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Abstract 
In this article, we propose two control charts namely, the “Multivariate Group Runs’ 
(MV-GR-M)” and the “Multivariate Modified Group Runs’ (MV-MGR-M)” control 
charts, based on the multivariate normal processes, for monitoring the process mean 
vector. Methods to obtain the design parameters and operations of these control 
charts are discussed. Performances of the proposed charts are compared with some 
existing control charts. It is verified that, the proposed charts give a significant re-
duction in the out-of-control “Average Time to Signal” (ATS) in the zero state, as 
well in the steady state compared to the Hotelling’s T2 and the synthetic T2 control 
charts. 
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1. Introduction 

In many industrial processes, quality of the product may depend on two or more quali-
ty characteristics (may be dependent), which need to be controlled and monitored si-
multaneously. In the last decade or two, various multivariate procedures have been de-
veloped for simultaneous monitoring of such characteristics. Most of these procedures 
are to detect shifts in the process mean vector. In such a case, data in terms of vectors 
follow p-variate normal distribution with mean vector µ and covariance matrix Σ. Ho-
telling, H. [1] introduced the Hotelling’s T2 control chart which is used to monitor the 
multivariate process and its operation is based only on the most recent observation, 
therefore it is insensitive to detect small and moderate shifts in the mean vector. To 
overcome this drawback during the last decade, improvement of the Hotelling’s T2 sta-
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tistic has attracted for the research work. 
Wu and Spedding [2] developed the synthetic X  chart as a combination of the 

Shewhart X  chart and the “Conforming Run Length” (CRL) chart for detecting shifts 
in the process mean. The CRL chart is an attribute control chart proposed by Bourke 
[3] for monitoring fraction nonconforming. It was shown that the synthetic X  chart 
outperforms the Shewhart X  chart over the entire range of shifts in the process mean. 
The development of the synthetic control chart for a univariate process has been also 
documented by Calzadaand Scariano [4], Davis and Woodall [5], Scariano and Calzada 
[6], Huang and Chen [7], and Costa and Rahim [8]. The development of the Multiva-
riate synthetic control chart for monitoring process Mean vector (MV-Syn-M) has been 
proposed by Ghute and Shirke [9]. This chart is developed as a combination of the Ho-
telling’s T2 chart and the CRL chart. The MV-Syn-M chart is an extension of the syn-
thetic chart in multivariate normal data. 

Purpose of this article is to improve the efficiency of the Hotelling’s T2 chart and the 
“Multivariate Synthetic control chart to detect shifts in the Mean vector” (MV-Syn-M) 
by using the recently developed concept of “Group Runs” (GR) and the “Modified 
Groups Runs” (MGR) control charts. The development of the GR control chart [10] 
and MGR control chart [11] for univariate process has been documented by Gadre and 
Rattihalli. We propose the “Multivariate Group Runs control chart for Mean vector” 
(MV-GR-M) and the “Multivariate Modified Group Runs control chart for Mean vec-
tor” (MV-MGR-M) charts, which detect process changes faster than the Hotelling’s T2 
chart and the MV-Syn-M chart. 

Description of the related multivariate control charts for the mean vector is given in 
Section 2. Section 3, includes the description and design of the GR and MGR charts. 
Description of the runs rule representation of the MV-GR-M and MV-MGR-M charts 
is given in Section 4. In the subsequent section, it is illustrated that in the zero state, 
MV-GR-M and MV-MGR-M charts outperform as compared to the Hotelling’s T2 
chart and the MV-Syn-M chart. We also give one real life situation for the effectiveness 
of the MV-GR-M and the MV-MGR-M charts. In Section 6, the steady state perfor-
mances of the MV-GR-M and the MV-MGR-M charts are studied. Concluding remarks 
are given in the last section. 

2. Some Multivariate Control Charts for the Process Mean 

This section briefly describes some multivariate control charts to monitor the mean 
vector of a multivariate normally distributed process namely, Hotelling’s T2 chart and 
the MV-Syn-M chart. 

