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Abstract 
The electric networks for the distribution to low voltage costumers can be configured 
in different layouts. Two main approaches are used: the European system composed 
by three-phase distribution transformers or the North American system composed 
by single-phase distribution transformers and three-phase transformer banks of sin-
gle-phase transformers. With respect to harmonic analysis, much more attention has 
been focused on the three-phase balanced systems arrangements than on the unba-
lanced four-wire delta system extensively used to supply low voltage loads of 120/240 
V. Different authors have shown the three-phase power systems modeling on a phase- 
coordinates frame. However, the presence of significant asymmetries in the network 
forces the need of adding a new phase-coordinates model to represent the three-phase 
transformers banks of two or three single-phase transformers in its various connec-
tions. Several papers treat the use of harmonic analysis programs based on a phase- 
coordinates frame to study the Wye or Delta connected three-phase systems. How-
ever, the commonly used four-wire delta connected systems are not fully treated in 
literature. This paper presents a phase-coordinates model for the representation of 
the commonly used three-phase transformer banks of three or two single-phase trans-
formers, and single-phase distribution transformers for the harmonic analysis of the 
four-wire delta connected systems. The harmonic analysis method based on the pre-
sented model is used to examine the characteristics of this kind of distribution sys-
tem with respect to the penetration of harmonics currents from loads to the primary 
system. 
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1. Introduction 

The electric networks for the distribution to low voltage costumers can be configured in 
different layouts. Two main approaches are used: the European system composed by 
three-phase distribution transformers or the North American system composed by sin-
gle-phase distribution transformers and three-phase transformer banks of single-phase 
transformers. With respect to harmonic analysis, much more attention has been fo-
cused on the three-phase balanced systems arrangements than on the unbalanced four- 
wire delta system extensively used to supply low voltage loads of 120/240 V. The phase- 
coordinates models can be used for the analysis of distribution systems at fundamental 
frequency as well as for other frequencies and are well suited for the harmonic analysis 
of unbalanced networks. 

The formulation of the harmonic power flow method in a phase-coordinates frame, 
besides allowing for a more accurate modeling of unbalanced networks, allows the spe-
cification of harmonic injections of any type: single-phase or three-phase of the desired 
sequence. Therefore, it is possible to study the effect of the non-linear loads according 
to its features and connection to the circuit. 

Different authors have shown the three-phase power systems modeling on a phase- 
coordinates frame [1]-[9]. However, the presence of significant asymmetries in the net-
work forces the need of adding a new phase-coordinates model to represent the three- 
phase transformers banks of two or three single-phase transformers in its various con-
nections [6] [7] [8] [9]. 

Several papers treat the use of harmonic analysis programs based on a phase-coor- 
dinates frame to study the Wye or Delta connected three-phase systems [3] [10] [11] 
[12]. However, the commonly used four-wire delta connected systems are not fully 
treated in literature. This paper presents a phase-coordinates model for the representa-
tion of the commonly used three-phase transformer banks of three or two single-phase 
transformers, and single-phase distribution transformers for the harmonic analysis of 
the four-wire delta connected systems. The harmonic analysis method based on the 
presented model is used to examine the characteristics of this kind of distribution sys-
tem with respect to the penetration of harmonics currents from loads to the primary 
system. 

2. Harmonic Penetration Analysis 

One of the most widely used techniques for solving the harmonic power flow problem 
is the so called harmonic penetration study [13] [14] [15] [16], which represent the non- 
linear load current injections by constant current sources of every one of the studied 
frequencies. 

The magnitude and phase angle of each of these current sources are calculated by the 
results of a previously solved fundamental frequency power flow and considering the 
typical harmonic spectrum of the non-linear loads presented in the system [13]. 

The procedure lies in the concept that the wave forms of the non-linear loads dis-
torted currents are independent of the voltage magnitude and wave form. In that way, a 
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fixed relation between each harmonic current component and the fundamental fre-
quency current is considered. 

