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Abstract

The quantum mechanical relationships between time-dependent oscillators, Hamilton-
Jacobi theory and an invariant operator are clarified by making reference to a system
with a generalized oscillator. We introduce a linear transformation in position and
momentum, and show that the correspondence between classical and quantum
transformations is exactly one-to-one. We found that classical canonical transforma-
tions are constructed from quantum unitary transformations as long as we are con-
cerned with linear transformations. We also show the relationship between the inva-
riant operator and a linear transformation.
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1. Introduction

Canonical transformations are a highlight in classical mechanics. They give not only
solutions to classical mechanical systems, but also an insight into the quantization of
them. However, the idea of canonical transformations has so far not been fully utilized
in quantum systems. This issue was raised by Dirac [1] [2] [3] just after the birth of
quantum mechanics. There, he only discussed the case of a time-independent canonical
transformation. Recently, there has been renewed interest coming in this field in the
context of Hamilton-Jacobi theory [4] [5] and action-angle variables [6]. While these
articles were focused on time-independent transformations, time-dependent ones were
also discussed [7]. Moreover, the introduction of an invariant operator to construct so-

lutions for time-dependent Hamiltonian systems has also been proposed [8] [9] [10].
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This invariant operator was constructed by means of a time-dependent quantum ca-
nonical transformation [11] [12].

These various methods have been investigated for various purposes. However, there
has been no unification of these various methods. The purpose of the present paper is
to provide a unified description of these methods in terms of a linear transformation
for position and momentum by referring to the system of a generalized oscillator. Since
we are concerned with a linear canonical transformation, the classical and quantum
correspondence is one-to-one. We also show that the invariant operator can be consi-
dered as part of a linear canonical transformation.

The organization of the paper is as follows. In Section 2, we define a linear canonical
transformation in position and momentum and apply this to a genelarized oscillator.
Moreover, we show two special cases of linear canonical transformations. One is the
transformation to a time-dependent oscillator, and the other is to construct a Hamilton-
Jacobi theory. In Section 3, we introduce a unitary operator that generates a linear
transformation in position and momentum in quantum mechanics. We apply this uni-
tary operator to a genelarized oscillator and obtain the same results as the classical cases
mentioned in Section 2. In Section 4, we introduce an invariant operator. We show that
this is also derived from a unitary operator that generates a linear transformation. We
give two special cases for the coefficients of the linear transformation. The foregoing
research is just one special case of a linear canonical transformation. Section 5 is de-

voted to a summary.

2. Classical Linear Canonical Transformations

A linear canonical transformation is defined by a transformation from old position and

momentum variables (g, p) tonewones (Q,P) as
Q(t)=A(t)g+B(t)p, (1a)
P(t)=C(t)q+D(t)p, (1b)
where A, B, Cand D are real functions of time £ AD—-BC =1 is needed in order that

(Q,P) are canonical, that is, the Poisson bracket must satisfy

{Q, P} = (2—QZ—P—Z—PZ—Q =1. The condition AD-BC =1 is kept throughout this pa-
qop oqop

per. This transformation is generated by the generating function

P C B
Wz(q,P,t):qE—qu‘f'Epz, (2)

with
oW,

GIA
Al o i 1) 3
p o Q P (3)

which is known from classical mechanics[13].

Now the Hamiltonian which we consider in this paper is

X (t Z(t
H :% p2+Y(t)qp+#q2, (4)
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where X (t), Y(t) and Z(t) are real functions of time £ The equation of motion of
this system is given by

§——d+wirq=0, (5)
X
where
XY — XY

Wiy = XZ-Y? +

(6)

The dot above the variables denotes the time derivatives of the variables. For later

use, we derive the equation of motion for p from the Hamiltonian (4),

7,
p—Z Ppraicp=0, (7)
where
wiC:XZ—YZ+ﬁ. (8)
We will see these equations in later sections.
The transformed Hamiltonian Kis derived from the classical mechanics [13]
W.
K=H+ W2 ()
ot
From the linear canonical transformation (1), we obtain
2
H —>P7{AZX ~2ABY +B’Z|
+QP{—ACX +(AD+BC)Y—BDZ} (10)
2
+Lfc?x —2cpy + 207,
2
and
" ) . . . \n R
W, _P_ @-B—Z(CD _CD)’LM
ot 2| D D D
(11)

