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Abstract

Through the study of the factorization conditions of a wave function made up
of two, three and four qubits, we propose an analytical expression which can
characterize entangled states in terms of the coefficients of the wave function
and density matrix elements.
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1. Introduction

In quantum mechanics, multiple dimensional or multiple particles systems are
characterized by the tensor product of the Hilbert subspaces [1], where each
subspace is associated to each element. It is well known [2] that when there is no
interaction among these elements, the wave function is just the tensor product of
the wave functions of each element; that is, the tensor product of the wave func-
tion associated to each element determines the non-interacting characteristic of
the elements in a quantum system. If interaction occurs at some time among
these elements, this tensor product disappears, and the wave function becomes
entangled [3]. So, it is necessary to point out that if the wave function is not fac-
torized, the wave function is entangled. In this way, the characterization of fac-
torization is somewhat equivalent to the characterization of entanglement. In
this paper, we will follow this line of ideas to determine the characterization of
an entangled state [4]-[12].

2. Factorized State

When a quantum systems is made up of several quantum subsystems, where the
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ith-subsystem is characterized by a Hamiltonian H, and a Hilbert space ¢,

corresponding a two-states and having a basis {|§I>} ,» the Hilbert space is

written as the tensorial product of each subsystem,ii:zgzgn ®---®¢g (for n-
subsystems), The state in each subsystems is defined as a qubit in quantum
computation and information theory [13] and is given by

w)=al0)+bld, [f+BF -1 W
where {|0),|1)} is the basis of the two-states Hilbert subspace & . A general

state |‘I’> in the Hilbert space ¢ can be written as
[¥)=2C.|¢), with >|C.
4 4

where C;s are complex numbers, and |§> is an element of the basis of ¢,

2
=1 ()

|&)=]& &) =¢,)®®|&), &=01k=L1-n. ©)
A full factorized state in this space is
¥} =[y) @ ®lys), (4)

where |(//k> is given by (1).
For n =2, one has a general state |‘{’> ee,

|¥) =C,|00) +C,|01) + C,|10) + C, [11), (5)

where we have chosen to use decimal notation for the coefficients. Let us assume

that this state can be written as
W) =[w2) ®[w1), ©)

with |(//k>, k=12 given by (1). Then, substituting (1) in (6) and equaling coef-
ficients with (5), it follows that

C,=aa, C,=ab,, C;=ha,, C, =hpb,. )
From these expressions one obtains a single condition for factorization,
C.C,=C.C.. (8)

Thus, if this condition is not satisfied, the state (5) represents an entangled
state. So, one can use the following known expression [14] as a characterization
of an entangled state

cl? =2|c,c, -C,Cy. 9)

For n=3, a general state in the Hilbert space ¢ is

| W) =C,|00)+C,|001)+C,;|010)+ C, |011)

10
+C; [100) + C4 [101) + C, [110) + C, [111), (10

where, we have chosen again decimal notation for the coefficients. Assuming
that this wave function can be written as |‘I’> = |l//3>®|l//2>®|l//1> with |l//k>
given by (1), and after some identifications (as before) and rearrangements, one

gets
cC C C. C
AN W R T (11a)
C, C G s D
C1 Cz CS C6 az
c."c,Tc.c b 2 (1o
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¢ G _ G _ G 3

_ 72

c G ¢ 6 Tl o
These expression reflex a parallelism between the complex vectors (C,,C;,Cs,C;)
and (C,,C,,C;,Cy), the vectors (Cy,C,,C,,Cq) and (C,,C,,C;,Cy), and the
vectors (C,,C,,C,,C,) and (C;,Cq,C;,C;). In addition, they bring about the
following eight independent relations
cc,-Cc,Cc,=0,CC,-C,C, =0, CC,-C,C,=0, C,C,-C,C., =0 (12)
c,C,-C,C, =0, CC,-C,C, =0, CC,-C,C. =0, C,C,-C,C,=0. (13)
If one of these expressions is not satisfied, the wave function (10) represents
an entangled state. Therefore, one can propose the following expression to cha-

