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Abstract

The present study concentrates on the analysis of MHD free convection flow
past an inclined stretching sheet. The viscous dissipation and radiation effects
are assumed in the heat equation. Approximation solutions have been derived
for velocity, temperature, concentration, Nusselt number, skin friction and
Sherwood number using Nachtsheim-Swigert shooting iteration technique
along with the six-order Runge-Kutta iteration scheme. Graphs are plotted to
find out the characteristics of different physical parameters. The variations of
physical parameters on skin friction coefficient, Nusselt number and Sher-
wood number are displayed via table.
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1. Introduction

In recent years, considerable interest has been shown in investigating radiation
interaction with natural convection flow commonly known as free convection
for heat transfer in fluid. This is due to the significant role of thermal radiation
in the surface heat transfer when convection heat transfer is small particularly in
free convection problems. Again the boundary layer flow on continuous surfaces
is an important type of flow which occurs in a number of technical processes.
Examples are paper production, crystal growing and glass blowing, aerodynam-
ics extrusion of plastic sheets and fibers. Thus, the study of heat transfer has be-
come important industrially for determining the quality of the final product.
Laminar natural convection flow and heat transfer of fluid with and without heat

source in channels with constant wall temperature have been extensively studied
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by Ostrach [1]. Hossain and Takhar [2] analyzed the effect of radiation effects on
free convection flow of a gas past a semi infinite flat plate using the Cog-
ley-Vincnitine-Giles equilibrium model. Ali et al. [3] studied the radiation effect
on natural convection flow over a vertical surface in a gray gas. Following Ali et
al, Mansour [4] studied the interaction of mixed convection with thermal radia-
tion in laminar boundary layer flow over a horizontal, continuous moving sheet
with suction/injection. Alabraba et al [5] studied the same problem considering
magnetic effect taking into account the chemical reaction and soret-doufour ef-
fects. Sattar and Kalim [6] made a study of the combined unsteady free convec-
tion dynamic boundary layer and thermal radiation boundary layer on a
semi-infinite vertical plate by using the Rosseland diffusion approximation.
Chen [7] investigated natural convection flow over a permeable surface with va-
riable wall temperature and concentration.

The viscous dissipation effect plays an important role in natural convection.
Natural convection flow is often encountered in the cooling of nuclear reactors.
Viscous dissipation effects on non-linear MHD flow in a porous medium over a
stretching porous surface have been studied by S.P. Anjali Devi and B. Ganga
[8]. Jha and Ajibade [9] studied the effect of viscous dissipation on natural con-
vection flow between vertical parallel plates with time-periodic boundary condi-
tions. Ferdows et al [10] described that in the presence of uniform magnetic
field with viscous dissipation at the wall, the thermophoretic parameter is one of
the most useful parameters to control the boundary layer of the fluid.

The analysis and discussion of natural convection flow, the viscous dissipation
effect is generally ignored but here considered the combined effect of viscous

dissipation and radiation on free convection flow an inclined stretching sheet.

2. Mathematical Analysis

A steady-state two-dimensional heat and mass transfer flow of an electrically
conducting viscous incompressible fluid along an isothermal stretching permea-
ble inclined sheet with an angle « to the vertical embedded in a porous me-
dium with heat generation/absorption is considered. A strong magnetic field is
applied in the y-axis direction. Here the effect of the induced magnetic field is
neglected in comparison to the applied magnetic field. The electrical current
flowing in the fluid gives rise to an induced magnetic field if the fluid were an
electrical insulator, but here we have taken the fluid to be electrically conducting.
Hence, only the applied magnetic field of strength B, plays a role which gives rise
oBu
Yo,
ductivity assumed to be directly proportional to the x- translational velocity (u)
of the fluid found by Helmy [11] and p is the density of the fluid. Two equal

and opposite forces are introduced along the x- axis so that the sheet is stretched

to magnetic forces F = in x-direction, o where is the electrical con-

keeping the origin fixed as shown in Figure 1.
The fluid is considered to be gray, absorbing emitting radiation but non-scat-

tering medium and the Rosseland approximation is used to describe the radia-
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go

u=Dx

inclined plate

Figure 1. Physical model and coordinate system.

tion heat flux in the energy equation. The radiative heat flux in the x-direction
is negligible to the flux in the y-direction. The plate temperature and concentra-
tion are initially raised to T, and C, respectively which are thereafter main-
tained constant. The ambient temperature of the flow is T, and the concentra-
tion of the uniform flowis C_ .