Let 1 2, , , nX X X  be a random sample from ( ),pN Σµ  distribution. Here, µ is the 
process mean vector and Σ is the process covariance matrix. These vectors represent 
measurements of p quality characteristics. Let X  be the sample mean vector of the 
above sample and µ0, Σ0 be the in control mean vector and covariance matrix respec-
tively. The problem of interest is to detect the shift in the mean vector µ. The hypothe-
sis testing problem is equivalent to test the null hypothesis Ho: µ = µ0 against H1: µ ≠ 
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µ0. The test statistic for testing Ho against H1 is given by  

( ) ( )1
0 0

2
0 ,T n −′− −= ∑X Xµ µ                       (1) 

2.1. The Hotelling’s T2 Chart 

This control chart is used to detect shift in mean vector for the multivariate normal da-
ta. The upper control limit is 

,

2
p

k
α

χ= , where 
,

2
pα

χ  is upper 100α percentage point of 
chi-square distribution. If the process is in-control, a test statistic T2 is distributed as a 
chi-square variate with p degrees of freedom, otherwise it follows as a non-central 
chi-square distribution with a non-centrality parameter λ2, where  

( ) ( )0
2 21

0 0 nn dλ −− −′= =∑µ µ µ µ  

and d denotes a shift of magnitude in the mean vector. ATS for this control chart is  

ATS n
P

= , 

where, ( )2PrP T k d= > . The on-target and off-target values of P are 
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( )

2
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1

Pr 0
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Pr

P T k d

P T k d

= > =
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


= > 

                        (2) 

where, *d  is the magnitude considered large enough to seriously impair quality of the 
products. 

Here, we find optimal choices of the two parameters (n, k) for given ( )*
0, ,p d Σ  by 

using “Average Time to Signal” (ATS) model  

( )

( )

*Minimize ATS

Subject to the constraint
ATS 0

d

τ




≥ 

                      (3) 

2.2. The Multivariate Synthetic Control Chart for Mean Vector  
(MV-Syn-M) 

In MV-Syn-M control chart, for the above problem, Ghute and Shirke [9] computed 
optimum design parameters (k, L) for given ( )*

0, , ,n p d Σ . They obtained optimal 
choices of the parameters by using ARL model. Further, they have not studied steady 
state performance for MV-Syn-M control chart. This chart consists of two sub-charts: 
T2 sub-chart and CRL sub-chart. The operation of this chart is similar to that of the 
synthetic control chart suggested by Wu and Spedding [2]. Here, we obtain optimal 
choices of all the three parameters (n, k, L) for given ( )*

0, ,p d Σ  by using ATS model 
given in Equation (3). ATS for MV-Syn-M chart is given by  

( ) ( ) ( )( )( )
1ATS * .

* 1 1 *
s L

nd
P d P d

=
− −

                 (4)
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3. Some Group Runs Based Control Charts for the Process Mean 

This section briefly describes some group runs based control charts based on ATS crite-
rion, namely the GR chart and the MGR chart. These charts give a significant reduction 
in out of control ATS as compared to the X  chart and the synthetic control chart. 

3.1. Group Run Control Chart for Detecting Shifts in the Process Mean 

The “Group Runs” (GR) chart proposed by Gadre and Rattihalli [10] which is a com-
bination of the Shewhart’s X  chart with an extended version of sample based CRL 
chart. The GR chart outperforms the Shewhart’s X  chart and the synthetic chart. 
Here CRL is the number of conforming samples between two consecutive non-con- 
forming samples including the ending non-conforming sample. For simplicity, Yr be 
the rth sample based CRL. 