racterize an entangled state

C\(f) = 2|C1C4 - C2C3| + 2|C1Ce - C2C5| + 2|C1C8 -GG | + 2|C3C6 - C4C5|

14
+2|C,C; -C,C,|+2|C,C, — C,C,| + 2|C,C; —C,C;|+2|C,C; —C,Cyl. (4
For n =4, a general state in the Hilbert space & is of the form
|¥) = C,|0000) + C,|0001) + C,|010) + C, | 0011)
+C,]0100) + C,|0101) + C, |0110) + C, |0111) as)

+C,]100) + C,,|1001) + C,, |110) + C,,|1011)
+Cy3[1100) + C,, [1101) + C,5 [1110) + C¢ [1111).
Assuming this function can be expressed as |‘P> = |(//4>®|l//3>®|1//2>®|l//1>
with |l//k>,k =12,3,4 given by (1), and after some identifications and rear-

rangements, one gets

GG 6 G G G Gy G
CZ C4 CG CS ClO ch C14 ClG
Q.6 G G G G _Cs_Cu
CS C4 C7 CS Cll ClZ C15 C16
6.6 6 G G G G G
C5 CG C7 CS C13 C14 C15 ClG
G _ G _G _C _GC _GC_GC_G

C9 C10 Cll ClZ C13 C14 ClS

O

expressing similar parallelism we mentioned before. Each row gives us 28 rela-
tions, having a total of 112 possible relations, and from these relations, one can
get the following 36 independent conditions
cc,-¢cc,=0Cc,C,-CC,=0CC,-C,C,=0C,C,-C,C,=0 (16a)
cC,-CC,=0CC,-C,C,=0CC,-CC,=0C,C,x—C,C,,=0 (16b)
cC,-CC,=0C/C,-CC,=0CC,-CC,=0C.C,-CC,=0 (16¢)
CCy,-CCs =0 CCy -C,C;3 =0 CC; —CC,, =0 C,C\ —C,C,, =0 (16d)
c,c,-C,C,=0 C,C,-C,C,=0C,C,-C,C,=0 C,C-C,C,=0 (16e)
C,Ci3 —CsCy =0 CeCpe —CyCyy =0 C,Cy ~CC,y =0 C;C;s —C,Cis =0 (161)
C,Cs-C,C=0C,C,-C,C,=0CC,-C,C,=0 C,C,-C,,C, =0 (16g)
c,C;-C,C,=0 CC,-C,,=0C,C,;-C,C, =0 C,C,-C,,C,=0 (16h)
C.,Cs-C,C,=0C,C,-C,C.,=0C,C,-C,C,=0 C,C-C,C.=0. (16i)
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Again, if one of these expression fail to happen, (15) will represents an entan-
gled state. Thus, one can propose the following expression to characterize an
entangled state made up of 4-qubits basis

CcY) =2|Cc,C, —C,C,|+2|C,Cp3 —C,Cyy| +2|C,C, — C,Cq |+ 2|C,Cyy — CoCy| +2|C,Cy —C,Cq |+ 2|C,Cis — C:C|
+2|C,C,, —C,C,|+2|C,Cys —C,Cyy|+2|C,C,, —C,C,|+2|C,C; —C4C, | +2|C,Cp, —C,C,
+2|C4Cyy — C4Cys| + 2|C,Cy, —CyCg|+2|CyCy5 —C,Cya |+ 2|C,Ci — CsCyy |+ 2|CsCy5 — C,Cyy
+2|C,Cy — C,Cs|+2|C4Cy; — CC,y | +2|C,Cp, —C,Chq| +2|C4Cys — Cy6Cg| + 2|C,Cy5 — CsCy| (17)
+2|C4Cys — C4Cuy| +2|C,Cyy —CsCy| +2|C,Cs — CoCy5|+2|C,Cy — C1yCe| +2|C,C), —C,Cyy |
+2|C,Cy —C,C,|+2|CyCy, —CyChy| +2|C,Ci5 — C,Cyy|+2|CyCyy — CyyCry| + 2|C5Cy5 — Ci G
+2|CyCy5 —CyyCys| +2|CyyCis — C,Cu4|+2|C,,Cis — C,Co5 |+ 2|C14Cys — C,1Cyy |+ 2|C15Chs — CuCis -

