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The Theory of Higher-Order Types of Asymp-

totic Variation for Differentiable Functions.  1n this second part, we thoroughly examine the types of higher-order asymptotic
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er-order varying functions. The pertinent proofs are somewhat demanding except
when all the involved functions are regularly varying. Next, we give an exposition of

three types of exponential variation with an exhaustive list of various asymptotic
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6. Introduction to Part II

We continue the exposition and the section numbering in Part I [1].

-In §7 we thoroughly examine the types of higher-order asymptotic variation of
functions obtained by all basic algebraic operations on higher-order varying functions.
For smooth variation the proofs are quite easy using the Balkema-Geluk-de Haan cha-

racterization, but proofs for regular or rapid variation require lenghty calculations and
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A. Granata

careful use of Leibniz’s, Faa Di Bruno’s or Ostrowski’s formulas for higher derivatives
of, respectively, a product, a composition or an inversion; these results are not to be
found in the literature. Unlike the first-order case the results for higher orders are not
granted a priori and in fact restrictions are necessary for definite results in each single
case: exhaustive counterexamples are exhibited.

-In §8 we highlight three concepts related to exponential variation which we label as
“hypo-exponential” or “exponential” or “hyper-exponential” variation. These classes of
functions, though classical, are cursorily treated in the literature and we have collected
together all the basic properties, especially many useful “asymptotic functional equa-
tions”. Types of higher-order exponentiality are then easily defined.

-§9 contains a detailed account of operations with the three types of exponential var-
iation; results about composition require careful statements and lengthy calculations as
in §7. The class of hypoexponentiality is too large and that of hyperexponentiality is too
vague to obtain definite results but the additional assumption of rapid variation (in our
restricted sense) turns out to be the right one to obtain useful results.

-§10 exhibits two simple applications: an elementary result about the value of the

(e )/(Ere):(Frs)/ e 00-(Fo):

and an improvement of a fundamental classical result about the principal part, as
n—o,ofasum », f(k) or >~ f(k). Results more general than the classical

limit of the two ratios

ones are obtained by simpler proofs.

-§11 concludes the paper with a number of asymptotic expansions for an expression
of type f (X+ I’(X)) ,as X — 4o, under assumptions of higher-order variations on £
results which reveal useful in iterative processes to determine the behavior of solutions
of some functional equations, such as implicit functions.

For later references we quote some known “Combinatorial formulas for composition
and inversion”.

-Faa Di Bruno’s formula for derivatives of a composition, Bourbaki([2]; p. 1.47) or
Comtet ([3]; p. 137):

dk ~ i +2ip + - +kiy =k | k! - -
ofizk iyl I(1N)" (21)° -.-(_k 1" 6.1)
y f(-.ﬁ..‘uk)(g(x)),(g'(x))‘l .(g"(x))‘z ...(g(k)(x))'k ,

where the summation is taken over all possible ordered 4tuples of non-negative integ-

ers I; such that
iy, +2i, +---+ ki, =k (hencel<i, +i, +---+i, <k). (6.2)

. . . . . k
Notice that in the preceding sum there is only one term containing f® and only

one term containing g(k) , both with coefficient 1, namely:
f(")((ﬁ:j(x))'(g’(x))k corresponding to (i,,i,,+,i, ) = (k,0,-++,0);

(6.3)
f'(g(x))-9*(x)  corresponding to (iy,i,, i ) =(0,-+,0,1).
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-A formula for higher derivatives of an inverse function, Ostrowski ([4]; pp. 20-21,
290-293). For ¢(y) , the inverse function of a A-time differentiable f (X) with
f '(X) # 0, the formula holds true:
(1) (2k —i, - 2)!

®) _ et 1—2k' : _ _
77 [f(f (y))J osiy =kt g 1+ 1(21) (31) - (K )" (6.4)

L) e o) ()]

where the summation is taken over all ordered 4tuples of non-negative integers ij
such that

i+ =k=1 i +2i, +---+ki, =2k-2. (6.5)

Another version of this formula has been proved by Johnson [5] using combinatorial
reasonings.

In this paper, the symbol f ™ always denotes the inverse function of fon a suitable
neighborhood of +x.

7. Operations with Higher-Order Regular and Rapid Variation

We examine in this section what can be asserted about the order of variation of the
product, composition and inverse of regularly-, smoothly- or rapidly-varying functions
of higher order. The reader may notice that in the theory of Hardy fields the main re-
sults in this section are assumed to hold true whereas we, assuming that the involved
functions belong to some of the studied classes, show that their product, composition
and inverse belong to a specified class; and this requires a certain computational effort
the proofs being based on the above-reported formulas for composition and inversion.

Let us start from smooth variation.

7.1. Operations with Higher-Order Smoothly-Varying Functions

Balkema, Geluk and de Haan, ([6]; p. 412), and Bingham, Goldie and Teugels, ([7]; p.
46) notice that the properties

“f smoothly varying of order n; g smoothly varying of order n” (7.1)
imply
“f.g, f og, g~ smoothly varying of order n” (7.2)

with the appropriate indexes specified in Proposition 2.1 and with a restriction on the
index of g. These inferences require no painful direct proofs because the corresponding
properties for the associated functions, defined in (3.24), are easily checked. Here is a
statement completed with a result about linear combination and a few remarks. When-
ever a power f7 appears, the positivity of f is tacitly assumed if this is required by
the exponent .
Proposition 7.1. (Operations with smoothly-varying functions). /f
f €{SR, (+»)of ordern} and ge{SR,(+x)of ordern} them
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cf € {SR, (+) of order n} V constant ¢ e R\{0};
f7e {SRW (+o0) of order n} Va,yeR,
f.ge {SRW} (+90) of order n} Va,BeR;

f/ge{SR, ;(+o)of ordern} Va,BeR; 73
foge{SR,,(+x)of ordern} Va,peRif g(+o)=-+x;
g e{SR,,(+w)of ordern}  VaeR,B>0.
For a linear combination, we have the results:
¢f+c,ge {SRmax(a,ﬁ) (+0) of order n} YV a,p,c,c, eR,a=pc #0;
¢, f +¢,0 € {SR, (+) of order n} if a = B and under the restrictions (7.4)

either {c, > 0; f,g >0} or {c; #0; f (x)> g(X), X > +o}.

Proof. Without loss of generality suppose f,g >0. Here is a list of the associated

functions except for the linear combination:

fliqﬁ:: loge f oexp; gnﬁy/ = logo g o exp;
f" -7,
f'gH'Og[f(ex)'g(ex)}%w: flgm¢-v; (7.5)

fogrslog f (g(ex))z log f (exp(log(g(ex)))):¢ow;
g =(expoyelog)) ™ =expoy ‘ologr>logogtoexp=y .

The relations in (3.24) being assumed for ¢ and the analogous ones for y , our
claims follow from inspecting the structures of the formulas for higher-order deriva-
tives of composition and inverse regardless of the effective coefficients appearing in
(6.1) and (6.4). To prove (7.4) we need a preliminary

Lemma 7.2.