Some notations for the GR chart 
1) δ: Design shift in the process mean. 
2) ATS(δ): The average number of units required by the time the process has gone 

out of control. 
3) δ1: Design shift in the mean, the magnitude of which is considered large enough to 

seriously impair the quality of the product. 
4) Lg: Lower control limit of GR Chart. 
5) τ: The minimum required value of ATS(0). 
Operation of the GR chart 
Stepwise procedure of operation of the GR chart is as follows. 
Step-1: Inspect n units in a group. 
Step-2: Declare the group as conforming or nonconforming using X  sub-chart. 
Step-3: A process is said to be out of control, if either 1  gY L≤  or two successive Yr’s 

are less than or equal to Lg for the first time. 
Step-4: When the process goes out control, necessary corrective action should be 

taken to reset and to resume it. Once the process restarts, move to Step-1, before initia-
lizing CRL to 0. 

Design of the GR Chart 
In the synthetic control chart, for the same problem, Wu and Spedding computed 

optimal design parameters (k, Lg) for the given sample size (n). In case of the GR chart, 
optimum choices of the three parameters ( ), , gn k L  are computed. In designing GR 
chart, the model is based on ATS model given in (3). 

Let P be the probability of the group being nonconforming. It is given by,  

( ) 01 ~ , .x s x sP P P L X U X N
n
σδ µ δσ

  
= = − < < +  

  
           (5) 

Here ( )1, 2,rY r =   are independently and identically distributed (i.i.d) waiting 
time random variables with mean 1/P. Therefore, if N is the number of non-con- 
forming groups observed before declaring the process has gone out of control, then 
E(N) and ( )ATS gδ  are as follows (refer Gadre and Rattihalli [10]) 
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( )
( )( )( )2

1 .
1 1

L
E N

P δ
=

− −
                       (6) 

( ) ( ) ( )( )( )2

1ATS
1 1

g L

n
P P

δ
δ δ

=
− −

                    (7) 

3.2. Modified Group Runs Control Chart for Process Mean 

“Modified Group Runs” (MGR) chart is proposed by Gadre and Rattihalli [11]. This 
chart outperforms the Shewhart’s X  chart, the synthetic chart and the GR chart. 
MGR chart consists of two components. The first component examines whether the 
group is conforming or not by using an X -based procedure to detect shifts in the 
process mean. The second component depends on group runs based procedure and is 
used to decide status of the process. This component has two levels of group inspection. 
In the ( )1, 2thi i =  level of group inspection, they examine whether a group-based CRL 
is not more or more than a given number Li, the lower limit. The procedure of MGR 
chart is described as follows. 

X -based procedure: If 0µ  is the target value and σ is the process variability, the 
group of size n is declared as nonconforming if the group mean  

0 0,X k k
n n
σ σµ µ 

∉ − + 
 

. 

Group runs based procedure: The group runs based procedure declares the process 
as out of control, if 1 2Y L≤  or for some ( )1r > , 1rY L≤  and ( ) 21rY L+ ≤ , for the first 
time. Here, L1 is a warning limit. 

In case of MGR chart to detect shifts in the process mean, let ATS(δ) be the average 
number of units required by MGR chart to detect a shift in the process mean from 0µ  
to 0µ δσ± . Let δ1(≠0) be a given value of the shift in the mean, the magnitude of 
which is considered large enough to seriously impair the quality of the product. For the 
given input parameters ( )0 1, ,µ δ τ , we determine values of the design parameters 
( )1 2, , ,n k L L  by using the ATS model given in Equation (3) was considered. As men-
tioned in Gadre and Rattihalli [11], ATS for MGR chart is  

( ) ( )( )
2 1

1 2mg

1ATS .
1 1

L L

L L

n Q Q
P Q Q

δ + −
=

− −
                   (8)

 

4. Multivariate Group Runs Based Control Charts for the Process  
Mean 

In this section, we propose two multivariate group runs based control charts for moni-
toring the process mean using the Hotelling’s T2 statistic, namely the MV-GR-M chart 
and the MV-MGR-M chart. 