Thus, the magnitude and phase angle of the hth harmonic are related with the fun-
damental frequency current and the typical harmonic spectrum of the load by: 

( )1 -spectrum 1-spectrumh hI I I I=                        (1) 

( )-spectrum 1 1-spectrumh h hφ φ φ φ= + −                      (2) 

Once all the harmonic current injections are calculated, the resulting harmonics vol-
tages on the system buses are determined by means of: 

( ) ( ) ( )h h hV Z I= ⋅                            (3) 

where V(h), Z(h) and I(h), are the voltages vector, the bus impedance matrix and the in-
jected currents vector for each hth harmonic frequency. 

The method decouples the voltages calculation for each frequency, so the process can 
be cyclically repeated for every harmonic frequency presented on any of the non-linear 
loads. 

Concluded the harmonic penetration study, a complete set of harmonic voltages on 
every bus is obtained and with it, all the harmonic branch currents can be calculated. 

The network bus impedance matrix for each frequency is determined as the inverse 
of the bus admittance matrix Y(h) that is built from established models for the different 
elements of the electrical system [3]. 

Using the positive, negative and zero sequence models of the system’s elements the 
bus impedance matrices of different sequences can be found.  

However, some types of electrical distribution networks of industrial, commercial or 
service facilities are so unbalanced that a more effective modeling can be achieved by 
using phase-coordinates models. 

2.1. The Phase-Coordinates Frame 

In essence, the phase-coordinates modeling is able to determine the voltage at all the 
nodes with respect to a reference node, which is usually the ground, but in the case of a 
not grounded system, or an asymmetric network as the four-wire delta connected sys-
tem is a fictitious reference node. 

Again, the resulting harmonics voltages of the system nodes are determined by means 
of (3). Thus, the key elements in the analysis are the determination of the vector I(h) and 
the matrix Z(h) in the phase-coordinates frame. 

The harmonic power penetration analysis in phase-coordinates allows the specifica-
tion of current injections of any type: single-phase or three-phase of the desired sequence. 
Therefore, it is possible to study the effect of non-linear loads according to their cha-
racteristics and their connection to the circuit. 

In order to represent a non-linear load current injection of N phases, a typical har-
monic spectrum of equal number of phases must be used. 

The fundamental apparent power S(1) of the load is the sum of the power of each 
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phase n: 

( ) ( ) ( )( )*1 1 1

1

N

n n
n

S V I
=

= ⋅∑                          (4) 

On the other hand, as the magnitude and phase angle relations between the funda-
mental currents of the N phases of the typical harmonic spectrum must be fulfilled, it 
can be expressed a linear relation between each phase fundamental current and their 
correspondent phase fundamental current in the considered harmonic spectrum. 

( ) ( )1 1
-spectrumn nI Iµ= ⋅                           (5) 

To determine the complex parameter μ, the relation (5) is substituted in (4) obtain-
ing: 

( ) ( ) ( )( )*1 1 1 *
-spectrum

1

N

n n
n

S V I µ
=

= ⋅ ⋅∑                     (6) 

From where: 

( ) ( ) ( )( )*1 1 1*
-spectrum

1

N

n n
n

S V Iµ
=

 = ⋅ 
 ∑                    (7) 

Calculated μ, the fundamental and other harmonic currents of each phase can be ob-
tained by: 

( ) ( )
-spectrum

h h
n nI Iµ= ⋅                        (8) 

( ) ( )
-spectrum

h h
n n h µφ φ φ= + ⋅                        (9) 

where φμ represents the phase angle of μ. 
Normally, typical harmonic spectrums are employed to represent the non-linear 

loads currents injections, however, a non-typical harmonic spectrum can be employed 
to represent a non-typical operation condition of the harmonic producing loads: partial 
load, voltages unbalance, non-characteristic harmonics generation, etc. 

To determine the bus impedance matrix for every frequency, there network nodal 
admittance matrix for each frequency must be formed, which comprises the adding of 
the nodal admittance sub-matrices of different elements such as the transformers, feed-
ers, machines and other passive elements such as capacitor banks, harmonic filters, etc. 

The model of three-phase transformers and three-phase transformer banks is one of 
the most complicated parts of the network model, due to the diversity of their connec-
tions and configurations. However, the effective network overlapping technique pre-
sented by Chen [6] [7] [8] simplifies the formation of the possible three-phase trans-
formers and three-phase transformer banks configurations. 