{h € {SR“ (+20) of order n}, <0, =Cc+he {SRO (+0) of order n}. (7.6)

¢ = constant = 0,

h e {SR, (+) of order n},

eitherh>0,c=constant >0, =c+he {87?0 (+oo) of order n}. (7.7)
or h(x)=0(1), c = constant 0,

= c+he{SR, (+»)of order n}. (7.8)

he{SR, (+)of order n}, a >0,
no restrictions on the signs,

Proof of the Lemma. The argument is quite easy if based on relations (3.21). To
prove (7.7) we use the assumptions “ h¥ (X) = O(X_kh (X)) Vk>1”, whence

(c+h(x))(k) = h (x)= o(x‘kh(x)) = o(x‘k (c+ h(x))) (7.9)

as |h|<|c+h| if all the quantities are positive and |h(x)| :O(C+h(x)) in the other

K2
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case. In the case of (7.6) and (7.8), we have

“(c+h(x))),a <0,
(c+h(x))" =" (x)=x*h(x)[ " +0(1)]= o(x* (e +n()))ar < (7.10)
x"‘(c+h(x))[a"—‘l+o(l)],a>O,
aswehave“a<0:h(X)zO(l):>h(X)zO(C+h(X))”and
“a>0=h(x)—>+o=h(x)~c+h(x)".
We can now prove properties in (7.4) writing
C
¢ f+c,g=cf ~{1+012—?j. (7.11)

For a=/8 we have by (7.3) that C,g/c,f €{SR,(+w)of ordern} hence (7.7)
implies that also (1+c,g/c,f)e {87?0 (+o0) of order n} under any of the stated restric-
tions. Again by (7.3) the product on the right in (7.11) belongs to the class
{SR, (+x)of ordern} . If @ >p then c,g/¢fe{SR, , (+x)of ordern| hence
(7.6) implies that (1+¢,9/c,f)e {SRO (+o0) of order n} and the product on the right
in (7.11) belongs to the class {SRa (+o0) of order n} . The proof of Proposition 7.1 is

over. O

7.2. Operations with Higher-Order Regularly- or
Rapidly-Varying Functions

We rewrite here the inclusions in (3.39):

{{Ra (+o0) of order n} = {SR, (+=)of ordern} VneN,aeR, 712

{R, (+o0) of order n} ={SR, (+) of ordern} forn=1or{n>2 a=0,1,-,n-2};

which imply that the results involving only regular variation follow at once from the
corresponding ones in Proposition 7.1 adding the restriction that the final index is not
an integer whereas results involving rapid variation cannot be inferred from properties
of the associated functions, as remarked in §4 after (4.25), but must be proved by di-
rectly working on formulas (6.1) and (6.4). For rapid variation of higher order we are
using the strong concept in Definition 4.1.

Proposition 7.3. (Product of higher-order varying functions). (I) If

f. e{Ra (+00) of order n},nzz,(izl,---,p); o ++a, #01n-2, (7.13)

then
p
[Tf: €{R, (+o) of order n} with g =, +-+-+at,;
i-1
W (7.14)
(Hfij € Ry (+»),1<k<n.
(1)

P
f,e{R.. (+)of ordern>1} vi= [[f, €{R,, (+x)of ordern};  (7.15)

i
i=1
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P
f, e {R_, (+)of order n>1} v i= []f, €{R_, (+w)of order n}. (7.16)

i=1

(I11)

felR,, of order n>1},
{ E{ o (+0) } = f.g E{Rm (+0) of order n}. (7.17)

g e{SRa (+o0) of order n 21}, aeR,

(Notice the assumption on g milder than ¢ e {T\’,a (+0) of order n} )
Proof. For part (I) we have, by Proposition 7.1, that

lﬂ[fi c {SRﬂ (+o0) of order n}, (7.18)
i=1

a class of functions coinciding with {Rﬂ (+0) of order n} if ##01,---,n-2. For
part (II), we shall prove relations in (4.10) for the product f :=f f, assuming their
validity when f isreplacedby f, or f,.

First case. f,f, € {RMc (+00) of order n} . In this case, all functions f;
)

®) have ulti-
mately one and the same strict sign so we may suppose fi(k >0 and this will prove

vital in the following calculations:

i=0

S o]

i=0 1

N k2 k +2 r i .
(f1 f, )(k 2 _ 2[ T J fl(k+2 i, fz(l) =...by (4_10) applied to f,, f,---
(7.19)

Here, by the positivity of all the terms in the sum, the expression [1+ 0(1)] may be

factored out of the sum and a suitable grouping of the factors f'f, and f f, yields:

k+2[k+2

N b TSRS
=(ff,) (1 + 16" [1+0(1)] (7.20)
:(( flfz)')m/( £1,) [1+0(1)].

Second case. f,,f, e R_ (+®) of order n. In this case the functions f;

(k)

have ul-
timately alternate signs so we may suppose (—1)k fi(k) >0. This implies that all the
terms in the second sum in (7.19) have ultimately the same sign (—1)k+2 and the sub-
sequent calculations are still valid.

The proof of part (III) requires a different device made clear by the case n=2.
Write

(fg) =fy+2fy'+ fg"
=(fY(f) g-[1+o(1)]+2f% g-[a+0(1) ]+ x?g-[a(a-1)+0(1)] (7.21)

_x?fg {[%] [1+o(1)]+z[gj[mo(l)}[a(a —1)+0(1)]},

having used relations in (4.9) for f’, f” and those in (3.21) for g’,g". Moreover,

822
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“lim X) / f (X) =100”, implies that the first term inside braces has the greatest

X~>+ao

growth-order and we get

" xf’
(fg) ~x?fg. [ f J =(f5)*/(fo). (7.22)
Now from both assumptions “g’/g :ax’1+0(x’l), f//f > x7" x> +0,” we get:
f//f>q'/g=fg' < fo= fo~fo+fg'=(fg). (7.23)

And replacing this last relation into the right-hand side in (7.22), we finally get the
sought-for relation

(fg)’ -~ [( fo )’T /( fq). (7.24)

For n> 2, we start from the first equality in (7.19) using relations in (4.10) for fand
in (3.21) for g with suitable constants y,:

(1) - kz*f[k”] ez g0)
{["*2] o2 f”k-[1+o(1)]x‘-g-[;/i+o(1)]} (7.25)
=x"*?fg- {(%} [1+0(1 ]+kz*2(k+2][xf jkﬂi.[%w(l)]},

where for i=0, 7, +0(1)=1. Using the remark preceding (7.22), we get

(1) = x* 1. [T] = o) ooy | oy 2o

O

Remarks on the case of regular variation. 1. A direct proof for P=2 could be done

=3

but this particular case would imply the claim for P >2 only with the restrictions

o +-+a,#01---,n=-2, forr=2,---,p, (7.27)

instead of the sole condition for r=p, how is apparent for P=3 writing
“f-f,-f,=(f,-f,)-f;=0-f,”, where the restriction “ o, +a,#0,1,---,n=2" is
needed to grant J € R, gty (+00) and to apply again the case p=2.

2. About the restrictions on the indexes notice that, if

f E{Rai (+o0) of order n}, a+-+a,€{0,1-,n-2}, (7.28)

then it is not always true that
p
I1f < {Rﬂ (+o0) of order n}, (7.29)
i=1
with a well-defined S =/ (al,---,ap) depending only on the numbers «;; S may
well depend on the particular functions f;. In fact, using functions like those in (3.40)

it is quite easy to exhibit pair of functions such that

2
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f, €{R, (+x)of order n}, f, e {R_, (+o) of order n} with n>2; f,- f, & R, (+0); 0.30)
7.30
(f,-f, )' either e R_, (+o0), or e R, (+00) with B <1, or it has no index of variation.
Example 1:
f(x)=x"+e™, f,(x)=x"+e* (neN);
M e R, (+0), i) e R, (+0)(k=0,--,n); (7.31)
£,(X) f, (X) =1+ x"e ™ + x e +e 2 e Ry (+); (f,- £,)) e R, (+00) VK e N,
Example 2:
f(X)=x"+x"" f,(x)=x"+x* (a>n=l aeN); 32)
7.32
foof, =14 X"+ X" + X2 e Ry (+0); (f,- 1, )(k) Ry (+0)VkeN.

Example 3:
f,(x)=x" +sin[(|og x)b] xe|1,+),
f,(x)=x" [2+sin[(log x)‘sﬂ, xe|l,+o)(a>0,a¢N,0<5<1);

) ()]~ a®x* ¥, x = 40, ()] (—az)K Xk [2+sin[(log x)ﬁﬂ, X240, (33
£ ( ){eRa_k (+0)Vk<a; R () eR 4 (+0)VkeN; "
f(x)f,(x)= 2+sin[(|og x)‘)‘]+sin2 [(Iog x)‘1+2x‘n sin[(log x)‘sJ € Ry (+0);

(f,-f,) &R (+).

3. The function f, in (7.33) offers an example of a function L e R,(+x) of order
1 but not of order 2 such that X “L(x)e{R, (+o)of any order n} vV a >0. Hence a

possible factorization

f (R, (+)of order n} < f(x)=x“L(x)with L & {R, (+) of order n},

which is basic and trivially true for n=1, see (2.18), is in general false for n>2
without the restrictions “a = 0,1,---,n—2 7, a case wherein it follows from Proposition
7.3-(D).