4.1. The MV-GR-M Chart 

Some Notations for the MV-GR-M Chart 
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1) T2 = Hotelling’s T2 statistic 
2) Lg = “Lower Control Limit” (LCL) of the MV-GR-M chart. 
3) kg = “Upper Control Limit” (UCL) for the status of a group of the MV-GR-M 

chart. 
Implementation of MV-GR-M Chart 
Stepwise procedure for the implementation of the MV-GR-M chart is as follows: 
Step-1 Inspect n units in succession. 
Step-2 Declare the group as conforming or non-conforming through the Hotelling’s 

T2 statistic. The group is classified as non-conforming when T2 falls beyond kg. 
Step-3 A process is said to be out of control, if either 1 gY L≤  or for 1r > , two 

successive Yr’s, are less than or equal to Lg, for the first time. 
Step-4 When the process goes out-of-control, the corrective action be taken. Once 

the process restarts, return to Step-1 before initializing CRL to zero. 
In Shewhart type control chart, the zero state and steady state ARL performances are 

exactly same. However, for the group runs based control charts, the zero state and the 
steady state ATS performance are not same. We carry out the steady state ATS perfor-
mance by using the optimal design parameters from the zero state ATS model. 

Gadre and Rattihalli [10] obtained the zero-state ( )ATS ATSg , for the GR chart 
which is as given in (4). During the in-control period, P = α and during the out-of- 
controlperiod, 1P β= − . Davis and Woodall [5] obtained the “Steady-State ATS” of 
the synthetic chart through a Markov chain model. We also adopted steady state ap-
proach introduced by Davis and Woodall to obtain the ATSg for the MV-GR-M chart. 
We developed the MAT-LAB program to compute the probability P as mentioned in 
Equation (2). 

4.2. The MV-MGR-M Chart 

We applied the MGR technique suggested by Gadre and Rattihalli [11] to develop the 
MV-MGR-M control chart to detect shifts in the process mean vector. For MV-MGR-M 
chart, we obtain the design parameters (n, kmg, L1, L2) for given input parameters 

( )*
0, ,P d Σ  by using ATS model in (3) and expression for ATS given in Equation (8).

 
5. Numerical Examples and Comparison in the Zero State 

To compare the ATS performance of the MV-GR-M chart and the MV-MGR-M chart 
with the Hotelling’s T2 chart, T2-syn chart, we consider the sets of input parameters (d, 
τ), in the zero state case. A macro in MAT-LAB is developed to obtain the design pa-
rameters of the MV-GR-M chart and MV-MGR-M chart for given input parameters. 

Examples Related to the MV-GR-M and MV-MGR-M Charts and Its  
Performance in the Zero State 

Example1: The input parameters ( )*,d τ  are  
*d : 0.5 1.0 1.5 2.0 2.5 3.0 

τ: 2000 5000 10,000 
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Considering all possible 18 combination of the input parameters ( )*,d τ , values of 
the design parameters along with respective values of (ATS)1 ( )( )*ATS d=  are com-
puted for each of the three control charts and are given in Table 1. 

For multivariate normal situation, since these 18 cases cover almost all the practical si- 
tuations, we conclude that mg g sn n n≤ ≤  and ( )*

mg
ATS d  ≤ ( )*ATS

g
d  ≤ ( )*ATS

s
d . 

In the zero state, computations indicate that the MV-MGR-M chart is superior in 
detecting shifts in the process mean vector as compared to the other two compatible 
MV-Syn-M chart and MV-GR-M chart. 

This example shows that, not only ( )*

mg
ATS d  is not more than ATS of the other 

two charts, but also the sample size nmg is not exceeding the sample sizes of the re-
maining two charts. 

Normalized ATS (normalized with respect to the MV-Syn-M chart) values are com-
puted for ( )0d =  to ( )3d = . For MV-Syn-M chart the normalized ATS is always un-
ity. The entries up to d = 1.305 are given in Table 2. For the larger values of d, the val-
ues of normalized ATS for all the four charts are same as those for d ≥ 1.095. Figure 1 
is also shown below to see the ATS performance of the four charts. 

It is observed that for d ≥ 0.285, we have ATS(d)mg < ATS(d)g < ATS(d)s< ATS(d)HOT. 
Thus, the MV-MGR-M chart detects a shift of any size in the multivariate normal 
processes, for monitoring the process mean vector earlier than the MV-HOT, MV-Syn-M  
 
Table 1. Optimal design parameters and ATS(d) values of the three charts. 