D B,. . Q% . .
+QP{—B+B(CD—CD)}—7{CD—CD}.
Collecting these equations together, we obtain the transformed Hamiltonian K as
follows

2
K :P?{AZX —2ABY +B?Z +

BD +BD - B? (CD—CD)
D2

(12)

-D+B(CD-CD)
+QP{—ACX +(AD+BC)Y —BDZ +

+%2{c2x _2CDY +D?Z —(CD—CD)}.

Up till now, we have placed no constraint on the coefficients 4, B, C and D, except
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AD - BC =1. Here we see two cases which are of interest in both classical and quantum

mechanics.

2.1. Case 1: Time-Dependent Oscillator

We assign the coefficients of (1) [7] [11] as
1
(A Bj_ X
¢ o L[Y X) X

(13)

IX U 2x

Substituting these coefficients and their time derivatives

. ) .
co L[ XYy _LJ,?’X_Z , (14)
JX L 2x 2X 4%

. X
D=——, (15)
20X
into (12), we obtain the transformed Hamiltonian
PZ QZ
K=—+—"-07% 16
>t Q (16)
where
X 3X?
Q= +— -2 17
02X 4X? (17)

and @y, is defined by (6). This is a time-dependent oscillator which has no cross term
such as QP . This system is investigated in [7] [11]. As we have seen, this is a special
case of a linear transformation (1) in position and momentum with the coefficients
(13).

2.2. Case 2: Hamilton-Jacobi Theory

Next let us consider another constraint. We impose the additional condition on the

[QJ:(—_; ij@ (182)
EEJ:(—_; 5)@ (18b)

These constraints show that the coefficients are the solution to the equation of mo-
tion (5) and (7), that is,

coefficients.

. 7.
A—EA+aJ,§CA:O, (19a)

B—§B+a}§DB:O, (19b)

2208

K
0:{2: Scientific Research Publishing



A. Ogura

where @y, and ,. are defined by (6) and (8). The same equations are also satisfied
by Cand D.
We substitute (18) into the transformed Hamiltonian (12). For the time-derivative

parts in (12), we obtain

BD + BD - B? (C'D—CD)

. = _A’X +2ABY - B?Z, (20)
D
—D+B(CD—CD)
= ACX -(AD+BC)Y +BDZ, (21)
-CD+CD =-C2X +2CDY -D?Z, (22)

so that the transformed Hamiltonian becomes zero;

K=0, (23)

which means that the new variables (Q,P) are constant. This corresponds to the

Hamilton-Jacobi theory for a generalized oscillator.

3. Quantum Linear Canonical Transformations

Since we are concerned with linear canonical transformations, the classical and quan-
tum correspondence is exactly one-to-one [14]. Let us consider the following unitary

operator:

J = exp{—i {a(t)%2+ ﬁ(t)@w(t)gﬂ, (24)

where " describes the g-number. § and [ are quantum canonical variables which
satisfy [§, p]=i.Weset =1 for simplicity. «, £ and y are all real functions of
time %

Next we show a “normal-ordering” of the unitary operator (24). For this we intro-

duce the operators [15]

=i \ (25)
which form the SU(1, 1) Lie algebra
(0,0 ]=+0, [0 ]=-2L, (6)

We rewrite the unitary operator (24) in the “normal-ordered” form as

U :exp|:—a|:_ —Zﬁl:0 —]/|:+:|

KD
+%%, Scientific Research Publishing

C -~ A B ~ (27a)
= exp[x L&exp[—ZL0 In AJexp[—K L_}
iC ., [PV i B .,
=EXpl o a4 |exp| = InAlexp| ———p° |, 27b
XPLAQ } Xp[ 2(qp+ pa) } xp[ >4 P } (27b)
where
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= , (28)

g . a .
(A B] coshA+XsmhA ZsmhA
—lsinhA coshA—ﬁsinhA
A A

C D

and A? = ° —ay . The details of the calculation are given in the Appendix.
Corresponding to the classical linear transformation (1), the new quantum variables