Under the usual boundary layer and Boussinesq approximations and using the
Darcy-Forchhemier model, the flow and heat transfer in the presence of radia-
tion are governed by the following equations.

Continuity equation

2o ()
ox oy
Momentum equation
2 2 2
B v B0 g p(T T, Joosa - T8 DU @
ox oy oy P k k
Energy equation
2 2
Uﬂ-i-vﬂ:ig-l-&(-r _Tw)+£(a_u] _i% (3)
X oy pC, By e, c,loy)  pe, oy

Concentration equation

(4)

where u and v are the velocity components in the x-direction and jy-direction
respectively, o is the kinematic viscosity, {, is the acceleration due to gravi-
ty, S isthe volumetric coefficient of thermal expansion, « is the angle of in-

clination, & is the Darcy permeability constant, T and T_ are the fluid tem-
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perature within the boundary layer and in the free-stream respectively, while C
is the concentration of the fluid within the boundary layer, o is the electric
conductivity, B, is the uniform magnetic field strength (magnetic induction),
p is the density of the fluid, x is the thermal conductivity of the fluid, ¢, is
the specific heat at constant pressure, Q, is the volumetric rate of heat genera-
tion/absorption and D, is the chemical molecular diffusivity.
The corresponding boundary conditions are
u=Dx,v=v,(x),T=T,C=C, aty =0}

®)
uU=0T=T,,C=C, aty >

where D(>0) isaconstant, V,(X) isa velocity component at the wall having
positive value to indicate suction, T, is the uniform sheet temperature and C,,
is the concentration of the fluid at the sheet.

By using Rosseland approximation, (, takes the form

4o, T
el B 6
Or 3, 0 (6)

where o) is the Stefan-Boltzmann constant and #; is the mean absorption
coefficient. It is assumed that the temperature difference within the flow are suf-
ficiently small such that T* may be expressed as a linear function of tempera-

ture.
Thus T*=4T°T -31° (7
Using the Equations (6) and (7) in Equation (3), we get

2 2 3 A2
ar ar —L£+&(T _Tw)+i(a_uj +l6o-lToo ﬂ (8)

ua—+v—_ > 3 >
X 8}/ pcp ay pcp Cp ay pCpKl ay

2.1. Similarity Analysis

In order to obtain similarity solution for the problem under consideration, we

may take the following suitable similarity variables

ﬂ:y\/g,l//=\/EXf (n),0(n)= T-T, #(n)= c-C, ©)

_TW_TOO, Cw ©

where i is the stream function, 7 is the dimensionless distance normal to
the sheet, f 1is the dimensionless stream function, € is the dimensionless

fluid temperature and ¢ is the dimensionless concentration.

0 0
Since U= v and V= v we have the velocity components from Equa-

tion (6) given by
u=Dxf'(77),v=—\/Ef (m) (10)

where prime denotes the derivative with respect to 7.
Now introducing the similarity variables from Equation (9) and using Equa-
tion (10), Equations (2), (8) and (4) are reduced to the dimensionless equations

given by

K2
035: Scientific Research Publishing

155



M. Hasan et al.

74 8"+ y0cosar—| M +—2 LA (11)
Da-Re Da
"+ Pnf @'+ PnoQ + EcPn ( f ) = (12)
¢"+Scfg' =0 (13)
T,-T ]
where y:G—%zL‘g’”) is the buoyancy parameter, M _oB is the
Re; D°x pD
) k XD
magnetic field parameter, Da =z is the local Darcy number, Re, = is
v
b . . HCy
the Reynolds number, Fs =3 the Forchhemier number, Pr=—- is the
K
Prandtl number, Q = &D is the heat source (Q > O) /sink (Q < 0) parame-
P,
22
ter, Ec= _ DX is the Eckert number, N = KK13 is the radiation para-
¢, (T, -T,) 4oyl
meter, Pn= SN Pr and SC=-— is the Schmidt number.
+3N D,
The transformed boundary conditions are
f=Fw,f'=16=1¢=1 atp=0f'=160=1¢=1 asn > (14)
where Fw=- VDW is the suction parameter for Fw>0.
v

The nonlinear ordinary differential Equations (11), (12) and (13) under the
boundary conditions (14) are solved numerically for various values of the para-

meters entering into the problems.