Input Parameters MV-Syn-M Chart MV-GR-M Chart MV-MGR-M Chart 

(d, τ) ns ks Ls ATS(d) ng kg Lg ATS(d) nmg kmg L1mg L2mg ATS(d) 

(0.5, 2000) 29 7.00 3 45.173 24 5.85 3 38.122 19 5.91 1 5 34.088 

(1.0, 2000) 9 8.34 3 13.763 8 6.75 3 11.436 6 6.75 1 5 10.234 

(1.5, 2000) 5 9.00 3 6.772 4 7.30 3 5.558 3 7.25 1 5 4.985 

(2.0, 2000) 3 9.57 3 4.051 2 7.83 3 3.335 2 7.37 1 4 2.987 

(2.5, 2000) 2 10.02 3 2.710 1 9.09 5 2.520 1 8.32 1 7 2.053 

(3.0, 2000) 1 11.09 4 2.152 1 8.36 3 1.587 1 7.87 1 4 1.438 

(0.5, 5000) 34 7.87 3 51.708 28 6.48 3 43.117 22 6.47 1 5 38.616 

(1.0, 5000) 11 9.15 3 15.370 9 7.38 3 12.617 7 7.30 1 5 11.350 

(1.5, 5000) 5 10.02 3 7.447 4 8.00 3 6.046 3 8.06 1 6 5.536 

(2.0, 5000) 3 10.58 3 4.432 2 8.94 4 3.710 2 8.21 1 5 3.255 

(2.5, 5000) 2 11.03 3 2.961 1 10.04 6 2.964 1 9.08 1 8 2.319 

(3.0, 5000) 1 12.32 5 2.535 1 9.46 4 1.746 1 8.71 1 5 1.553 

(0.5, 10,000) 38 8.53 3 56.572 31 6.95 3 46.739 25 6.88 1 5 42.015 

(1.0, 10,000) 12 9.82 3 16.545 9 7.91 3 13.447 8 7.53 1 4 12.195 

(1.5, 10,000) 6 10.58 3 7.974 5 8.36 3 6.497 4 8.03 1 4 5.856 

(2.0, 10,000) 3 11.34 3 4.794 3 8.75 3 3.840 2 8.71 1 5 3.489 

(2.5, 10,000) 2 11.78 3 3.194 2 9.05 3 2.544 1 9.66 1 9 2.556 

(3.0, 10,000) 1 13.27 6 2.899 1 9.98 4 1.890 1 9.21 1 5 1.650 
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Table 2. Normalised ATS values for four control charts for various values of d. 

d Hotelling’s T2 MV-Syn-M MV-GR-M MV-MGR-M d Hotelling’s T2 MV-Syn-M MV-GR-M MV-MGR-M 

0 1 1 1 1 0.660 1.4676 1 0.8260 0.7179 
0.015 0.9974 1 1.0007 1.0029 0.675 1.4712 1 0.8264 0.7140 

0.030 0.9902 1 1.0026 1.0111 0.690 1.4805 1 0.8269 0.7101 

0.045 0.9806 1 1.0053 1.0236 0.705 1.4817 1 0.8255 0.7049 

0.060 0.9712 1 1.0080 1.0391 0.720 1.4899 1 0.8265 0.7016 

0.075 0.9643 1 1.0100 1.0556 0.735 1.4927 1 0.8227 0.6943 

0.090 0.9614 1 1.0105 1.0713 0.750 1.4997 1 0.8241 0.6917 
0.105 0.9634 1 1.0092 1.0843 0.765 1.5026 1 0.8232 0.6871 
0.120 0.9704 1 1.0058 1.0932 0.780 1.5084 1 0.8222 0.6853 