In [17] was presented a new model for the single-phase distribution transformer with 
center-tap in the secondary winding that considers the relation m between the imped-
ances of the primary and secondary winding of the transformer. This ratio depends on: 

( )1
2FULL HALF HALF FULLm Z Z Z Z = − − 

 
             (10) 

where ZFULL represents the full-winding impedance and ZHALF the half-winding imped-
ance of the distribution transformer. 
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Taken into account that the series reactance of the transformer varies with the har-
monic order h, and considering the commonly employed values for the half-winding 
impedance of the transformer [18], the relation m can be calculated depending on the 
secondary winding construction by: 

( ) ( )
( ) ( )
0.5 0.8 0.4       for interlaced secondary windings
0.25 0.5 1.5 3    for non-interlaced secondary windings

R j X h R j X h
m

R j X h R j X h
 + ⋅ + ⋅=  − ⋅ + ⋅

 (11) 

where R and X are the full-winding resistance and reactance of the transformer at the 
fundamental frequency. 

Using that model, this paper presents the admittance matrices of the commonly used 
three-phase transformer banks configurations. Besides, for each type of transformer bank, 
an analysis of the harmonics penetration in the primary circuit is achieved to highlight 
the characteristics of this system. 

2.2. The Floating Wye-Delta Transformer Bank 

The floating Wye-Delta transformer bank (Figure 1) is composed by a lighting leg 
transformer (1) and two equal power–leg transformers (2) and (3) of minor capacity. 

The admittance matrix of this transformer bank considering a relation m between 
the primary and the secondary winding impedances of the lighting–leg transformer (1) 
is: 

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1 1 1 1

2 2 2 2

3 3 3 3

3
1 2 3

1

1 3 1 1 3 1(3)

1 2 1 2 1 2 1

2 3

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 2 1 2 2 1

0 0 2 2 1 2 2 1

0 0

PP PP PS PS

PP PP PS PS

PP PP PS PS

k
PP PP PP PPh

k

SP SP SS SS SS SS SS

SP SP SS SS SS SS SS

SP SP

y y y y

y y y y

y y y y

y y y y
Y

y y y m y m y y m y

y y m y y m y y m y

y y

=

− −

− −

− −

− − −
=

− + + − − +

− + + − − +

− −

∑

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

3 2 2 3

1 1 1

0

0 0 0 0 2 2 1 2 2 1 0 4 2 1
SS SS SS SS

SS SS SS

y y y y

m y m y m y

 
 
 
 
 
 
 
 
 
 
 
 
 − + 
 − + − + + 

 (12) 

where yPP, yPS and ySS of each transformer are calculated as follows: 

 

 
Figure 1. Floating Wye-Delta transformer bank. 
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( ) 2
0PPy y y α= +                          (13) 

( )1
3PS SPy y y αβ= =                        (14) 

21
3SSy y β=                            (15) 

And y0 is the admittance shunt that represents the non-load losses and y is the series 
full-winding admittance of the transformer (both calculated for the frequency h), while 
α and β are the corresponding tap selection for primary and secondary respectively. 

2.3. The Open Wye-Open Delta Transformer Bank 

The open Wye-open Delta transformer bank (Figure 2) is composed by a larger light-
ing-leg transformer and a single power-leg transformer. The primary neutral must be 
grounded, so this node is eliminated from the analysis. 

The admittance matrix of this transformer bank considering a relation m between 
the primary and the secondary winding impedances of the lighting–leg transformer (1) 
is: 

( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 1 1

1 2 2

1 1 1(1)

2 1 2 1 2 1(1)

2 2(2)

1 1 1

0 0 0

0 0 0

0 2 1 2 0 2 2 1

2 2 1 2 2 1

0 0 0

0 0 2 2 1 2 2 1 0 4 2 1

PP PS PS

PP PS PS

SP SS SS SSh

SP SP SS SS SS SS SS

SP SS SS

SS SS SS

y y y

y y y

y m y m y m y
Y

y y m y y m y y m y

y y y

m y m y m y

 −
 
 −
 

+ − + 
=  

− + + − − + 
 − − 
 − + − + + 

(16) 

2.4. The Single-Phase Distribution Transformer 

The single-phase distribution transformer (Figure 3) does not supply three-phase 
loads. 