Proposition 7.4. (Quotient). (I) If

f e{R, (+o)of ordern}, g e {Rﬂ (+o0) of order n} withn>2:a—#0,1,---,n-2; (7.34)
then

f/ge {Ra_ﬂ (+o0) of order n}; ( f/g)(k) €R, s (+»),1<k<n. (7.35)

(1)

f e{R., (+)of order n>1j,
= f/ge{R,, (+)of ordern}.  (7.36)

g € {SR, (+o) of order n>1},
Proof. In both cases (7.3) implies 1/g e {SRfﬂ (+o0) of order n} ; in part (I), again by

(7.3), we have “ f (]/g) € {SRa_ﬁ (+oo) of order n} ” hence, by (7.12), the restrictions

K2
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on o—/f grant the thesis. The claim in part (II) follows from Propositon 7.3-(III).
This argument avoids the supplementary restrictions “~f#0,1,---,n=2” to grant
“1/g e{ 5 (+o0) of order n} > O
As concerns composition we give some general results with different restrictions on
the indexes and exhibit counterexamples concerning the restrictions.
Proposition 7.5. (Composition involving only regular variation). Assumptions for
all the cases to be treated:
f &{R, (+x)of order n}; g & {R, (+) of order n}; lim g(x) = +oo; 737
X—>+00 7‘37
a,, B, = indexes of variation of (respectively) f*), g

for the values of k specified in each statement. We already know that
fogeR,, (+0) with no restrictions on ., 8 whereas for higher-order variation
we give three distinct statements.
(1) (Thecase n=2).If f,g areoforder?2 then

fo ge{ 5 (+o0) of order 2} (feg)eR . ﬁ%( ), (7.38)

with no restriction on &, 5. Whenever oy =a—1 and p, = -1, (which, by Propo-
sition 2.6, is certainly true if ¢ =0 and £2>0,dueto g(+0)=+w0), then
‘o - p+p=a-f-1".
(II) (The regular case). If f,9 areoforder n>3 andif
a-f#0,1,---,n-2, (7.39)

then Proposition7.1 and (7.12) imply:
foge{R,,(+o)of ordernj;(fo 0) e R, (+0),1<k<n-1.  (7.40)

(IIT) (The exceptional case «-f=0).If f,g areoforder n=3 andif
a-p+p#01,--,n=-3, (7.41)

then

foge{R,,(+»)of ordernj;(fo 9)" e ©),1<k<n-1. (7.42)

a1 B+p—k+1 (

The above results apply to the special case of a power (g (X))a , With o =0 and
aff  satistying (7.39); in particular ¢ Q€ {7?0 (+0) of order n} > implies
“ p=0,p<-1 7 so that conditions in (7.41) are satisfied and
“Q” € {R, (+0) of order n}” with“D* (g (x))" € Ry _y; (+), 1<k <n-17.

Proof. Part (I) is easily proved applying the definition of  f'e Ra1 (+00) 7,
g'e Rﬂl (+OO) Le. relation in (2.1) with freplaced by either f' or g':

[F(a0)] #(a(x)(g'(x)"+ (3 (x)-9"(x)

, g
= =0'(x)— +
f'(g

[f(a(x)] '(9(x)-9'(x)

=g'(x)(9(x)) [ +o@)]+x[B+0(1)]=-as g e R, (+0)  (7.43)
=x*[B+o(1)|[en+0(Q)]+x* [ B +0(1)]= (. B+ )X +o( )

2
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For part (III) let us notice that, by part (I), we already know that
hi=(fog) €Ry py(+2) ar-B+p #0, (7.44)

hence we have to prove that A is of order n—1. Faa Di Bruno’s formula yields for each
k<n,

(fo0)"(x)=

iy +2ip +---kiy =k

a1 (g9 ) (0" (0)" (0" () )

with suitable coefficients & ., whose explicit expressions are not presently needed.
Using relations in (3.7), we express the quantities g? (x) in terms of g(X) and the
quantities £ (g (X)) = ( f ’)(I_l) (g (X)) in terms of f ’(g (X)) , and this last is the right
device to obtain the claim in part (III); in so doing we get the following asymptotic

form for the general term in the preceding sum:
=a, L (900) ™ F(000)(0' () g ()] [ g ()] [ A, +0(D)]
Sa (000 (600 (8 (0)T (A, ., +0(0)] 746)
=a, ., X h’(x)[[)"l’1 +0 (1)][A1,~«-,ik + 0(1)J
with suitable constants A _; ,and
hY ()= x*-h'(x)-[ A +0(1)], (7.47)

with a new constant A, . To apply Proposition 3.1-(II), we must know that the A, ’s,
save the last, are nonzero, and this follows from Proposition 2.6 and the restrictions in
(7.41). In fact, for k=3, (7.47) yields:

h”(x):x’1~h’(x)-[A3+0(1)], (7.48)
which implies A, =, -+, —-1#0.For K=4 we have:
h"(x)=x2-h'(x)-[ A, +0(1)], (7.49)

which, together with (7.44) and (7.48), implies A, =¢, -+, —2+#0. And so on.
Notice that retracing the foregoing steps by expressing the quantities £ (g (X)) in

terms of f (g (X)) one obtains a direct proof of part (II) with the restrictions in (7.39)..1
Counterexamples showing the non-existence of a definite result in case o, f+ 5, =0.

Two counterexamples with: o, f,a,, 5, #0; f, =—a,
f(x):=x",9(x)=x" (a>0a,a"¢Q);
f e R, (+w)and g € Ry, (+) of any order n e N; (7.50)
h(x)= f(g(x))=xeR,(+o)of order 2 but not of order 3, because h" =0.

f(x)=x" [2+sin[(log x)’ﬂ g(x)=x (@>0 a0 e Q0<5<1);

f e R, (+)and g € R, (+w) of any order n e N;
1 s (7.51)
h(x)= f (g(x)): X 2+sinK—log x] } e R, (+) of order 2 but not of order 3,
(04

because h" is oscillatory.

K2
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A similar counterexample with: o,f,a,, 5, #0, .+, =n-3:
f(x):=x",g(x)=x" (5> 0,5, ¢ Q);
feR,;(+o)andge Rys (+o0) of any order ne N; (7.52)
f(g(x))=x? e R, (+o)of order p+1but not of order p+2.

Proposition 7.6. (Composition involving rapid variation in the sense of Definition

4.1).
@
f e{R,. (+o)of ordern>2!,
€ {Ru (0] of order n > 2} = foge{R,, (+x)of ordern}. (7.53)
ge{Ra(+oo)of 0rdern22},a>0
(I

fe{ (+oo)ofordern>2} a#0,
g €{R.,, (+»)of order n>2};

(7.54)
foge{R,, (+x)of order n}if a >0,
foge{R._, (+x)of order n}if a <0.
In particular, if o =0 then (9(x))" {R,, (+)of order n}.
(111)
fe(R. f order n>2
€ {Rux (0] of ordern > 25, = fog e{R., (+»)of order n}. (7.55)
g €{R.. (+o) of order n>2};

Proof. With the position in (7.44) h(X),h'(X) are ultimately =0 and we shall
prove the relations:

h® (%)~ (h'(x)) /(h(x)) ", 2<k <n, (7.56)

already knowing, by Proposition 2.2, that f og belongs to the class specified in each
statement. For n =2 various simple proofs are available and we write down only

those devices for n =2 which also apply to the general cases. For the claim in (I):

1)) = (F(a(x)a () /1 (a(x) =(W () /r(x)

We have used the assumption “lim___ yf"(y) /'(y)=+00” which grants that the
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foregoing quantity within square brackets is “~1”.
For n>3 we start from equation (7.45) showing that the one term containing
k
f(k), je f® (g (x))(g’(x)) , is the “asymptotically-leading” term. First we factor out

this term:

P05 (g (x))-(9(%)"(97()" (9% ()"
£ (g(x))(g'(x)’

where the indexes in the sum are subject to the restrictions specified in (7.45) plus con-

“ . (7.58)

W (x)= £ (g (x))(g'(x))

SN
1+

dition i, +---+i, <k—-1. Now, a bit differently than in (7.46), we use (3.6) expressing

only the quantities g“), j22, intermsof g,g’ so obtaining:
, ig +2ip +---+Kiy
' iy " iz i g (X
(g (X)) '(g (X)) "'(g(k)(x))k = (;(X())i)z)+zi3+m+(k—l)ik '[Almik +O(l)]
(9'(0)'

