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In this paper, using Salagean differential operator, we define and investigate a

tion property for functions belonging to the class S] ().
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Let A be the class of functions of the form

f(z)=z+) az" (1)

which are analytic in the unit disk U = {Z eC: |Z| < 1} . A function f(z)eA is

said to be starlike of order « if and only if

7f'(z
Re (2) >a, 0<a<l (zeU) (2)
t(2)
We denote by S*(r) the subclass of A consisting of functions which are
starlike of order o in U .
Also, a function f(z)e A is said to be convex of order « if and only if

Re{l+L(Z)}>a, 0<a<l (zeU) 3)

f(2)
We denote by C(a) the subclass of A consisting of functions which are

convex of order ¢ in U .
If f(z)eA satisfies

arg(%(zz))—a]<%, 0<a<l, 0<p<l (zeU) (4)
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then f(z) is said to be strongly starlike of order S and type « in U, de-
noted by [1].
If f(z)eA satisfies

arg (1 + Z: ((ZZ)) - a] <

then f(z) is said to be strongly convex of order B and type « in U, de-
noted by C,(f) [1].

The following lemma is needed to derive our result for class S ().

Lemma (1) [2] [3] [4] [5]. Leta function p(z) be analytic in
U, p(O) =1and p(Z) # O(Z eU ) , if there exists a point z, eU such that

|arg(p(z))|<ﬂ (|2l <|z]) and |arg(p(zo))|:% with 0< <1, then

%, 0O<a<l 0<f<l (zeU) (5

2
e
where
kz{w§j<meum%mz%?
s-3{ar2) (when arg(p(z))) -

1
And p(z,)s =+ia (a>0).
Definition 1. A function f(z)e A issaid to bein theclass S)(f) if

LT

D"f(z

<%, (zeU) %

Forsome o, 0<a<l, neN;=N U{O} 0< p<1.

Remark

When n=0 then S;(f) isthe class studied by [1].

Definition 2. For functions f (Z) € A the Salagean differential operator [6]
is D":A—> A

D°f (z)=f(z), D'f(z)=2f'(z),~-D"f(z)=D[D"*f(2)], n=0123,

The main focus of this work is to provide a characterization property for the

class of functions belonging to the class S} (/).

2. Main Result

Theorem 1.If f(z)e A satisfies
n+l
(i)D_f(Z)il
D"f(z) 2
|Dn+2f(z)/Dn+1f (Z)

57t ()07 (o)

—1<§,(ZEU)

forsome B, 0<pB<1 neN,=NU{0}, then f(z)eSE(ﬂ)

2
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Proof. Let
~ Dn+1f(2)_ B
p(z)=2 DF (2) 1, neNy,n=0,12, (8)
Taking the logarithmic differentiation in both sides of Equation (8), we have
p'(z) | D"f(2)2(D™f(z)) -2D™t (2)[ D"t (2)] | D't(z) ]
p(2) [D"f(2)] | 2D (2)-D"f (2) ]
D"f (2)2(D"f (2)) 2D f (2)[D"f (2)] | 1 T
- n e} ; )]
D"f(z) | 2D™f (2)-D"f(z)
2(D™t(2)) 2™ (z)[D"f(2)]
D'f(2)p(z) [D"t(2)] p(2)
Multiply Equation (9) through by p(z), to get
2(D™f(z)) 2D"f(z)(D"f(z))
S 2 )2 o) o
D"f(2) (D”f(z))
Multiply Equation (10) by z to obtain
22(D™f (z)) 2D"f(z)z(D"f(z))
Zp’(Z): (an(Z() )) - (n) ( 2 ( ))
(D f(z)) (11)
_2(D*f(2)) (1+p(2))
- D"f(2) 2

Multiply Equation (11) through by 2 and divide through by (1+ p(Z))2 to
give
22p'(z) 4(D"?f(2))
(t+p(2) D'f(2)(1+p(2))

D™ f (z2) 1+ p(2)
2

D"f(z)

-1 (12)

Multiplying Equation (12) by

, and further simplifica-

tion, we obtain

D™ (2)[,, _28'(2) |_D™*F(2) , e
T (Z) [1 (1+ p(Z))ZJ_ D" f (Z)' U, N, (13)

therefore,
Dn+2f (Z)/Dn+lf (Z) _
D™ f (z)/D"f (z) (1+p(2))’

(14)

_mp
|arg p(zo)|_ 2
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then by lemma [2]

Zop’(zo)_-
p(Zo) N
11 Ld =z
sz[a+gj and p(z,)=a’e? or p(z,)=a’e? (a>0)
Now,
szf(zo)/DMf(Zo)_J_‘_Zk’B&
n+l n - 2
| D™ f (z,)D"f (2,) (1+p(2,))
11 (15)
22/;’2(a+a)|p(zo)|
‘(1+ p(z)) ‘
Since,
L > : 2 (16)
(L p(@))| 1+2p(z)]+[p(z)]
n+2 n+l ﬁ(a+l)|p(zo)|
D" (2,)/D"f (%) |, a (17)
| D™ f(z,)/D"f(z,) 1+2|p(zo)|+|p(zo)|2
inp
p(z)=a"e?, a>0=|p(z)|=a’
ﬂ[a+1jaﬁ
But =8/
1+2a” +a*’
1
) (a+ajﬂ
Caf+2+d’
Let
a+§
S@) =
then

21+ (- p)a’ (2 -1+ (14 p)a’ (27 1)
¥(@)= az(aﬂ+2+a‘ﬁ)2 o

Hence, S’(a) =0=a=1.
It implies that

S'(a)<OwhenO<a<landS'(a)>0whena>1hence,a=1 is a minimum
1

pointof S(a)-S(1)= 7
Therefore, we have that

D"™*f(z) f(z)/D"f(z) | A
D ()0 (5) |20 "2y (19)

%%
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which contradicts the condition of the theorem.

Hence, it is concluded from lemma [2] that

n+l
jarg p(z)|:arg[E;Tf((zz))—%]<%, zeU, neN, (20)
so that
f(z)esi(B)
2
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