As we can see from these examples, the number of conditions needed to cha-
racterize a factorized state (or entangled state) grows exponentially with the
number of qubits. So, characterization of an entangled state for n-qubits in gen-
eral becomes a very hard work. Now, in terms of the density matrix elements,
one could have the characterization of entangled states made up of 2, 3 and 4
qubits as

C,(,z) = 2\//711,044 + P Psz — 2 Re(p12p43 ) (18)

C,()B) = 2\//011/044 + PPy —2 Re(P12P43) + 2\/p11p66 + Py Pss —2Re (/0121065) + 2\//011/088 + PPy —2 Re(P12Ps7 )
+2\/P33p65 + P44 Ps5 =2 Re(p34p65) + 2\/p33p88 + PasPr; — 2 Re(p34p87 ) + 2\/p55p88 + Pes P77 — 2 Re(p56p87 ) (19)
(

+2\/P11P77 + P33 Pss —2Re(pp0r) + 2\/pzzpss + PasPes — 2Re( P2y g5 )-

)
C,(04) = 2\//711/744 + PP —2 Re(p12p43) + 2\//744/713,13 + P11Progo —2 Re(P47 P30 ) + 2\/p11Pse + Py Pss — 2 Re(Plzpes )
+2\/,044p14,14 + PesProiz — 2 Re(p46p14,12 ) + 2\/p11p88 + P3aPss — 2 Re(p13p86 ) + 2\/,044,015,15 + PaPisis — 2R (p431015,16 )

+2\/P11P10,1o + PP —2RE (plzpmyg) + 2\/,044,016'16 + PagPra1z — 2 Re(p48p16y12) + 2\/pnpny11 + P3390 — 2 Re(pwpnyg)
+2\/p55p88 + Pes P77 —2RE (,056,087 ) + 2\/,011,012,12 + PP —2Re (p12p12,11) + 2\/,055,014'14 + Pes P13 — 2Re (p56p14’13 )
+2\/p11p14'14 + oo Pes — 2 Re(plgpmv6 ) + 2\/,055,015,15 + P17 P1g1s — 2 Re(p57 Pis13 ) + 2\/p11p15'15 + Pss P11 — 2 Re(P15P15,11)
+2\/p55,016’16 + P11 Pra1s — 2 Re<p57,016’14 ) + 2\//322,038 + P14 Pes — 2 Re(Pz4Psa ) + 2\//366/011,11 + Pss P12 — 2 Re(peﬁplL12 )
+2\/,022,012'12 + PasProre — 2 Re(pmpm10 ) + 2\/p66p15'15 + Pr6.16P8s — 2 Re(Pe,mpls,s )

+2\/,022,013'13 + PssPro10 — 2 Re (szpl&m ) + 2\//366,016’16 + PasPra1s — 2RE (Pesple,u )

+2\/,022,014'14 + Pss Progo — 2 Re(pz,spm,lo ) + 2\/,077,01&16 + PagPis1s — 2 Re(pmpl&15 )

+2\/,022P16,16 + Pro1oPes —2Re (p2,10p16,8 ) + 2\/P77p12,12 + Pag P —2Re (P7sp12,11)
+2\/p33p88 + PP —2Re (p34p87 ) + 2\/p99p12,12 + PP —2Re (pQ,loplZ,ll) + 2\/p33p15,15 + P Pruy — 2 Re<p37p15,11)
+2\/p99/014,14 + ProsoPuy — 2Re (P9,10p14,11) + 2\/P33P13,13 + PunPss —2Re (P3,11p13,5 )