Q and P are generated by this unitary operator (27). By repeated usage of (A.17)
and the formula [16],

eBe " = B+[A,B]+%[A,[A, B]]+-, (29)

we obtain
G(t)=U"40 = A(t)d+B(t) p, (30a)
P(t)=U"pU =C(t)d+D(t) b, (30b)

where from (28), AD-BC =cosh? A—sinh? A=1 is satisfied which implies that the
new variables é and P are canonical variables; [(j, f’] =i. When we choose
(a, B, 7) in order to satisfy (28), then we are able to replace all classical linear trans-
formations (1) with quantum ones (30).
To recognize this statement, let us consider the generalized oscillator. The quantum
counterpart of the Hamiltonian (4) is
H = & p? +w

G, 31
2 > q (31)

K=i—U"+UHAU", (32)

Substituting (27b) and (31) into (32), we obtain

. . B
iUt :p—(AB—AB)+qp+
ot 2 2 A 33)
R —AC—AC+C2(AB—AB)
+— )
2 AZ
and using (A.18),
a2
UHU! =p—(A2x ~2ABY +B%Z)
2
+ qp; P4(_ACX +(AD +BC)Y -BDZ} (34)

+3(c?x ~2cDY + D?Z).
2

Collecting these equations together, we obtain the transformed Hamiltonian K

which is given as
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K :ﬁ—z{Azx _2ABY +B2Z +(AB—AB)}

2
6B + PG A-C(AB-AB
+@{—ACX +(AD+BC)Y —-BDZ +¥} (35)
G2 ~AC—AC+C?(AB-AB)
+-—1C?X —2CDY +D’Z + - :
2 A
The time derivative of the condition AD-BC =1 gives the following equations;
., . BD+BD-B?(CD-CD)
AB-AB = . : (36)
D
. .. —AC-AC+C’(AB-AB)
CD-CD= 5 , (37)
A
A-C(AB-AB) -D+B(CD-CD)
= : (38)
A D
Then we recover the same form of the transformed Hamiltonian
. B BD +BD-B*(CD-CD)
K="—JA*’X -2ABY +B?Z + 5
2 D
6p + P -D+B(CD-CD
+—qp; P {—ACX +(AD+BC)Y -BDZ + ( )} (39)

;2

+q?{czx ~2CDY +D?Z -(CD-CD)},

with (12) in the classical transformed Hamiltonian. It is realized that the linear trans-
formation in position and momentum gives the same transformed Hamiltonian (12)
and (39). So, the same constraints (13) and (18) give the same results for the time-
dependent oscillator and the Hamilton-Jacobi relations, as mentioned in section 2. As
long as we are concerned with linear canonical transformations, the correspondence
between the canonical transformation in classical mechanics and the unitary transfor-
mation in quantum mechanics is one-to-one. Referring to the generalized oscillator, the
quantum unitary transformation is constructed in parallel with the classical canonical

transformation.

4. Invariant Operator

An invariant operator | for a given Hamiltonian H is a constant of motion that
obeys the equation

di ol 1fr

—=—+-|1,H |=0. 40

a il 40
This was first investigated for the time-dependent harmonic oscillator [10]. For the

generalized oscillator (31), we assume that the form of I is

KD
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I = s P (Gp+ pG)+ 5 0 (41)

where x, yand zare real functions of time ¢. The time derivative of I s given by

di ol 1rc -
&L NA
& a ilH
- N
=p7(x-2xv+2yx)+qp;pq(y—xz+zx) (42)

q*z
+?(z'—2yZ +2zY).

In order to satisfy (40), we demand for the coefficients x, yand z that

X =2xY =2yX, (43a)
y=xZ-1zX, (43b)
z2=2yZ-2zY. (43¢)

On the other hand, the invariant operator | was derived from the time- indepen-

dent harmonic oscillator
a2 22

c_P g
Hy =—+—, 44
0=t (44)

whose eigenvalues and eigenfunctions are well known in elementary quantum mechan-
ics.