_ W.[A“ik + o(l)} :

with suitable constants Ail,-»»,ik . The general term in the sum in (7.58) assumes the

(7.59)

form:

3., f (eovic) (g (x)) -(g (x))

14 (g(x)-(g(x)

ek by (4.26)

A, +0(®)] = o(1), being i, ++i, <k, (7.60)

and
h®) (x)
by (4.10) E)
= 19 (g00)(@' )= (P (900)) () /(F(9() .61
= (W ()" /(o)
and relations in (7.56) are proved for part (I). For the claim in (II) the situation is dif-

ferent as all the terms have the same growth-order. Expressing f” and g” in terms

of f' and g we get:

g h(x) g(x)f'(a(x)) — h(x)
For n>3 let us examine each term in the sum in (7.45) expressing f(i) and
g('),i >2, intermsof f’ and g':
i) _(f i S e ; .
f (g(x))—(f (g(x))) (f(g(x))) a ' (a-1)(a-i+l)+o(1)|; 0.6

K2
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And so we get

0 (0)-(9'(0)" (0 (0)" (¢ ()
=Uwux»““k(<g D”*“< O
(900) T LA o)
(3% ) .( ) (00" Ay +o(m)]
(

(%)
] A +o(l)]

:(“'“24['“ soW][A 0]

= (h’(x )k |B. .. .. +0 with B, =™ (a-1)(a—i,——i +1).
(h(x))k—l [ iy i ():| i+ i ( ) ( h k ) .60

From (7.45) we get:

h®) (x) = (h'(x))k .Hh+2iz+m+kik_kai s Diperot J+o } (h(x )) o(1)|, (7.65)
( ) (h(x))k—l Ogizjsk h, ka1 Ik (1) (h(X)) [A (1]

and it remains the task of proving that A=1, a fact directly checked for k=2,3,4.

We know that he R, (+oo) and, fortunately enough, the simple remark at the end of
§4, preceding Proposition 4.2, grants this conclusion avoiding cumbersome calcula-

tions. For the claim in (III):
h"(x)=£"(g(x))-(9'(x))" + £'(3(x))(g(x)) " (g'(x))" [L+0(1)]
=---by (4.26) applied to f ... (7.66)
= f”(g(x))~(g’(x))2 [1+0(1)].
For n>3 the general term in the sum in (7.45), apart from the “leading” term
£ (g (x))(g’(x))k , now assumes the form:

f(il+-~+ik)(g(x)),(g’(x))h .(g,,(x))iz ...(g(k) (X))k
_ ( f'(g (X)))h+...+ik -(f (g (X)))l—il_..-_ik -(g'(x))h+2i2+m+kik

X (1-2)iz +(1-3)ig-+-+(1-k )i [1+0(1)] =...asin (7.54) (7.67)

)
¥ (a00 (a0
: ( (o (0) ] [eom]

= -0(1) asiy+---+i, <k.

Replacing into the sum we get
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BN Lok
h (x)= 1% (g (x))(g'(x))k +0[(h(—x)k)lJ ~---asin (7.61)-- ~ (h(—x)L (7.68)
(h(x)) (h(x))
O
The restriction « = 0 in (7.53)-(7.54) is obviously necessary; the composition of a
slowly-varying and a rapidly-varying function may give any result as shown by
“l, oexp, ” according as “h <,=,>k”.
It remains to look for some result about inversion. The simple example of
f (X) =x"" pe N\{l} , shows that: (i) the inverse of a function regularly varying of
some order n (of any order 1, in this case) is not necessarily regularly varying of the
same order; (ii) the inverse of a function regularly varying of some order n, but not of
order n,+1 may well be regularly varying of any order n. Here again natural restric-
tions on the indexes are to be imposed.
Proposition 7.7. (Inversion of a divergent function). (I) If

f e{R,(+»)of ordern>2}, & >0,1/a#1,2,,n-2, (7.69)

then the inverse function f =7 (which is well defined on some neighborhood of
+00 ) satisties

f E{Rva (+0) of order n}. (7.70)
(ID)
fe +o0) of order n
f e{R,, (+o)of ordern=1} =< _ {RO( ) } (7.71)
f® eR, (+2),1<k <n-1.
(111)
f f ord >2}, f = +o0, -
E{.Rn(ﬂo)o. oreEr ™ _} (e0) = o0 f e{R., (+)of order n—1}
f ultimately strictly increasing, (7.72)
in the sense of Definition 4.1.

f® eR, (+0),1<k <n-1,

Proof. Part (I) follows from Proposition 7.1 and (7.12). In this proof notations
£ f(k) stand for the derivatives of f . For part (II), we already know that
feR, (+00) , by Proposition 2.2-(iv); and from (4.10) we get

10 (f(y))- (f'(f(y)))i Yy o 4o, (7.73)

For k=2 we have:

f(y)

3 L s L 3 (7.74)
(NN () v =Ty y s
ie f'e R, (+OO) .For k>3 itisenough to show that
lim yf® (y)/ % (y)existsin R, (7.75)

y—>+0o

its exact value being determined by Proposition 2.6 and the restrictions in (7.69). From

830
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formula (6.4):
(k) ( y )

_ ( t( fN(Y)))L2k .ogkfi“"’i* ( £ f(y)))il ( f f(y)))iz ( £ f(y)))ik | (7.76)

with suitable coefficients C; ..; and where the summation is taken over all ordered

i
k-tuples of non-negative integers | j satisfying (6.5). Replacing each quantity
£ ( f (y)), I >2, by its principal part we get:

M )=(r(f)

1-2k

" F it2ip et () o), 4 (1-8)ig o+ (1K) (7.77)
X0<-Z<%<1=Ci1"""k .(f (f (y))) y2 3 Kk .[1+0(1)]},
wherein, by (6.5):
(1-2)i, +(1=-3)iy +--+(1=K)i, =i, +iy +---+i, —(2i, +3iy +---+ ki)
7.78
—k—1-i,—(2k-2-i,) =1-k. 778
Hence we have:
. _ »
f(y)= ( f(f (y))) Y Y e o) ]}
O§|j§k—1 (779)

=(t(F)) vy [c +o)],

for some constant C, and (7.75) follows. For part (III) the relations to be used are
those in (4.36):

F()=0(xH(x)); £7(x)=—x/(x); 19 (x)~(-1) " (i-)x f1(x),i22, (7.80)

where x must be replaced by f(y) If feRO(-i-OO) we already know that
feR, (+00);but if f isoforder2and f'e R (+) then, instead of (7.74), we have:

-3

) -(FO) (FEO)CE) =(FO) (Fy) . @8

which, by Proposition 4.1, states that fe {Rm (-I—OO) of order 1} in the restricted sense
of Definition 4.1. For higher derivatives we now get from (7.76) and (7.78):

()

B PO () o o

0<ij <k-1

“(1(F) ()™ 2 {4, [Lro@)])

=(f') (F(y)) " [ +o)],

with a suitable constant C, . That C, =1 can be indirectly proved in the same way as
after (7.65) and the proof is over. O
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Applying the preceding results to 1/ f one gets the following
Proposition 7.8. (Inversion of an infinitesimal function). If fis a continuous strictly
decreasing function on [T,+0) such that* f (X)=0(1), X — +,” then, trivially, the

function 1/ f  has an inverse g such that:
g(y)=f*(1y); g strictly increasing on [1/f (T),+0). (7.83)

Moreover the following inferences hold true.

fe {Ra (+o0) of order n> 2}, a <0,
=g e{RW (+00) of order n}; (7.84)

Y)a|#1,2,---,n-2,

g € {R, (+w) of order n},

) (7.85)
g( ) eR (+»),1<k<n-1;

f e{R_, (+x)of ordern>1}= {

f & {R, (+o) of order n> 2},
f ultimately strictly decreasing to zero,
fM eR, (+0),1<k<n-1, (7.86)

g €{R.,, (+o)of order n—1}
=
in the sense of Definition 4.1.