+2\/,099,015‘15 + PuaiPisgs — 2Re (p9,11p1513 ) + 2\//)10‘10/016,16 + Pro12Prage —2Re (p10,12p1514 )
+2\/P11,11/716,16 + Pro1aPrsis —2Re <p11,12p16,15 )
+2\/ Pro10Pis 5 + PriaiPrage —2Re (p1o,111015,14 ) + 2\/ Pi313Pis16 + PuasaPrsis — 2 Re (p13,l4p16,15 )

(20)
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For other considerations of entanglement multiqubit entanglement see [6] [10]
[15] [16]. Figure 1 below shows the values of the expressions (14) and (19) for
50 entangled states made up of 3-qubits basis and with values C;, with
j=1---,6 randomly generated. As we can see, the values obtained with the
coefficients Cs and with the density matrix elements p,, are the same.
Figure 2 shows for the |W> state,

W) =C,|001) + C,|010) + C,|100), |C,|* +[C,|" +|Cs[ =1 (1)

the possible values of C©° (). As we can see, there are four possible maxima

corresponding to the values C, =C, =C, =i1/ V3 and four maxima corres-

2 T T T | T | T
(1): coefficients
- (2): density matrix elements -
0
s 1) ® o o ©
&
2)—s N
0
O
g 1L S N
o O 0 o
V2 < 02
O
® & Y N TN
05 @ n 0O P ® o _|
@ i
" & O
L OR 0 O ) % i
oo O ¥ @ O
© O )
0 L | ! | I | ! | L

0 10 20 30 40 50

Figure 1. CY for arbitrary entangled state. Diamonds (density matrix) and circles
(coefficients).

Figure 2. C® for the state |W> =C, |001> +C, |010> +C, |100> such that
IC.[ +[C,[ +|c[ =1.
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ponding to the values C, =0, C,=C; = il/ V2, related to semi-factorized
state |0) ®(C,|01)+C,|10)). Figure 3 shows the possible values of C™ ()
for the state

|GHZ) = C,|000) + G, [111), |C,[* +|C,[* =1. (22)

The maximum value of C® (¥) isgotten for C, =Cy = ]/ /2 , as one would
expect.

For a Hilbert space & generated by n-qubits, C™ defines a continuous
function C":g >R with R = [0,+oo) , c>1. Since the coefficients of the
wave function defines a compact set on the real space R*" due to the relation
Zi|Ci|2 =1, the image of this compact set is a compact set in R* [17]. Thus, a
normalization factor is possible to introduce on this function to define any

compact set [0, C] , which it is not important.

3. Dynamical Consideration

Following Lloyd’s idea [18], consider a linear chain of nuclear spin one half, se-
parated by some distance and inside a magnetic in a direction z ,
B(z) :(0, 0,B, (z)), and making and angle 6 with respect this linear chain.
Choosing this angle such that cosé :]/ V3, the dipole-dipole interaction is
canceled, the Larmore’s frequency for each spin is different, @, =yB,(z,) with
y the gyromagnetic ratio. The magnetic moment of the nucleus g, is related
with its spin through the relation g, = yS, , and the interaction energy between
the magnetic field and magnetic moments is H;, =-> s -B(z,)=-) oS-
If in addition, one has first and second neighbor Ising interaction, the Hamilto-

nian of the system is just [19] [20].

co ()

C

1

Figure 3. C® for the state |GHZ) =C,|000) +C, [111) such that IC.[ +[C,[ =1.

