.50945x + 0.443666)

15+

-1 54

Figure 12. Weighted least squares cubic fit to In(1.001+x).

under the restriction that p, =3.8007012— p,, and obtain the nearly perfect

error distribution shown in Figure 12.

10. Conclusion

We experimentally demonstrate, on a variety of continuous, analytic and non-

analytic functions, the remarkable observation that if the least squares poly-

nomial approximation is taken as weight in a repeated, now weighted, least

squares approximation, then this new, second, approximation is nearly perfect in

the sense of Chebyshev, barely needing any further correction procedure.
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