8. Concepts Related to Exponential Variation

Whereas the study of the asymptotic behavior as x — +o of integrals

J.Txf (t)dt, :wf (t)dt leads in a natural way to introducing the concepts of regular and
rapid variation, the study of the asymptotic behavior as n — +oo of sums

> f(k), > 7 (k) leads to introducing a different classification at +oo based on the
limit of the logarithmic derivative f'/f : see Hardy ([8]; Th. 33, p. 48) or Dieudonné
([9]; pp. 100-103).

8.1. The Three Concepts of Exponential Variation and Basic Properties

Definition 8.1. I f € AC[T,+), f(X)>0V X large enough, then f is termed “hy-
po(=sub)-exponentially varying’ or “exponentially varying” or “hyper(=super)-expo-

»

nentially varying” at +o (in the strong sense) if the following relation, as

X —> +o0 , holds true respectively.
f'(x) < f(x); f'(x)~ cf (x) with a constant ¢ # 0;

8.1
f'(x)> f(x)and ' strictly one-signed. (®.1)

For brevity we use the symbol £, (+x) to denote the class of the functions such that

lim f'(x)/f (x)=c withce R, (c:=index of exponential variation),  (s.2)

X—>+00

studying separately the properties in the four cases. ¢=0,ceR\0,c=20. The ele-
mentary case justifying the terminology is that of the exponential of a power (refer to

the notations in Definition 2.1):

%%
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& (+90) MRy (+90)
& (+0)NR,, (+)
& (+0) "R, (+)
exp(cx”), (c,a € R),€ 4 & (+0) "R, (+0)
& (+0)NR_, (+0)
£ (+0) "R, (+0)
E (+0)NR_, (+)

-Typical hypoexponentially-varying functions are:

ifa<0,VceR
if0<a<1c>0,
if 0<a<1,¢<0,
ifa=1c>0,
if a=1c<0,
if a>1c>0,
if a >1,¢<0.

R(x)exp(cx“),0<a <1, ¢ # 0; R regularly varying at +co;

and any regularly-varying function obviously belongs to the class &, (+%).

-All the exponentially-varying functions have the following structure:

Ee& (+),ceR\{0} < E(x)=H(x)-exp(cx)

where H is hypoexponentially varying,

as trivially follows from D,E=c+D,H .
-Typical hyperexponentially-varying functions are:

H (x)-exp(cx)~exp(clx’1 oot C XN )

where H is hypoexponentially varying; c,c;

=0,y >1

(8.3)

(8.4)

(8.5)

(8.6)

Any exponentially-varying or hyperexponentially-varying function obviously is ra-

pidly varying but there are rapidly-varying functions which are hypoexponentially va-

rying, as in (8.3).

Proposition 8.1. (Basic properties of hypoexponentially-varying functions). For

f e & (+), the following properties hold true.
(i) An integral representation of type.

f(x)= Aexp(j:e(t)dt), x>T,(A=constant > 0),

cell, [T,+oo); e(t)=0(1), t > +.

(ii) The asymptotic estimates:

log f (x)=0(X), X — +o0;

o(e”)

+00 (e"7X )

f(x)=

(iii) The asymptotic functional equation:

, X— 400, V17 >0.

f(g(x)+0(1))~ f(g(x)), x>+, V g:g(+e0)=-+o0;

and in particular.

f(x+2+0(1))~ f(x+A)~ f(X), x>+, VAieR.

(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(More precise asymptotic functional equations cannot be proved for a generic f as

the class & (+oo) contains rapidly-varying functions.)

KD
+%%, Scientific Research Publishing

833



A. Granata

(iv) The asymptotic relations involving anti-derivatives:

) o(ijf), x>+, if [7f =400, .

f(x)

O(I:wf ) X—>+m, if [f <40 (and necessarily f (+e0)=0),

which state that, in the respective cases, either J:f or J.:wf belongs to the same
class of f,&(+»);
J‘g(x)+0(1)

T f ~J‘Tg(x)f’)(—)+00, vg, g(+oo)z+oo, |f J'Jraof — oo;

o +a0 e (8.13)
-[g(x)+o(l)f ~J.g(x)f’ X — +0, v g, g(+00):+00, if _[ f < +o0.
(v) The asymptotic functional equations involving integralsof f :

J-gg((:))+r(x)f (t)dt ~r(x) f(g(x)), x—>+0,V g,r:g(+0) =+, r(x)=0(1); (8.14)

[ < 28 (X), x> 400,V e R (8.15)

X

Compare with (5.10) for similar relations where r(x)=0(X).
Proof. Representation in (8.7) follows from (2.12) and f'/f = O(l); the estimates in
(8.8)-(8.9) follow at once from (8.7). To prove (8.10) let r(x) be such that |r(x)| <M

for xlarge enough; we get from (8.7)

f(g(x)+r(x))= Aexp(J‘TQ(X)”(X)e (t)dt)
- Aexp( [ (t)dt) : exp(jgg((:))”(x)e(t)dt) (8.16)
= (9(x))-[1+o(®)].
because for each ¢, >0 thereexists T_ =T such that:

[2 e (1)t

9(x)

<elr(X)|<Meg Vx=T,, (8.17)

whence
. ra(x)+r(x) _
X'LTJg(x> e(t)dt =0. (8.18)

The two relations in (8.12) are proved by direct application of L'Hospital’s rule with a
preliminary remark for the second relation. The assumptions are
“f'(x)= 0( f (X)), r f <+00” which imply the convergence of the integral r |f’
+00

this in turn implies f (+00) € R which, together with the convergence of f, imp-

>

ly f(+)=0 and L’Hospital’s rule may be applied to evaluate the
400 X
lim f(X)/.[X f . Relations in (8.13) follow from (8.10) applied to either J.Tf or
:Oof or directly by L’Hospital’s rule. For (8.14) apply the mean-value theorem of the

X—>+0

integral calculus:

jg(x)”(x)f (t)dt
90 (8.19)
by (8.10)

=r(x) f(g(x)+0(x)r(x)) ~ r(x)f(g(x)) aso(x)r(x)=0(1).

A proof of the special case of (8.15), “I ~ f (X) 7, is essentially contained in ([9]; p.

K2
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102) or ([2]; p. V.31) and is based on the mean-value theorem applied to

|Og( f(x) / f (y)) . Our exposition is much more elementary. O
Proposition 8.2. (Basic properties of exponentially-varying functions). For

f el (+oo), ceR\ {0} , the following properties hold true.
(i) An integral representation of type.

f(x)= Ae” exp(j:e(t)dt), x>T, (A= constant >0),

(8.20)
€€l [T, +0); €(t)=0(1),t - +oo.
(ii) The asymptotic estimates:
log f (X) ~ cX, X — +0; (8.21)
(c+1m)x
ole i
f(x)= ( ) , X —+0, V71 >0 whencef(+oo):{0 !fc<0, (8.22)
+oo(e(°*77)X) +oo if ¢>0.
(iii) The asymptotic functional equations:
f(g(x)+0(1))= f(g(x)), x> +o, Vg:g(+w)=-+x; (8.23)
f(g(x)+0(1))~ f(g(x)), x>+, Vg:g(+w)=-+mx; (8.24)

f(g(x)+2+0(1))~e”f(g(x)), x>+, Vg:g(+o)=+0,ViecR; (8.25)

and in particular.

f(x+2+0(1))~e”f(x), x>+, VAieR (8.26)
(iv) The asymptotic relations involving antiderivatives:

c>0= ['f =21 (x)~ 2 (x)/F(x), x>+
¢ . (8.27)
c<0:>.[x+°°f ~%f(x)~ fZ(X)/f'(X),X—>+oo;

which state that, in the respective cases, either J:f or j:wf belongs to the same
class of f,E, (+oo) , and that, for this special class of functions, the asymptotic relations
in (2.84)-(2.85) hold true without the additional condition ( f/f '), = 0(1) .