The admittance matrix of this transformer, provided that the primary neutral is 
grounded, is: 
 

 
Figure 2. Open Wye-open Delta transformer bank. 
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Figure 3. Single-phase distribution transformer. 
 

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

0
2 1 2 2 2 1

2 2 1 2 2 1
0 2 2 1 2 2 1 4 2 1

PP PS PS

SP SS SS SSh

SP SS SS SS

SS SS SS

y y y
y m y m y m y

Y
y m y m y m y

m y m y m y

− 
 − + − + =
 + − +
 

− + − + +  

       (17) 

3. System Analysis 

The presented phase-coordinates model has been implemented in a Matlab 2010 appli-
cation to evaluate the harmonics penetration from the low voltage four-wire delta con-
nected non-linear loads into the primary medium voltage feeder of a grounded Wye 
connected distribution system. 

The test system of Figure 4 is a three-phase four-wire 4160 V primary distribution 
feeder of four conductors (three-phases and multi-grounded neutral) 3/0 AWG that is 
supplied at bus N1 by a three-phase power source of 150 MVA of short circuit and x/r 
ratio equals 10. 

At the buses N1, N2 and N3 (250 meters apart each other) three equal transformer 
banks supply the loads at the low voltage buses n1, n2 and n3 that consists in a mixture 
of 240 V three-phase and 120 V single-phase loads. 

Two types of single-phase distribution transformers are employed to form the trans-
former banks (Table 1) of the example. 

In order to evaluate the harmonic injections effect of the non-linear loads, only this 
kind of loads will be considered in the example cases. The data of the loads supplied at 
the low voltage buses are (Table 2). 

These non-linear loads have been represented by the typical harmonic spectrum 
(Table 3) of a three-phase six pulse converter (1) and a branch circuit serving computer 
loads (2). 

Three cases are analyzed: 
1) Three floating Wye-Delta transformers banks. 
2) Three open Wye-open Delta transformers banks. 
3) Three single-phase distribution transformers. 

All the currents and voltages that will be shown are in per unit values of 100 kVA 
bases. 
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Figure 4. Test system. 

 
Table 1. Distribution transformers data. 

Transformer Primary Secondary kVA R (%) X (%) 

Lighting-leg 2400 V 120/240 V 100 1.0 3.0 

Power-leg 2400 V 240 V 50 1.0 3.0 

 
Table 2. Non-linear loads data. 

Load Voltage Phases kW Power factor Type 

1 240 V 3-phase 10 0.866 Six pulse converter 

2 120 V 1-phase 20 0.900 Computers 

 
Table 3. Non-linear loads harmonic spectrums. 

h 
hf 

(Hz) 

Computer load Three-phase converter (six pulse) 

Ih (%) φh (deg) Iah (%) φah (deg) Ibh (%) φbh (deg) Ich (%) φch (deg) 

1 60 100.0 −37.0 100.0 −40.7 100.3 −160.8 100.1 79.1 

3 180 65.7 −97.0 0.1 112.3 0.1 −128.6 0.1 2.8 

5 300 37.7 −166.0 20.4 −26.1 20.3 93.8 20.4 −146.4 

7 420 12.7 113.0 8.2 −98.6 8.3 141.1 8.2 20.6 

9 540 4.4 −46.0 0.1 3.7 0.1 −178.6 0.0 −1.6 

11 660 5.3 −158.0 3.5 −90.9 3.5 28.4 3.6 148.0 

13 780 2.5 92.0 2.9 −166.6 3.0 73.3 2.9 −47.3 

15 900 1.9 −51.0 0.0 −100.2 0.0 132.6 0.0 −1.6 

17 1020 1.8 −151.0 0.3 104.7 0.3 −137.3 0.3 −13.5 

19 1140 1.1 84.0 0.4 103.9 0.4 −16.1 0.4 −134.6 

3.1. Case 1 

In this case, three floating Wye-Delta transformers banks are used with the following 
connections (Table 4). 
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Table 4. Case 1 banks connections. 