0.135 0.9824 1 1.0001 1.0967 0.795 1.5098 1 0.8217 0.6786 

0.150 0.9986 1 0.9924 1.0944 0.810 1.5142 1 0.8212 0.6748 

0.165 1.0188 1 0.9831 1.0860 0.825 1.5157 1 0.8207 0.6709 

0.180 1.0421 1 0.9724 1.0717 0.840 1.5201 1 0.8203 0.6700 

0.195 1.0678 1 0.9606 1.0524 0.855 1.5245 1 0.8198 0.6690 

0.210 1.0955 1 0.9485 1.0288 0.870 1.5216 1 0.8198 0.6631 
0.225 1.1242 1 0.9360 1.0020 0.885 1.5216 1 0.8169 0.6602 
0.240 1.1533 1 0.9235 0.9729 0.900 1.5261 1 0.8193 0.6592 
0.255 1.1827 1 0.9117 0.9431 0.915 1.5261 1 0.8163 0.6592 

0.270 1.2116 1 0.9003 0.9138 0.930 1.5261 1 0.8163 0.6563 

0.285 1.2394 1 0.8896 0.8851 0.945 1.5261 1 0.8163 0.6534 

0.300 1.2654 1 0.8794 0.8582 0.960 1.5306 1 0.8187 0.6553 

0.315 1.2897 1 0.8703 0.8343 0.975 1.5306 1 0.8187 0.6524 

0.330 1.3129 1 0.8630 0.8135 0.990 1.5306 1 0.8158 0.6524 

0.345 1.3331 1 0.8554 0.7953 1.005 1.5306 1 0.8158 0.6524 
0.360 1.3514 1 0.8494 0.7810 1.020 1.5306 1 0.8158 0.6494 
0.375 1.3660 1 0.8437 0.7688 1.035 1.5306 1 0.8158 0.6494 

0.390 1.3807 1 0.8398 0.7609 1.050 1.5306 1 0.8158 0.6494 

0.405 1.3913 1 0.8360 0.7542 1.065 1.5306 1 0.8158 0.6494 

0.420 1.4008 1 0.8331 0.7507 1.080 1.5306 1 0.8158 0.6494 

0.435 1.4066 1 0.8294 0.7479 1.095 1.5306 1 0.8158 0.6465 

0.450 1.4124 1 0.8289 0.7466 1.110 1.5306 1 0.8158 0.6465 

0.465 1.4169 1 0.8272 0.7468 1.125 1.5306 1 0.8158 0.6465 

0.480 1.4230 1 0.8270 0.7462 1.140 1.5306 1 0.8158 0.6465 

0.495 1.4250 1 0.8268 0.7465 1.155 1.5306 1 0.8158 0.6465 

0.510 1.4271 1 0.8262 0.7453 1.170 1.5306 1 0.8158 0.6465 

0.525 1.4309 1 0.8266 0.7457 1.185 1.5306 1 0.8158 0.6465 
0.540 1.4312 1 0.8263 0.7439 1.200 1.5306 1 0.8158 0.6465 

0.555 1.4365 1 0.8267 0.7431 1.215 1.5306 1 0.8158 0.6465 

0.570 1.4367 1 0.8259 0.7394 1.230 1.5306 1 0.8158 0.6465 

0.585 1.4431 1 0.8279 0.7385 1.245 1.5306 1 0.8158 0.6465 

0.600 1.4442 1 0.8264 0.7345 1.260 1.5306 1 0.8158 0.6465 
0.615 1.4503 1 0.8272 0.7303 1.275 1.5306 1 0.8158 0.6465 

0.630 1.4571 1 0.8264 0.7273 1.290 1.5306 1 0.8158 0.6465 

0.645 1.4602 1 0.8260 0.7223 1.305 1.5306 1 0.8158 0.6465 
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Figure 1. A graph of normalised ATS against C2 values. 

 
and MV-GR-M charts, though optimum values of the design parameters are calculated 
for a specific d value. 

It is to be noted that the run length based charts are not having single initial state. 
Therefore, it is necessary to study their performance in steady state and should be 
compared with that of the compatible charts. In the following section we study such 
performance of the MV-GR-M and MV-MGR-M charts. 