(v) The asymptotic functional equations involving integrals of f :

[oEg e oy

i X 4o, Vg:g(+0)=+0,VieR, ifc>0;

” L e _ (8.28)
J‘g(x)+l+o(1)f ~e Ig(x)f » X —> 40, v g : g (+OO) = +00, \vJ }b S R, |f c< O,
x+A+0(1) ecl -1 :]__e_C/1
L f~ . f(x)~ ; f(x+1), x>+, VA0 (8.29)

It follows from the above relations that the four functions

Fx), 1= ['F, L, (x)= [ 1, (0-1(x)= 71, (8.30)
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have the same order of growth as x — +oco for each fixed A -0, in the case

+00 +o0
I f =400 . Analogous conclusion in the case I f <40 for the four functions

F(x), T0)=[7F, T, (0)=["f, T,(x)-T(x)=[""*. (8.31)
Proof. Representation in (8.20) follows from (2.12), putting €(t):= ( f '(t)/f (t))—c;
and (8.22) are simple consequences of (8.20). As in (8.16) we now have:

f(g(x)+r(x))=f(g(x)-e™ [1+0(1)], x> +0,if r(x)=0(1),  (8.32)

whence relations in (8.23)-(8.25) follow. Relations in (8.27) are simply proved by
L’Hospital’s rule and those in (8.28) either by L’'Hospital’s rule and (8.25) or, directly,
by (8.25) applied to a suitable antiderivative of £ To prove (8.29) just notice that either
f (+00) =+ for ¢>0,o0r f (+00) =0 for c<0, in which last case the second rela-

tion in (8.27) implies:
[ (t)dt = 0(1), x> +0 ¥ AR (8.33)

In both cases L'Hospital’s rule may be applied:

lim j:”*‘)“) £/£(x)

im f(x+ﬁ+o(1))—f(x): im{f(x+/1+o(l))_ f(x)
STTEw T rw &
[ f(x+A+0(1)) 109629 o _1
ST e T e

[l

Proposition 8.3. (Basic properties of hyperexponentially-varying functions). We are
using the notation f =ioo(g) defined in (1.12). (I) If f €&, (+oo) the following
properties hold true.

f(x)= Aexp(Lq(t)dt), x>T, (A= constant > 0), (5.35)

ge L [T 40); q(+%)=+om;
log f (X) =+o0(X), X = +o0; (8.36)
f(x)=+oo(eMX), X—+0, VM >0; (8.37)

B -I—oo(l), X =+, ¥V A>0,
f()(J”l)/f(x)_{o(l), X — 40, ¥V A<0; (8:38)
f(x):+w(j:f),x—>+w, hence fo €&, (+o); (8.39)
0 x+ﬂf

[t = (L ) X —> 400, ¥ A>0: (8.40)

i)
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+oo(1

Jlxx%f =70(f(x)) . X—> 4w, ¥V A>0: (8.41)
+oo(f(X—/l))(if f is convex)
+oo(1)

_[:Mf =s0(f(x+2)) , X—> 400, ¥V A>0. (8.42)

+oo( f (x)) (if f is convex)

(D) If f ek, (+w) the following properties hold true.

{ f(x)= Aexp(qu (t)dt), x>T, (A= constant > 0), (5.43)
e L [T.+%);  q(+0)=—ox;
log f (x) =—o0(X), X = +0; (8.44)
f(x)=0(e™), x >+, ¥ M >0; (8.45)
~ 0(1), Xx—+4,, ¥1>0,
f(x+/1)/f(x)_{+oo(1)’ X —> 400, ¥ A <O0; (846)
f(x)= +oo(.[:°°f ) X — +o0, hence j:mf e&., (+o); (8.47)
+o0 +w(I::Olf)
L f=e T X0, VASO; (8.48)
O(J.x—lf)
« f(x—A
J' f= ( (X )) ) , X—= 400, VA>0; (8.49)
x-2 +oo( £ (x)) (if f is convex)
ot f
.[ lf = o( (X)) ) ] , X—> 400, VA1>0. (8.50)
x +oo( f (x+4)) (if f is convex)
Proof. (I) Estimate in (8.37) follows from (8.35) by writing
f(x)e™ =Aexp(j:[q(t)—M]dt); (8.51)

X+A

relations in (8.38) follow from the identity “ f (x+1)/f (x) = exp( _[X q) »; relation in

(8.39) follows from L’Hospital’s rule and those in (8.40) follow either from L’'Hospital’s
rule or from (8.38) applied to .[Txf . The first relation in (8.41) trivially follows from

J‘:%f >Af(x—-1); the second one follows, e.g., from (8.39) and (8.38) applied to

F(x)= J'Txf :

F(X)-F(x=2)~F(x)=0(F'(x))=0(f(x)); (8.52)

or also from L’Hospital’s rule:
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(8.53)

f(x—/i)ﬂ

o f(x) fI(x)

by the second relation in (8.38). Strangely enough any elementary attempt to prove the
third relation in (8.41) failed and we report a proof under the restriction “fconvex”; in

this case we have at disposal the elementary inequality ([10], p. 15):
x 1
Lif(t)dtz/if(X—Eljzﬂo(f(x—l)). (8.54)

Analogous procedures for the relations in (8.42) and for the claims in part (II) up to
(8.48). For those in (8.49), putting F (X) = j:w , we now have:

F(x)-F(x=2)~-F(x=2)=0(F'(x-2))=0( f (x=2)); (8.55)
J‘:lf(t)dtz/lf(x—%/l)=+oo(f(x)). (8.56)
Analogously for (8.50). O

The values of the following limit are contained in the foregoing three propositions:

0 VA>0if fe&, (+x),
lim f(X+/1): lM VieR !f fe& (+oo), (8.57)
x> f(X) e’ VieR if f e& (+),

40 VA>0 if f e, (+0),

interchanging the values “0” and “+o ” for 1 <0. Special results in §11 give asymp-
totic expansions for the quantity f (X + i) —f (X) under various assumptions on £

As a simple but meaningful application of the preceding functional equations con-
sider a function of the type “ f (LXJ) ” where LXJ denotes the “integer part” of the
real number x. From the trivial relation “ |_XJ =X +O(1), X —> 4+, ” the following facts

follow:
(8.23)
fe&, (+0),ceR\{0} = f(|x])= f(X), x> +n; (8.58)
fegy(40) = £ (X))~ f (), x> o5 (859)
feR, (+0), @<L, = £(|x])= f(x)+0(1), x> n (8.60)

8.2. Higher-Order Exponential Variation

The right concepts of higher-order types of exponential variation are a consequence of
some simple relationships between the types of exponential variation of f and f’.

Proposition 8.4. (Types of exponential variation for a derivative). Let f € AC! [T ) +00)
and

fed, (1), [fleg, (+); o<t <o (8.61)
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Then: “c;=c, if ¢, #07, and “c, <0 if ¢, =07. In the case “c, <0” we have
that.

f(+o0)eR; f(x)=f(+o0)=[7F/(t)dt; f(x)-F(+0)e& (+0). (8.62)

It follows that, whenever “ ¢, <0, them: “c, =0< f (+0) e R\{0} .

Proof If ¢, eR\{0} then “ f'(x)~c,f(x)” implies by (8.22) that: either
“f(400) = f'(400) =07 or “ f (+o0) = f'(+0) = +o0”. In any case the following applica-
tion of L’Hospital’s rule is legitimate:

= lim f'(x)/f(x)= 2 lim f7(x)/f'(x)=c,. (8.63)

X—>+o0 X—>+00

If “Cy = +00” then “ f (+00) = +o0 ” and (8.60) s still valid. Last,
¢y =—0= f(+0)=0, f(x)=—["f", (8.64)

»

and we shall show that “c, =—o0” excluding the other cases: (i) “—c0 < ¢, <0” would

imply “ f'(+00) =0~ and (8.63) would give a contradiction; (ii) “c, >0 *
“|f’(+00)| =+00” whence “lim,,, f(X)=+0" against (8.63); (iii) “c, =0” means