2.2. Skin Friction, Rate of Heat and Mass Transfer

The parameters of engineering interest for the present problem are the skin fric-
tion coefficient (Cf ), local Nusselt number (Nu,) and Sherwood number
(Sh) which indicate physically the wall shear stress, the rate of heat transfer

and the local surface mass flux respectively. From the following definitions

au or oC
=ul & q,=-x«|Z| M, =-D 15
f u(ayjyo q [ayj i aylo (15

where g is the viscosity, « is the thermal conductivity and D,, is the mass
diffusivity. The dimensionless local wall shear stress, local surface heat flux and

the local surface mass flux for an impulsively started plate are respectively ob-

tained as
Jor, " 2z, 42 oy
XD (0). € =pUz=2(Rex) f7(0) (16)
q v : QX S
—w = =—¢(0),Nu,=—>»" _=_(R g'(0 17
o, oV - 0O N = = =(Re 2 (0) 4

Ivlw i__ ' _ MWX _ % ,
Dm—(CW—Cw)\/;_ #(0),Sh=5—"= c.c3” (Re)2¢'(0)  (18)

w
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Ux x°D
where Re, =—=
v v

is the Reynolds number. Hence the values proportional

to the skin-friction coefficient, Nusselt number and Sherwood number are
f7(0), -0'(0) and —¢'(0) respectively.

2.3. Numerical Computation

The numerical solutions of the non-linear differential Equations (11)-(13) under
the boundary conditions (14) have been performed by applying a shooting me-
thod namely Nachtsheim and Swigert [12] iteration technique (guessing the
missing values) along with sixth order Runge-Kutta iteration scheme. We have
chosen a step size A7 =0.01 to satisfy the convergence criterion of 10° in all
cases. The value of 77, has been found to each iteration loop by 7, =7, +A7n.
The maximum value of 77, to each group of parameters
a,Ec,Fw,M,N,Pr,Q,Sc, y,Da and Fs has been determined when the
values of the unknown boundary conditions at 7 =0 not change to successful
loop with error less than 107°.

In order to verify the effects of the step size A7 , we have run the code for
our model with three different step sizesas Az =0.01, A7 =0.001 and
An=0.005 in each case we have found excellent agreement among them

shown in Figures 2-4.

3. Results and Discussion

For the purpose of discussing the results of the flow field represented in the Fig-
ure 1, the numerical calculations are presented in the form of non-dimensional
velocity, temperature and concentration profiles. The value of buoyancy para-

meter y is taken to be positive to represent cooling of the plate. The parame-

1.6

14+ Pr =7,Q=0.75,S¢=0.22,a.=30’, Fw=0.1
1 Ec=0.1,N=0.5,Fs=0.1, M=0.3

1.2 4

1.0

1001

f 1 0.8—-

_ —o-10.001
0.6 > TF0.00S
0.4-
02-
0.0 T T T T T T T T T f f
0 1 2 3 4 5 6

Figure 2. Velocity profiles for different step sizes.
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104
Pr =7,Q=0.75,S¢=0.22,a.=30", Fw=0.1

Ec=0.1,N=0.5,Fs=0.1, M=0.3
0.8+

047 > 1=0.005

0.2+

0.0

T : T T .
0 1 2 3 4 5 6

n

Figure 3. Temperature profiles for different step sizes.

1.0+
Pr =7,Q=0.75,5¢=0.22,0.= 30, Fw=0.1
Ec=0.1,N=0.5,Fs=0.1, M=0.3
0.8
ffffffff n=0.01
0.6

0.4

0.2 1

0.0

T T T T T
0 1 2 3 4 5 6

n

Figure 4. Concentration profiles for different step sizes.

ters are chosen arbitrarily where Pr =0.71 corresponds physically to air at
20°C. Pr =1 corresponds to electrolyte solution such as salt water and Pr =7
corresponds to water, and SC=0.22,0.6 and 1.0 correspond to hydrogen, water
vapor and methanol respectively at approximate 25°C and 1 atmosphere.