Bank Transformers 
Primary Secondary 

kVA 
Bus Phases Bus Phases 

1 

Lighting-leg N1 A Neutral n1 A B AB* 100 

Power-leg N1 B Neutral n1 B C  50 

Power-leg N1 C Neutral n1 C A  50 

2 

Power-leg N2 A Neutral n2 A B  50 

Lighting-leg N2 B Neutral n2 B C BC* 100 

Power-leg N2 C Neutral n2 C A  50 

3 

Power-leg N3 A Neutral n3 A B  50 

Power-leg N3 B Neutral n3 B C  50 

Lighting-leg N3 C Neutral n3 C A CA* 100 

*AB, BC or CA is the mid-tap phase in the lighting-leg transformer. 

 
Single phase non-linear loads are supplied by the lighting leg transformers. If the 

both secondary sections of each lighting-leg transformer supply half of the single-phase 
load, no current flows through the mid tap. 

Due the floating primary neutral, the summation of primary currents must be zero. 
So, it can be shown, that the primary currents in the nodes 1, 2 and 3 (Figure 1) depend 
on: 

1

2 1

3

2
3
1
3
1
3

L

I
I k I
I

 + 
   
   = −   
    

 −
  

                       (18) 

where k is the transformer relation and IL1 is the current of the single-phase load that is 
connected to the lighting-leg transformer secondary. 

Considering the expression (18), all the single-phase load harmonic currents will 
flow through the transformer bank and so harmonics of all sequences will appear in the 
primary currents. The obtained results for the first transformer bank (Figure 5) sup-
plying only the single phase non-linear load confirms this conclusion. 

On the other hand, the flow through the feeder of the harmonics produced for all the 
single-phase loads is presented (Figure 6). 

As it can be seen (Figure 6), triples harmonics can flow through the A, B, C phases, 
but not through the multi-grounded neutral (Gnd) because of the floating primary neu-
tral of the transformer banks. In a perfectly balanced case like the presented, the triples 
harmonics will be eliminated and the non-triples harmonics will be balanced after the 
addition of the primary currents of the three transformer banks. However, this perfect 
situation is very rare in practice. 
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Figure 5. Harmonic currents in the transformer bank due to the single-phase load (case 1). 
 

 
Figure 6. Harmonic currents in the feeder due to the single-phase loads (case 1). 
 

With regard to the harmonics of the secondary voltages, those are influenced by the 
connection of the single-phase non-linear load and the type of lighting-leg transformer 
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employed. 
If the single-phase non-linear load is equally divided between the both secondary 

sections of the lighting-leg transformer, the harmonics of the line to line voltages at the 
secondary are equal in the both secondary sections of this transformer (Figure 7). 

However, if all the single-phase non-linear load is connected between the phases A 
and AB (mid tap between A and B), the line to line voltages at the secondary depend on 
the windings construction of the lighting-leg transformer. The obtained results are 
shown in Figure 8 and Figure 9 for interlaced and non-interlaced windings transfor-
mer respectively. 

As it can be seen (Figure 9), the increased reactance of the non-interlaced windings 
transformer increase the presence of harmonics in the line to line voltage at the posi-
tion in which the single-phase load is connected. 

The penetration of the balanced three-phase non-linear load harmonics in the pri-
mary feeder (Figure 10) follows the known rules for balanced three-phase systems. 
Only the unbalanced triples harmonics can flow through the feeder. 

With respect to the harmonics in the secondary line to line voltages, it can be seen 
(Figure 11) that these voltages are lower in the secondary of the lighting-leg transfor-
mer. This is caused by the reduced impedance of this larger size transformer. 

3.2. Case 2 

In this case, three open Wye-open Delta transformers banks are used with the following 
connections (Table 5). 
 

 
Figure 7. Harmonics of the secondary line to line voltages (equally loaded sections). 
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Figure 8. Harmonics of the secondary line to line voltages (unequally loaded sections in an 
interlaced windings transformer). 
 