“f'e & (+)” which, together with the integral representation in (8.64), would imply

would imply

by (8.13) that “f €& (+»)”. Let us examine the circumstance “c, =07 if it were
“c, > 07 then, as we have just remarked, “ f (+o0) =+ ” and (8.63) would give again a
contradiction. If ¢, <0 then Proposition 8.2 applied to f’ implies “ J-me = (+00) 7
and the relations in (8.62) follow.[J
Examples for ¢, =0:
& (+oo) if 0<y<1,
f,(x)=1+exp(-cx"),c>0=> fle i€ (+) if y=1, (8.65)
&, (o) ify>1

f,(x)=1+ exp(—cxy1 +'[1Xsin(t72 )dt); c>0,7,>1 (38.66)

f, €& (+x); f, has no type of exponential variation if y, > 2y, -1(> 7,),

as, in this last case,

(x)/ 15 (%) = Lz yzn [cos(ﬂ2 )+ o(l)] is unbounded and oscillatory.
Cn

Definition 8.2. If f € AC"" [T , +00) then f belongs to one of the classes

{& (+o0) of order n}; {£, (+e) of order n}, c e R\{0}; {£,, (+o) of order n}; (8.67)

ift all the functions ‘ f (k)‘, 0<k<n-1, belong to the corresponding classes
& (+0), & (+0), €., (+0). This implies that “ £ (X)#0 for all x large enough
and 0<k <n-1~. Equivalently.
f e {&, (+) of order n}
f®)(x)# 0V x large enough and 0 <k <n-1, (8.68)
f(x)> f'(X)>> f(”’l)(x)>> f(”)(x), X —> +00;
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f (x) =0V x large enough,
f e{&, (+)of ordern},ceR\{0} <4 (8.69)
f()(x)~ckf(x),x—>+oo,lsksn;
f (x) =0V x large enough,
f e{£,, (+) of order n} < () . : J (8.70)
f(”)(x)>> £ )(x)>>--->> f'(x)> f(x), x =+,

» «

wherein the correct index “ +oo ” or “ —

“lim, ., f'(x)/f(x)”.

According to our agreements, an f €& (+oo) is supposed strictly positive whereas

»

is determined by the single limit

an fe {SC (+o0) of order l} is supposed to be of one strict sign. For ¢ =0 also the
highest-order derivative f(n in (8.69)-(8.70) is ultimately of one strict sign. More
precisely, if f(x)>0 and fe {EC (+o0) of order n} then:

—0<c<0= lim (—1)k f(k)(x):+oo,0SkSn;

(8.71)
0<c<+w= lim f®(x)=+w,0<k<n.
The above definition excludes the circumstance that:
o (& (+0), 0<i<k,
£ o () . (8.72)
& (+), k+1<i<n, forsomec<O0.

Using (8.62) it is immediately proved that (8.72) occurs iff there exists a polynomial
P (X) ofexact algebraic degree k such that:

£ €&, (+»),c<0,

8.73
f(x)=py (x)+(-2)" _[:wdtlj':wdtz... ff(n) (t,)dt,. (8.73)

We shall not give this class a special name.

Proposition 8.5. (Relationships between higher-order exponentiality and high-
er-order rapid variation in the strong restricted sense). If f € AC™ [T ) +00) then:

Mmif fe {Ec (+oo) of order n}, ceR\ {O} . then its derivatives satisty the relations

£ (x)/ 14 (x) ~ ¢, x > +o0; 1<k <, (8.74)

implying that f € {Rm (+o0) of order n —1}, if n>2, and where “+o” is in accord

with the sign of c.
() 1f fefE,, (+o)of ordernf,n>2, then fe{R,,(+)of ordern} iff the ad-

ditional conditions are satistied:
PO/ E0)= T 0= 1 (/10D (0, x>0 (879

Proof. (I) Relations in (8.74) are stronger that those in (4.6), Definition 4.1, and imp-
ly those in (4.8) with 1< k <n-1; the assertion follows from Proposition 4.1. (II) In

this case relations in (8.70) may be read as
f(")(x)/f(k“)(x):o(l),x—>+oo;0§k£n—1, (8.76)

which are stronger that those in (4.6) and the assertion again follows from Proposition
4.1. O
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9. Operations with Higher-Order
Exponentially-Varying Functions

Rules governing multiplication and composition of functions of the above classes can
be proved; the results are not obvious a priori and restrictions on the indexes may be
necessary. Some cases would remain completely undecided due to the intrinsic nature
of two classes: &, (+OO) contains both regularly- and rapidly-varying functions whe-
reas the functions in &, (+00) are “very” rapidly varying; however the additional as-
sumption of rapid variation (in our restricted sense) turns out to be the right one to
obtain useful results.

Proposition 9.1. (Product). (I) Results for variation of order 1. If f. Egci (+00),

C e R,i=1,--,p, then their powers, product and quotient belong to the following
classes:

(f) e £y, (+0); ﬁfi €&, (+»),c= Zp:Ci; f/f, €&, (+0), ©.1)
i1 i=1

provided that the quantities yC;, Zip:lci, C,—C, represent well-defined extended real
numbers, i.e. they do not give rise to some indeterminate form. A trivial counterexam-
ple concerning the product f,f, with “c =-w,c, =+0” is “ exp(x” )-exp(—x7 2 ) ”,
with y,,7, >1 and y, >,=<7,.

(IT) Results for variation of order >2.If f e {Eci (+o0) of order n} ,
G eR,i=1-,p, then

Hipzlfi € {Ec (+0) of order n} with ¢=Y'¢ , provided that this sum unambi-
guously defines an extended real number other than zero, hence there is no definite re-
sult in the case “c, =0V i”. The trouble whenever ) ¢, =0 is that a product f,f,

may be a polynomial of algebraic degree <n—2 so that some derivative of its, of or-
der <n, maybe =0. (For the result on the power see Proposition 9.4-(I).)

Proof. Tt is enough to prove the claims about the product only for p=2. (I) Quite
trivially: “ D, (f,)" =D, (f;)” and

(fif, )' = fh+f;
it e+, +0(1)] ifcc, eR, (9.2)
- +oo( f, f,) if {c, e R, ¢, =00} orif {¢, =c, = Fo0}.

For part (II) we separate three cases: “c,C, €eR,c +¢C,#07; “c, eR,c, =107

«

C, =C, =00 ”. In the first case:

(1,5, = Zk:('l‘j FE £ Zk:('l‘j f.f,-[c+o()] " [c, +0(1)]

i=0
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(9.3)
k
= f,f, {{Z( Jclk 'c'z}to(l)} =f,f, .[(cl +c,)" +o(1)]ls k<n,
i=0
and the thesis follows from (8.69). In case “c, +¢, =0” we would have relations
(f.5,) =o(f,f,), 1<k <n, (9.4)
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which do not grant that “ f,f, € {EO (+o0) of order n} ”. In the second and third cases
similar calculations would give relations “( fif, )(k) > f,f,,1<k <n,” which are not
enough; we must prove the chain in (8.70) with freplaced by f, f,. In the second case

the claim follows from the remarkable relation:
(f,(x)f, (x))(k) ~ £, (%) £ (x), x > 40, 1<k <, (9.5)

and “lim, fz(k) (X)/ fz(kfl) (X) =£o0 ”. Relation in (9.5) is proved using (8.69)-(8.70) in
the Leibniz’s formula:
k1K o k-1
(.1, )(k) = Z[ i ] =Y of fl)'o( fz(k))"' AR (9.6)
i=0 i=0
In the third case, for n =2, we have:
£, + 2/, + £, 8= Hoo( 1)) ] £, + 218 [ 2oo(f,) |+ f, [ 2o0( ;) ]

, (9.7)
= ioo( flffz)ioo( f, f2') _ ioo( £11,+ 1, fz’) = ioo[( f, fz) ]

wherein the last but one equality is legitimate by the fact that the two products f,'f,

»

and f;f, have ultimately the same strict sign: it is essential that either “c, =¢c, = -

or“c,=c, =+0”. For n>3 we write:

k Si) e
( f,f, )(k) [i j fl(k ) fz( ) 4 f, fz(k)

{[kj 0 [ (1)]}+ L )]

=

-1

o

(9.8)

k-

AN

i=0 |

If “c, =c, =+ ” all the involved quantities (coefficients and functions) are positive

and we get:

i-o\ |

KK =1 | (ki) o (i _
(1) z[m(l)]{i[ e )fz”}Z[ﬂo(l)}(n DY 69
If “c, =¢, =—o” we use (8.71) for the signs of the derivatives and get:

(D (5)" = Zm A ~[+oo<1>1}+l 6 (o]

(9.10)
—=...asabove-.- = |:+oo(1):| (l fl” f2|)(k—1) ,

whence:

(£,5,)" =[O ]- (-1 (1) =[~=(@)]-(£.5,)" ", (9.11)

having used once again (8.68) and Leibniz’s formula to obtain the last equality. O

For inversion there is no special result: we can only assert thatan f €&, (+oo) , with
0<C<+m, has an inverse defined on a suitable neighborhood of +oo which, by
Proposition 2.2-(iv), is slowly varying in the strong sense. For composition we face the
following situation: evaluating the limit of the ratio (H (f (X)))(k) / (H (f (X)))(H) is
easy for k=1,2 but for K>3 it is necessary to find the exact principal part at -+oo
of each derivative (H (f (x)))(k). Our restricted notion of rapid variation turns out to

be the right one to obtain general results. Separate accounts are presented: for order 1
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under the least possible hypotheses and with counterexamples; for order 2 with some
restrictions and via elementary calculations; and more complete results for order
n>3 which are also valid for n =2 but obtained via elaborated calculations requir-
ing a further restriction in a few cases.