Due to free convection problem positive large values of y =12 is chosen. The
value of Reis kept 100 and Da equal to 0.20. However, numerical computations
have been carried out for different values of the suction parameter (Fw), mag-
netic field parameter (M), angle of inclination (« ), Prandtl number (Pr), heat

source parameter (Q), radiation parameter (V) and Eckert number Ec. The nu-
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merical results for the velocity, temperature and concentration profiles are dis-
played in Figures 5-25.

The effect of the angle of inclination « of the sheet on the velocity field is
shown in the Figure 5. From this figure, we see that the velocity decreases with
the increase of a swiftly up to 7=15. After =15, the velocity increases
because the buoyancy force decreases. Figure 6 shows that temperatures rise
with the grow of « . Finally, we observe that the angle of inclination affects the
concentration very slowly near the plate surface. Away from the plate, however,

the effect on the concentration profile is significant.

16

144 M=0.3,Q=0.75,Sc=0.22, Fw=0.1

Ec=0.1,N=0.5,Fs=0.1, Pr=7
1.2 4
1.0 1
] a= 03045, &’
.I: 1 0.8

0.6 4

0.4

0.2+

0.0

0 1 2 3 4 5 6

Figure 5. Velocity profiles for different values of a.

1.0
M=0.3,Q=0.75,5¢c=0.22, Fw=0.1
Ec=0.1,N=0.5,Fs=0.1, Pr=7

Figure 6. Temperature profiles for different values of a.
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1.0 5
M=0.3,0=0.75,Sc=0.22, Fw=0.1
Ec=0.1,N=0.5,Fs=0.1, Pr=7
0.8
a= 03045, &’
0.6
0.4
0.2
0.0 T T T T T T T T T
0 1 2 3 4 5 6

Figure 7. Concentration profiles for different values of a.
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1.6+ Pr =7,Q=0.75,S¢=0.22,a.= 30", Fw=0.1
1 M=0.1,M=0.3,Fs=0.1

144

1.2
1.0

0.8 1

Ec=0.0,0.1,0.3,0.5
064
04-
024
o.o-......-.-.-
0 1 2 3 4 5 6

Figure 8. Velocity profiles for different values of Ec.

Figures 8-10 are drawn to discuss the influence of Eckert number Ec on ve-
locity, temperature and concentration profiles. Figure 8 shows that the velocity
profiles increase with the increase of Ecupto 17 =2.25. After n=2.25 the ve-
locity profiles reduce. Again Figure 9 shows quick increasing effect on tempera-
ture profiles. On the other hand, Ec has significant decreasing effect on con-
centration profiles observed in Figure 10.

Figure 11 to Figure 13 demonstrate the impact of the suction parameter Fw
on the velocity, temperature and concentration profiles. It is observed that when

Fw increases, the velocity, temperature and concentration decrease monotoni-
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12

Pr =7,0=0.75,5¢=0.22,0.=30’, Fw=0.1
M=0.1,M=0.3,Fs=0.1

1.0

0.8+

Ec=0.0,0.1,03,05

e 0.6+

0.4+

0.2+

0.0 T T T T T T T T

Figure 9. Temperature profiles for different values of Ec.

104 Pr=7,Q=0.75,5¢=0.22,0:=3(f, Fw=0.1
M=0.1,M=0.3,Fs=0.1
0.8
0.6
(I) Ec=0.0,0.1,0.3,05
0.4
0.2 1
0.0 T T T T T T T T T T
0 1 2 3 4 5 6
n
Figure 10. Concentration profiles for different values of Ec.
1.4
M=0.3,Q=0.75,5c=0.22,0=3(F, Pr = 7
19 Ec=0.1,N=05,Fs=0.1
1.0
0.8+
f ! Fw=0.1,05,1,15
0.6+
0.4
0.2+
00 T T T T T T T T T
0 1 2 3 4 5 6