 
Figure 9. Harmonics of the secondary line to line voltages (unequally loaded sections in a non- 
interlaced windings transformer). 
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Figure 10. Harmonic currents in the feeder due to the three-phase loads (case 1). 
 

 
Figure 11. Line to line voltages at the secondary due to the three-phase load (case 1). 
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Table 5. Case 2 banks connections. 

Bank Transformers 
Primary Secondary 

kVA 
Bus Phases Bus Phases 

1 
Lighting-leg N1 A Ground n1 A B AB* 100 

Power-leg N1 B Ground n1 B C  50 

2 
Lighting-leg N2 B Ground n2 B C BC* 100 

Power-leg N2 C Ground n2 C A  50 

3 
Power-leg N3 A Ground n3 A B  50 

Lighting-leg N3 C Ground n3 C A CA* 100 

*AB, BC or CA is the mid-tap phase in the lighting-leg transformer. 

 
In this transformer bank, the single-phase load currents only flow through the lighting- 

leg transformer, so the entire effect of this harmonics is produced on the primary phase 
in which the lighting-leg transformer is connected (Figure 12). 

As the single-phase load harmonics flow freely through the lighting-leg transformers, 
the triples harmonics penetrate the primary feeder and are added to the current in the 
multi-grounded neutral conductor (Figure 13). 

In a perfectly balanced case like the presented, the triples and non-triples harmonics 
will be balanced in the feeder’s phases after the addition of the primary currents of the 
three transformer banks. On the other hand, the triples harmonics contents of the neu-
tral current are always increasing. 

With respect to the three-phase load effect, it is supplied by the two transformers, so 
the harmonics of all frequencies penetrate two phases and the neutral of the primary 
feeder (Figure 14). 

In the presented case, the positive and negative sequence harmonics will be balanced 
in the feeder’s phases after the addition of the primary currents of the three transformer 
banks (Figure 15). 

3.3. Case 3 

In this case, three single-phase distribution transformers are used with the following 
connections (Table 6). 

In this case, the load current only flow through the lighting-leg transformer, so the 
entire effect of this harmonics is produced on the primary phase in which the lighting- 
leg transformer is connected (Figure 16). 

As the single-phase load harmonics flow freely through the lighting-leg transformers, 
the triples harmonics penetrate the primary feeder and are added to the current in the 
multi-grounded neutral conductor (Figure 17). 

4. Conclusions 

With respect to harmonic analysis, the four-wire delta connected system has the han-
dicap that the single-phase 120 V load is connected only to the lighting-leg transformer.  
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Figure 12. Harmonic currents in the transformer bank due to the single-phase load (case 2). 
 

 
Figure 13. Harmonic currents in the feeder due to the single-phase loads (case 2). 
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Figure 14. Harmonic currents in the transformer bank due to the three-phase load (case 2). 
 

 
Figure 15. Harmonic currents in the feeder due to the three-phase loads (case 2). 
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Figure 16. Harmonic currents in the transformer due to the single-phase load (case 3). 
 

 
Figure 17. Harmonic currents in the feeder due to the single-phase loads (case 3). 
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Table 6. Case 3 transformers connections. 

Transformer Transformer 
Primary Secondary 

kVA 
Bus Phases Bus Phases 

1 Lighting-leg N1 A Neutral n1 A B AB* 100 

2 Lighting-leg N2 B Neutral n2 B C BC* 100 

3 Lighting-leg N3 C Neutral n3 C A CA* 100 

*AB, BC or CA is the mid-tap phase in the lighting-leg transformer. 

 
So, this system is very unbalanced by its structure and the harmonics cancellation is rarely 
obtained. That is why harmonics of all the frequencies can be found in the feeder phases. 

The use of both the open Wye-Delta transformer banks and the single-phase distri-
bution transformers permits the zero sequence harmonics circulation through the mul-
ti-grounded neutral conductor of the primary feeder. 

The phase-coordinates model developed for the harmonic analysis is able to represent 
with good accuracy unbalanced networks like the presented. Their results permit the 
evaluation of the influence on the secondary line to line voltages of the unequal load in 
both sections of the secondary of the lighting-leg transformer considering its windings 
construction. 
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