We see that this unitary operator is also a linear canonical transformation [12]. Using
(27b) and (44), we obtain from (A.18),

PO :u(f’%%m (45)
o 554 56 2
:%(AZ +B2)+ 2P . P4 _ac- BD)+%(C2 +D?). (46)
To satisfy (41), we assign
x(t)= A’ +B?, (47a)
y(t)=-AC-BD, (47b)
z(t)=C*+D?, (47¢)

for x, yand z In other words, the coefficients 4, B, Cand Din the unitary operator U
which gives rise to the linear transformation should satisfy (43) and (47).

The Hamiltonian (44) can be written down in terms of annihilation and creation op-
erators (4= (q+ Iﬁ)/ V2 and its Hermitian conjugate) as

H, _gast, (48)
2
whose eigenvalues and eigenstates are given by [16]

foln) =+ ), @
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where |n) is an eigenstate belonging to the eigenvalue (n +%) .

This implies that we define the time-dependent operators by

a(t)=Ual' =U qjiipu” =%{(D—ic)d+(—8+iA) B, (50a)
a'(t)=ua'u’ =Uq;2if’0* =%{(D+iC)d+(—B—iA) B}, (50b)
and the invariant operator | is written in the form
P=UAU =4 (t)é(t)+%, (51)
and its eigenstates are
f|n,t>=(n+%j|n,t), Int) =G| n). (52)

These are the same eigenvalues as for the time-independent case H,.
When we choose the squeezing coefficients

(A Bj_(cosh§+cosﬂsinh§ sin@sinh & }

53
C D singsinh & cosh &—cosésinh & (53)

then we construct the same results asin [11] [17] [18].
The invariant operator is classified according to an auxiliary equation. We will see

two cases below.

4.1.Case 1

There are some kinds of invariant function that are classified as auxiliary equations.

One example is [7]

A B ) ow/y 0 -
C D) |-oAVX ——|
oV X
where
A:—Lz-i-i—i. (55)
2X X oX

Equation (47a) means
x=A"+B’=0°X,

and from the derivative of x=c?X with respect to zand (43a), we obtain

X ——+———J:O'2XA:—AC ,

which fulfills the condition (47b). Equation (43b) gives

_XZ-y o

z X :Y( "+0'QZ)+02XAZ (56)

KD
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-2 M+c?, (57)
X

where
M =G +0Q?,
and Q is defined by (17). From (43c), this M satisfies the differential equation

e M _ gy do
dt dt

With the initial condition (M =1 at o =1), we obtain

1
M:6+o§22=?. (58)

This is the auxiliary equation [11] [12]. From (57) and (58), zbecomes
1

2

+C*=C%*+D?,
o X

=

which is identical with (47¢).

4.2. Case 2

Another kind of invariant function [19] is

& 0
A B) . (59)
C D _—i§+— i

X 4

From (43a) and (47a), we obtain
X =2AA =288 =2E%Y —2yX ,

X |

then,
Y o ¢
=—¢&-2¢6=-AC,
y=% 4 X 4
which fulfills the condition (47b). Eq.(43b) gives
o . 2
XZ-y E(. X. Y &
z= == E-¢+ + —&-2 60
X Xz(": Xg wsogj [Xé XJ (60)
=EN+C?, (61)
where
1(. X.
N =F(§_Y§+W§D§j’
and @y is defined by (6). From (43c), this N satisfies the differential equation
SN e
dt dt
With the initial condition (N =1 at & =1), we obtain
1(: X 1
N =?[§—Y§+w§D§J=E- (62)

K
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This is the auxiliary equation [19] [20]

D X2
f—yéf—i-a)BDf:?. (63)
This is an inhomogeneous differential equation of (5). From (61) and (62), zbecomes

z=i2+C2=C2+D2,

which is identical with (47¢).