474

K2
e
o2

0% Scientific Research Publishing



G. V. Lépezetal.

N 2 2] N-1 2] r N-2
H, :_Zwksk ZS Sk+1 ZS Sk+21 (23)
k=1

where N is the number of nuclear spins in the chain (or qubits), J and J’

are the coupling constant of the nucleus at first and second neighbor. Using the
basis of the register of N-qubits, {‘fN,---,§1>} with & =0,1, one has that
SHIAE (—1)* h|&.)/2. Therefore, the Hamiltonian is diagonal on this basis,

and its eigenvalues are
Jh & J'n'&

N
Ef = —%Z(_l)gk __z( )§k+‘§k+1 _T
k=1

Consider now that the environment is characterized by a Hamiltonian H,

(_1)5k+§k+z . (24)

k=1

and its interacting with the quantum system with Hamiltonian H,. Thus, the
total Hamiltonian would be H =H_ +H, +H, where H_, is the part of the
Hamiltonian which takes into account the interaction system-environment, and

the equation one would need to solve, in terms of the density matrix, is [21] [22]
.. Op
Ihﬁl:[H'pt]’ (25)

where p, = p,(s,€) is the density matrix which depends on the system and en-
vironment coordinates. The evolution of the system is unitary, but it is not
possible to solve this equation due to a lot of degree of freedom. Therefore, un-
der some approximations and tracing over the environment coordinates [23], it

is possible to arrive to a Lindblad type of equation [24] [25] for the reduced den-

sity matrix p (S) =tr, (pt) ,
' 1
:[|-|S,,o]+z{vpvT TVp—EpVV } (26)
i=1
where V, are called Kraus’ operators. This equation is not unitary and Marko-
vian (without memory of the dynamical process). This equation can be written
in the interaction picture, through the transformation p=U ,oUT with

U= eiHst/h, ,as
iha—pzi(ﬁ), (27)
ot
where L£(p) is the Lindblad operator
O N (U, (U,
ﬁ(p)ZZ{ViPViT _EViTVip_E ViViT} (28)
i=1
with V =UVU". The explicit form of Lindblad operator is determined by the
type of environment to consider [26] at zero temperature. So, the operators can

be V, =S, (for dissipation) for the model independent with the environment.

In this case, each qubit of the chain acts independently with the environment,

and one has local decoherence of the system. The Lindblad operator is

A= 1 2 S- ~G+ +o- = ~Q+G-—
'C(p):%zk)’k(zskpsk _SkSkP_PSkSk) (29)

where S, and S, are the ascend and descend operators such that

K2
035: Scientific Research Publishing
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§F =US:UT = 5feti

where ék is defined as Q, =w, +%(Skz+1 + Sszl)+%(8kz+2 + Sk{z).. The solu-
tions of the equations are

P11 (1) = 211 (0) + 92 (0) + 955 (0) + P4y (0) + 255 (0) + s (0) + 277 (0) + 45 (0)

) 0)+ o5, (0)+ pgg (0)) €72
) 0)+ P45 (0) + g (0) )7
)+ Pas 0)) el

) ))e’ (,044 (0)+ g5 (0)) e (r27s)t

+
>
(=2}
o
+
2
—
o
\_/
,}
+
5

1
—(r+ratra)t

Pis (t)=p18 (O)e 2 ;
Pz (t) = ('022 (0)+ 44 (0) + pes (0) + g (O))e%t - (pee (0) + Py (0)) g e
_ (,044 (0) + g (0))ef(}’2+73)t + Pag (O)e—(y1+yz+y3)t;

(1 _ e(i( =it )] e‘%(Vz’frs)t :

Pos (1) = [,025 (0)+ oy (0)(1_e—y2t )Je ;(n }/3)t,

1
_E( n+ratra)t

P (1) =Py (0)e ;

1
—(ntr+2r3)t

Pas (1) = s (0)e 2 ;
Pus () = (93 (0)+ s (0)+ £y (0) + s (0)) €7 = (19 (0) + g (0) ) & 72"
_ (p44 (0) + Pes (O))e*(}/zﬂﬁ)t + o (0) e—(y1+;/2+y3)t;

’023(t):[P23(0)+M
F+(i- 1)

0 ef%s Ti(i—ine 71( ok
Pss (1) = ,035(0)+%(1_e[(1 J);/g]t) g 272k,
7/3+(J_J)