A real life example 
This example is given to illustrate the use of the proposed chart and compare it to the 

available Hotelling’s T2 and MV-Syn-M control charts. The data set is collected by the 
students of M.Sc. Statistics for their project. The data are from most important part, ca-
liper of the brake system that measured the Lug-hole CD which is distance from two 
bottom holes of the caliper (X1) with the specification 142.05 ± 0.75 mm and diameter 
which is the distance of center hole (X2) with the specification of 51.07 ± 0.15 mm for 
20 samples each size 10. According to historical information about this type of Caliper, 
the in-control mean vector and covariance matrix were taken as: 

0 0

51.07 0.001868 0.000302
,  

142.05 0.000302 0.0681415
µ

   
   
  

= =


∑  

Assuming that the in-control process has a ( )2 0 0,N µ ∑  distribution, the process is 
stable with respect to its mean vector. The process is assumed to be in out of control i.e. 
mean vector to is shifted to the magnitude d = 0.95 and the samples are generated from 

( )2 1 0,N µ ∑  distribution. For monitoring the mean vector of a bivariate process, we 
consider T2 as a charting statistic. Using Equation (1), the T2 statistic for each of the 20 
samples are computed and are shown in Table 3. 

We compute optimal design parameters for the three control charts for n = 10, p = 2 
and α = 0.05, by choosing *d  = 0.95 in Table 4. 

Here, MV-Syn-M, MV-GR-M and MV-MGR-M control charts give an out-of-con- 
trol signal at sample 10, 7 and 7 respectively. This example illustrates the effectiveness 
of the MV-GR-M chart and MV-MGR-M chart, compared with the MV-Syn-M chart, 
for detecting a change of the process mean vector. 
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Table 3. T2 values for the illustrative example. 

Sample No. T2 Sample No. T2 

1 2.2397 11 0.7828 

2 2.3294 12 4.033 

3 4.0337 13 2.8089 

4 1.649 14 4.3925 

5 2.5909 15 4.9097 

6 5.2907 16 2.8456 

7 2.852 17 0.3557 

8 3.3741 18 1.7849 

9 4.6013 19 3.1023 

10 9.8068 20 4.9902 

 
Table 4. Optimal design parameters of various control charts. 

Control Chart Optimal Design Parameters 

MV-Syn-M L = 2, CL = 3.603 

MV-GR-M L = 2, CL = 2.741 

MV-MGR-M L1 = 1, L2 = 2, CL = 2.51 

6. Steady State Behavior of the Various Charts 

Davis and Woodall [5], proposed runs rule for the synthetic control chart for the steady 
state performance. Gadre and Rattihalli [10] considered the steady state performance of 
the group runs control chart for detecting shifts in the process mean. Also, Gadre and 
Rattihalli [11] considered the steady state performance of the MGR control charts to 
detect increases in fraction non-conforming and shifts in the process mean. Here, we 
use the same runs rule for the MV-GR-M and MV-MGR-M charts. 

It is to be noted that for any run length based control chart, the steady state ATS is 
not smaller than the zero state ATS. If the signal depends on one point only, both ATSs 
are the same. The performances of any two charts should be compared by making the 
(SSATS)0 of the two charts the same. Hence, we compute the adjusted steady state ATS 
of chart II with respect to the chart I as  

( ) ( ) ( ){ } ( ){ }III II II
Adj. S.S. ATS S.S. ATS S.S. ATS 1 S.S. ATS 1d d=           . Adjusted stea- 

dy state ATS values corresponding to the different values of d for various charts are as 
follows. 

The Steady State Performance of MV-GR-M and MV-MGR-M Charts 

Example-1 (Cont.): The following table gives the adjusted steady state ATS values 
corresponding to the values of din Example-1, for all three charts. 

From Table 5, we observe the following: 
For d ≥ 0.3, (Adj. SSATS)Hot-T

2 > (Adj. SSATS)MV-Syn-M > (Adj. SSATS)MV-GR-M 
The computations indicate that for shifts (d ≥ 0.3) in the process level, the MV-GR-M 
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chart is superior in detecting the significant shifts compare to the other two compatible 
Hotelling’s T2 and MV-Syn-M charts in the steady state case. 