Figure 11. Velocity profiles for different values of Fw:
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1.0
M=0.3,Q=0.75,5¢=0.22,0=30", Pr= 7
Ec=0.1,N=0.5,Fs=0.1

0.8+
0.6+
Fw=0.1,05,1,15

0.4+

0.2+

0.0 T T T T T T T T T T
0 1 2 3 4 5 6
n
Figure 12. Temperature profiles for different values of Fw:.
1.0+
M=0.3,=0.75,5¢=0.22,a.=30", Pr = 7
Ec=0.1,N=0.5,Fs=0.1
0.8
0.6
¢ Fw=0.1,05,1,15
0.4
0.2+
0.0 T T T T T T T T T T
0 1 2 3 4 5 6

Figure 13. Concentration profiles for different values of Fw.

1.4+
Pr =7,Q=0.75,S¢=0.22,0.=30", Fw=0.1

1o Ec=0.1,N=0.5Fs=0.1

1.0
0.8 M=0.0,0.3,1, 2
0.6

0.4 1

0.2 1

00 T T T T T T T T T T

Figure 14. Velocity profiles for different values of AZ
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1.0
08 Pr =7,Q=0.75,5¢=0.22,a.=30’, Fw=0.1
) Ec=0.1,N=0.5,Fs=0.1
0.6+
0 . M=0.0,0.3,1, 2
044
0.24
0.0 . . . ; = = = ; - .
0 1 2 3 4 5 6

Figure 15. Temperature profiles for different values of M.

1.0
Pr =7,0=0.75,5¢=0.22,0.=30’, Fw=0.1
084 Ec=0.1,N=0.5,Fs=0.1
0.6
M=0.0,0.3, 1,2
0.44
0.2
0.0 T T T T T T T T T
0 1 2 3 4 5 6
n

Figure 16. Concentration profiles for different values of M.
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1.6
Pr =7,Q=0.75,S¢=0.22,a.= 30", Fw=0.1

144 Ec=0.1,M=0.3,Fs=0.1

12]
104 N=0.1,02, 03,05
0.8—-
0.6—-

0.4

0.2

00 T T T T T T T v
0 1 2 3 4 5 6

Figure 17. Velocity profiles for different values of N.
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1.04
Pr =7,0=0.75,5¢=0.22,0.=30", Fw=0.1
Ec=0.1,M=0.3,Fs=0.1

0.8

0.6 N=0.1,02,0.3,05
0
0.4
0.2
0.0 T T T T T T T
0 1 2 3 4 5 6

Figure 18. Temperature profiles for different values of V.

1.04
Pr =7,Q=0.75,5¢=0.22,a.=30", Fw=0.1
Ec=0.1,M=0.3Fs=0.1
0.8
N=0.1,0.2, 03,05
0.64
0.4+
0.2
0.0
0

Figure 19. Concentration profiles for different values of V.

204 M=0.3,Q=0.75,5c=0.22,0.=3(", Fw=0.1
Ec=0.1,N=0.5,Fs=0.1
1.5
Pr=0.71,1,2,7
f 1

1.0

05

0.0 T T T T T T T T T T T

0 1 2 3 4 5 6
n

Figure 20. Velocity profiles for different values of Pr.
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104 M=0.3,Q=0.75,5¢=0.22,a = 30°, Fw=0.1
Ec=0.1,N=0.5,Fs=0.1
08-
Pr=0.71,1,2,7
06-
04-
02-
00
0
n
Figure 21. Temperature profiles for different values of Pr.
12
104 M=0.3,Q=0.75,5¢=0.22,a.=30", Fw=0.1
: Ec=0.1,N=0.5,Fs=0.1
08

Pr=0.71,1,2,7
d) 0.6

0.4+
0.2

0.0

Figure 22. Concentration profiles for different values of Pr.

20

18+ M=0.3,Pr=7,5¢=0.22,0.=3(’, Fw=0.1

Ec=0.1,N=0.5,Fs=0.1

1.6
1.4

] Q=05,0.751.251.75
1.2

f 1 1.0—-
0.8—-
0.6—-
0.4—-

0.2+

0.0 T T T T T T
0 1 2 3 4 5 6

Figure 23. Velocity profiles for different values of Q.
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12

10+ M=0.3,Pr=7,5¢c=0.22,a.=30", Fw=0.1

Ec=0.1,N=0.5,Fs=0.1

0.8+

Q=05,0.751.251.75

e 0.6+

0.4+

0.2+

0.0 T T T T T T T T

Figure 24. Temperature profiles for different values of Q.