1
—(rtratra)t

Psg (t)=p36 (O)E 2 :

476
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1
—(n+2r2+73)t |

Pss (t)=P33 (0)3 2 X
P (t) = (p44 (0) + Pyg (0))e7(7z+y3)t ~ Pas (0) e—(y1+y2+y3)t;

1
—(n+ra+n)t,

Pas(t)= pss(0)€ '

1
—S(n+r2+2r3)t

Ps (t):p46 (O)E 2 '

1
—(n+2r2+n)t

P (t)=p47 (0)6 2 '

1
—(n+2ra+2n)t

Pug (t):,O48 (0)8 2 :
P55 (1) = (1055 (0) + i (0)+ 17 (0) + g (0)) &7 = (1057 (0) + g (0) )& 172
_ (p66 (0) + Ogg (0))9—(71+73)T + Pss (o)e—(y1+yz+y3)t;

1
- (2ntratra)t

Psg (t):psa (0)6 :
Pes (t) = (p66 (O) + Dgs (0)) e*(71+73)l — Pus (O)e—(yl+y2+y3)t;

1
—(2ntra+ra)t

Per (t):pm (O)E 2 '

1
—(@n+r+2ns)t

Pes (t):pas (0)9 2 :
P (t) = (p77 (O) + P (0))e*(71+72)t ~ Pas (O)e—(y1+y2+y3)1;

1
—(2n+2r2t73)t

Prg (t):pna (0)6 2 '
Pes (t) = Pas (O) g rarra)t.

where ¢; are given by

¢14=tan1(“rJ J; ﬂeztanl(ﬂj; ¢, ='[an1[JJrJ J;
N V2 73

s :tanl(J_J ]; s =ta\n1[J_J J
N 73

In our case, we have three qubits space {|§3§2§1>}§'701, and our parameter in

units 2m MHz are
o, =400; w, =200; w, =100 J =10; J'=0.4
7, =0.05; y, =0.05; y, =0.05.
the time is normalized by the same factor of 27 MHz, and we include in this
study the entangle state

[#,)=2((000) +[111) +001) + 110)). (30)

Figure 4 shows the behavior of the entangled states |W> and |GHZ> as a
function of time when this entangled state interact with the environment. Purity

behavior, tr ( pz), is also shown. The system starts as a pure entangled state, it

%%
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2.5~ c”(IGHz>) i

® _
C, (¥>)

1.5

0.5

Figure 4. CLS) and Purity for the entangled state ‘W) ,

GHZ),and |¥,).

evolves in a mixed state and finishes in the pure ground state (|000>), after
sharing energy with the environment. The states |GHZ> and |‘P1> behave
more robust than the state |W> , Cf) grows since other entangled stated con-
tribute to this function. In contrast, starting with the entangled state |W> , there
are not other entangled states which make contribution to the function CS) in

the dynamics, and one sees an exponential decay.

4. Conclusion

We have studied the full factorization of a state made up of up to 4-qubits basic
states. We have seen that there is an indication that the number of conditions to
characterize a factorized state grows exponentially with the number of qubits.
For two, three and four basic qubits, we showed the conditions in order to have a
factorized state, and if any of one of these conditions fails, one gets instead an
entangled state. Therefore, an entangled state is also characterized by the com-
plement of each of this conditions, and the resulting expression has been de-
noted by cm (n=2,3,4). This non-negative function expressed in terms of the
coefficients of the wave function or in terms of the density matrix elements
represents a measurement of the entanglement of any wave function made up of
basic n-qubits (n=2,3,4). Using this function, we study the decay of entangled
states |W>, |GHZ>, and |‘Pl> due to interaction with environment, and we
noticed a great different behavior of the function Cff) , indicating some type of
robustness behavior of the states |GHZ> and |‘Pl> . The main reason for this
different behavior is that the entangled states |GHZ> and |‘P1> contain the
ground state |OOO> , which is the final state in the dynamics.
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