5. Summary

We investigated a linear transformation in position and momentum by referring to a
generalized oscillator. We found that the correspondence between the classical canoni-
cal transformation and the quantum unitary transformation is one-to-one, that is, as
long as we are concerned with linear transformations, all classical transformations can
be constructed as quantum ones. As examples of this, the transformation to a time-
dependent oscillator and the construction of Hamilton-Jacobi theory are derived both
for the classical and quantum cases. The notion of linear transformations is also appli-
cable to the invariant operator. On choosing the coefficients for the linear transforma-

tion, we were able to repeat the results obtained in previous work.
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Appendix

In this Appendix, we derive the “normal-ordering” of (27a). To accomplish this pro-

gram, we apply the idea of Truax [21] straightforwardly. We define a operator
Lj(/l)=exp[/1(—aI:_—Zﬁfo—yl:+)], G(0)=1, (A1)

where 1 is a real parameter and 1 is the identity operator. We can choose a second

representation
xp[p+ ]exp[po(/l)I:OJexp[pf(A)I;], (A.2)
(

subject to the constraint % 0)= 1, that is, p;(0)=0, j=+0,—. p;(4)’s are to be
determined by U (4)= (/1) Differentiating both sides, we obtain
yL, U

(-al —2p0 7L )0 =(-al —28L -yL IV
= pLL+e”+L+ep°L°epr* + pge')*':* Iioep"[oeFLL (A.3)
i piepﬂ;epoio L ert
where primes indicate differentiation with respect to 4. Multiplying from the right by
VE(2)=ePlembog Pl (A.4)
we obtain

_a[7 _ZIBI:O _)/I:+ = pil:Jr + péep+|:+ I:Oe*p-v-l;—

Lol ol o (A.5)
+ pie p+'—+ep0|—0 Lﬁe*pol-()e—pJ,LJr
From the theorem (29) and the commutation relations (26), we obtain
ol —2p0,—yL =pe ™l +(p;-2p,p'e ™)L,
(A.6)

+( P! —p.ps+plple ™)L,

We identify the coefficients of the respective basis elements of the Lie algebra and

obtain a system of coupled nonlinear equations [15],

ple ™ =—qa, (A.72)
Py —2p,.ple ™ =-2p, (A.7b)
p.—p,py+p pie =—y, (A.7¢)

with initial conditions p; (0)=0, j =+,0,— . Substituting (A.7a) into (A.7b), we obtain
Po+2ap, =-25. (A.8)

Together, Equations ((A.7a), (A.7c), and (A.8)) imply
Pl +28p. +apl=-, (A.9)

a Riccati equation for p,(A). Substituting p, =u’/(au), u’(0)=0, we transform
(A.9) into the second order, ordinary differential equation,

u"+2pu"+ayu =0, (A.10)

with constant coefficients. Subject to the initial conditions, this equation has the solution
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u(A)=ue™? {cosh /1A+£sinh /IA}, (A.11)
A

where U, is a constant of integration and A* = f”—ay . Therefore, we get for

p,(4) the expression

1% sinh AA
P ()=~

. (A.12)
cosh AA +§sinh AA

Substituting (A.12) into (A.8) for p; and integrating, we obtain the following ex-

pression:

po(ﬂ):—Zln[cosh 1A+§sinh ﬁA] (A.13)

We can integrate the differential Equation (A.7a) to get the following

A cosh AA +§sinh AA

To obtain the final result, choose A =1 and we obtain
U= exp[—al:_ —2,BI:0 —)/I;J
C-~ ~ B -~
= exp[x LJexp[—ZL0 In AJexp[—Z L_},
where A, B, Cand D are defined by (28). This is the desired expression for the “normal

ordering” of the unitary operator. We decompose this unitary operator in three parts

(A.15)

and assign
U —exp[lgﬁz} (A.16a)
! 2A7 ] '
sz =exp[—|§(ﬁ|6+ pG)In A}, (A.16b)
- i B .,
U, =exp| ——— . A.16
3 p|: 2 Ap :l ( c)
The following equations
U S S = A
U/dU, =G, U;dU, = AG, U3GU, =G+—p, (A.172)
"TA" ~ CA "TA" 1,\ "TA" ~
U, py, = p+Kq, UszZ:K p, U;pU,; =p, (A.17b)
and
"A"T ~ "A"f 1,\ "A"T ~ BA
u,qu, =q, U,qu, zxqv U,qU, =q_x p, (A.182)
‘A‘T_A_CA Ta0t—an U1 AT = A
Ulpul =P Kq, Uz puz - Ap; ngus =P, (A-18b)
are helpful.
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