1.04
M=0.3,Pr=7,5¢c=0.22,0.=30’, Fw=0.1
Ec=0.1,N=0.5,Fs=0.1

0.8

(|> 0.6 Q=05,0.75,1.25,1.75

0.4

0.2

0.0 T T T T T T T T T

0 1 2 3 4 5 6

Figure 25. Concentration profiles for different values of Q.

cally. These figures indicate that since the boundary layer thickness getting
smaller but the temperature and concentration gradient at the stretching sheet
getting steeper, the increasing suction enhance the heat and mass transfer coeffi-
cient.

The influence of magnetic field parameter A/ on velocity, temperature and
concentration profiles are plotted in Figures 14-16. Here from Figure 14, we see
that first the velocity decreases gradually up to 7 =2.50 as M increases. On the
other hand, the temperature as well as concentration profiles increase with the
increase of M.

Figures 17-19 describe the dimensionless velocity, temperature and concen-

tration profiles for different values of radiation parameter V. A strong decline in
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the velocity and temperature profiles are caused by increasing N have found in
Figure 17 and Figure 18. Again the concentration profiles are significantly in-
creased for the increasing value of Nshown in Figure 19.

The behavior of Prandtl number Pr on velocity, temperature and concentra-
tion distributions are displayed in Figures 20-22. From the Figure 20 and Fig-
ure 21, we see that the velocity profiles and the temperature profiles decrease
rapidly with the increase of Prandtl number Pr. Again Figure 22 shows that the
concentration profiles increase sharply as Prandtl number increases.

For different values of heat source parameter Q, the velocity, temperature and
concentration profiles are illustrated in Figures 23-25. Here we have plotted
non-dimensional velocity, temperature and concentration profiles against 7
for some representative values of the heat source parameter
Q=0.5,0.75,1.25,1.75. The positive value of Q represents source Ze., heat gen-
eration in the fluid. For heat generation, the peak velocity occurs near the sur-
face of the stretching plate. This is corroborated by Figure 24 where it is seen
that the temperatures do indeed rapid increase as Q increases. Figure 25 shows
that the concentration profiles decrease with the increase of heat source para-

meter.

4. Conclusions

The main goal of this study was the mathematical and numerical study of the
viscous dissipation and radiation effect on MHD free convection flow past an
inclined stretching sheet. The numerical solutions of the governing differential
equations were obtained by using the shooting method. We observed the beha-
vior of the physical parameters o, M,Q, N, Ec, Fw, Pr and also commented the
numerical results from their plots.

Finally, the effects of various parameters on the skin friction C,, local Nus-
selt number Nu, and local Sherwood number Sh for
a=30,Fw=0.1M =0.3, S¢=0.22,Fs=0.1 are shown in the Table 1.

Table 1. C,,Nu, and Sh for different values

Pr Q Ec N C, Nu, Sh
0.71 0.5 0.1 0.5 3.40388 0.26724 0.46977
0.71 0.75 0.1 0.5 3.5041 0.19956 0.47801
0.71 1.25 0.1 0.5 3.74353 0.03763 0.49644

7.0 0.75 0 0.5 2.25432 0.65081 0.33366

7.0 0.75 0.1 0.5 2.40807 0.45194 0.34297

7.0 0.75 0.3 0.5 2.81869 -0.1642 0.36898

7.0 0.75 0.1 0.1 3.14799 0.27511 0.43487

7.0 0.75 0.1 0.2 2.83916 034083 0.39314

7.0 0.75 0.1 0.3 2.64517 0.38711 0.36661
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We can make the following conclusions from the present study:

1. The effect of heat generation is remarkable. An increase in heat generation

results in increasing velocity and temperature within the boundary layer.

2. Eckert number has effects on velocity as well as temperature profiles.

Radiation has significant effects on temperature profiles. So we can control the

temperature field by using this parameter.
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