From Table 6, we observe the following: 
For d ≥ 0.4, (Adj. SSATS)MV-Syn-M > (Adj. SSATS)MV-GR-M > (Adj. SSATS)MV-MGR-M 

 
Table 5. SSATS and Adj. SSATS for the hotelling’s T2, MV-Syn-M chart and MV-GR-M chart. 

 
Hotelling’s T2 MV-Syn-M Adj. MV-Syn-M MV-GR-M Adj. MV-GR-M 

 
n = 52 n = 34 n = 34 n = 28 n = 28 

d k = 11.26 k = 7.87, L = 3 k = 7.87, L = 3 L = 3, k = 6.48 k = 6.48, L = 3 

0 5000.0 5346.5 5000.0 5819 5000.0 

0.1 2440.1 2777.8 2597.8 3087.5 2652.9 

0.2 720.2 784.9 734.0 850.9 731.1 

0.3 251.0 253.5 237.1 261.1 224.4 

0.4 117.5 113.6 106.2 113 97.1 

0.5 73.7 68.8 64.3 67 57.6 

0.6 58.3 52.1 48.7 49.8 42.8 

0.7 53.4 45.7 42.7 42.8 36.8 

0.8 52.2 43.3 40.5 40 34.4 

0.9 52.0 42.7 39.9 39.1 33.6 

1 52.0 42.5 39.7 38.8 33.3 

1.1 52.0 42.5 39.7 38.8 33.3 

1.2 52.0 42.5 39.7 38.8 33.3 

1.3 52.0 42.5 39.7 38.8 33.3 

1.4 52.0 42.5 39.7 38.8 33.3 

 
Table 6. SSATS and Adj. SSATS for the MV-Syn-M chart, MV-GR-M chart and MV-MGR-M. 

 
MV-Syn-M MV-GR-M Adj. MV-GR-M MV-MGR-M Adj. MV-MGR-M 

 
n = 34 n = 28, L = 3 n = 28, L = 3 n = 22, L1 = 1, L2 = 5 n = 22, L1 = 1, L2 = 5 

d k = 7.87, L = 3 K = 6.48 K = 6.48 K = 6.47 K = 6.47 

0 5346.5 5819 5346.5 6578.9 5346.5 

0.1 2777.8 3087.5 2836.8 3808.6 3095.1 

0.2 784.9 850.9 781.8 1134.4 921.9 

0.3 253.5 261.1 239.9 328.4 266.9 

0.4 113.6 113 103.8 125.7 102.2 

0.5 68.8 67 61.6 66.1 53.7 

0.6 52.1 49.8 45.8 44.4 36.1 

0.7 45.7 42.8 39.3 35.2 28.6 

0.8 43.3 40 36.8 31.1 25.3 

0.9 42.7 39.1 35.9 29.3 23.8 

1 42.5 38.8 35.6 28.6 23.2 

1.1 42.5 38.8 35.6 28.4 23.1 

1.2 42.5 38.8 35.6 28.3 23.0 

1.3 42.5 38.8 35.6 28.3 23.0 

1.4 42.5 38.8 35.6 28.3 23.0 
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The computations indicate that for shifts (d ≥ 0.4) in the process level, the 
MV-MGR-M chart is superior in detecting shifts compared to the other two compatible 
MV-Syn-M and MV-GR-M charts in the steady state case. 

7. Conclusion 

The MV-GR-M and MV-MGR-M control charts have been developed for the multiva-
riate normal processes, for monitoring the process mean vector. The ATS comparison 
of the MV-Syn-M chart and the MV-GR-M and MV-MGR-M charts are carried out. 
The comparison indicates, in the zero state as well as in the steady state, the MV-GR-M 
and MV-MGR-M charts outperform the chart MV-Syn-M for all the shifts considered. 
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