Proposition 9.2. (Composition: order 1). Let the functions f,H be either regularly
or exponentially varying as specified in each statement, hence they are ultimately
strictly positive, and let f (+OO) =+ so that we may classity the type of variation at
+o0 , if any, of the composite function E(X):=H ( f (X)) .

I If

HeR,(+x), —o<a<+mo; e (+0),0<c< 0, (9.12)
then E€& (+OO) provided that the product o -C is not the indeterminate form

“0- (ioo) ” in which case any conclusion may hold true as shown by the simple counte-

rexamples:
H(x)=10,(x), k=123, f(x)::expz(x’),7>0; (@ =0,c=+0);
& (+oo) if y<1,

(9.13)
H(x):=exp(ax’),a>0,7>0; f (x)=x E=H e &, (+x)if y =1 (a =+, c =0).
£, (+0)if y>1,
The positive part of the statement is examplified by:
(exp(ax7 ))a =exp(aax’),a#0,7>0.
an) If
H el (+0), —o<c<+m; feR, (+0),0<a <+, (9.14)
then
50(+oo) if c#£1t0,0< <1,
Ee . . (9.15)
&, (+0)(accordingasc>0o0rc<0) if c#0,1<a <+,
If a =1 and ifthe quantity
y = c~( lim x*f (x)) (9.16)

defines an extended real number, then E €&, (+oo) .
There is no definite result for the excluded cases. A counterexample for “c = +oo

and O<a<1” 1Is exp(i(x”‘ )y), y>1” and a counterexample for “<¢=0 and

Y
l<a <+ is* exp(i(x“) ), 0 <y <1”: in both cases the indexes of exponential vari-

ation depend on the value of“ ay zl 7. A counterexample for“c =0 and a=1"1Is
H(x):= exp(ix(log x)ﬂ1 ) B, <0; f(x)=x(log x)ﬁ2 B, eR;

B
E(x)= exp(ix(log x)ﬂ2 -[Iog(x(log x)ﬂ2 )J j; (9.17)

E'(x)/E (x) ~ £(logx)"* - tog x(1agx)"* ) ~ £(log )", x - +cs,
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the index of exponential variation depending on the value of “ i+ 3, 30 . For
B, >0 this is a counterexample for“c = o0 and o =1".

(III) If both functions are exponentially varying with various indexes, namely

He&, (+o0), —o<c<+m,c£0; f €&, (+0),0< a <+, (9.18)

then E€&,, (+oo) according as ¢>0 or c<0. Simple counterexamples for the

cases“c=0 or a =07 areprovided by the pair

e e & (+0), 2x+sinxe & (+), (9.19)

each of them in the role either of H or £ In both cases. lim,_,,, E'(X)/E(X) does not
exist though E'(X)=E(X). Some results for the cases “Ce€ R\{0},« =0 are re-
ported in Proposition 9.4-(III).

Proof. For part (I) write

E'(x) _H'(f(x) f(x) f'(x) (9.20)
E(x) L(fL f(x)’

and use “lim,_,, 1(x)=lim __ yH'(y)/H(y)”. For the non-ambiguous cases in part
(II) just write

E'(x)/E(x):(H’( f (x))/H (f (x))) f'(x)=[c+o(1)]-x*f(x)-[a+0(1)], (9.21)

recalling that “lim, X" f (X)=0 or +o0” according as & <1 or & >1. For part
(III) we have

lim E'(x)/E(x)=( fim H'(f (x))/H (f (x))):( Jim 1'(x)) =, 9.22)

because the first limitis ¢ =0 and the second limitis +oo as either “ f '(X) ~af (X) ”
or*“ f'(X):+oo(f(X))” and f(+0)=+4w. O
Proposition 9.3. (Composition: order 2). Let the functions f,H be either regularly
or exponentially varying of order 2 as specified in each statement and ultimately strictly
positive, | (+oo) =+4o and E(X) =H ( f (X)) .
(I) Let
R, (+0) if aeR,
R, (+0) if a = +o0; (9.23)
f & {&, (+)of order 2}, 0<c <+,

H eRa(+oo),ae]1_%; H’e{

and both the products “a-C,(a—1)-C” be not the indeterminate form “0-o0 ”. Then
Ee {Eac (+0) of order 2} provided that in the case “~0 <o <1,C=+0" the restric-
tion be added (see Proposition 8.5):

f e{R,, (+)of order 2}, (9.24)

For the special case
H e R, (+), H'eRﬂ(+oo),f0r some B, - < <1, (9.25)

and fas in (9.23) we have that.
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Eeé E'e& +o0) if 0< ¢ < 400,
(BBl < o

Ecg (o) E'cs, (+0) ifc=n
In particular. Ee{50(+oo) of order 2} if (B+1)c=0 . Notice that in case

“a =+ we are not assuming “H € {Rm (+o0) of order 2} ” in the strong restricted

sense of our Definition 4.1.

am 1
H e{&, (+) of order 2}, ceR;
(9.27)
f e{R, (+)of order 2},0 < o <+,
then:
{& (+0) of order 2} if ¢ # 00, 0<ar <1, 029
{5@0 (+0) of order 2} (accordingasc>00rc<0) if c=0,1<a <+w. '
If o =1 and if the expression
y = ( lim x*f (x)) (9.29)

defines an extended real number, then E € {6} (+00) of order 2} .
(IIT) If both functions are exponentially varying, namely

H e {&, (+) of order 2}, c e R\{0}; f € (£, (+x) of order 2}, 0 < a <+, (9.30)
then E e {5¢w (+o0) of order 2} according as c¢>0 or c<O, provided that in the

case“—wo<c<0 and « =+ ” the restriction (9.24) is added.

Proof. By Proposition 9.2 we need to estimate the behavior of the sole ratio

E"(x) _H'(f(¥)-F'(0)_ f"(x) _H"(F(x)-f(x) £'(x) 1"(x)

R S R . (93D)
e H(f) P A T ()
For part (I) we use the last expression in (9.31) trivially checking that:
(B+1)c inthecase(9.25)and ¢ < +x,
lim E"(x)/E'(x) =< ac if a,ceR, (9.32)

X—>+00

+00 if l<a <+40m,0<C<+0;

whereas for the remaining cases wherein “c = +o ” the assumption in (9.24) implies by
Proposition 8.5-(IT) that f"/f'~ f'/f (= +00 (1)) so that:
£ _ 1) [H(F () (%)
E'(x) f(x) H'(f(x))

taking account that: lim yH"( /H ={either ¢ —1<0or S <-lor —oo}. For

+1+0(1) | =-oo(1), (9.33)

part (II) we use the first equality in (9.31); for ceR and « <1 theindexof f' is

a —1 due to condition f(+oo):+oo and we get:
X)/E'(x)=[c+0(1)]-xf (x):[@+0(1)]+ (a—l)x‘l+o(x‘1):o(1), (9.34)

as well as the corresponding results for « >1 and for « =1. The same equality is
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used for part (III) wherein the assumptions imply  f(+o00)= f'(+o0)=+w0"; for

0<c<+oo and 0<a <400, and according to the various circumstances, we have:

E"(x) H"(f(x) f'(x) FRACY) _{[C+O(1):|-|:+oo(1):|+{a+o(1)

Bl H(T)) T[] o) ()

Nowlet —w<c<0;if & R the very same calculations give
“E"(x) / E'(x)=—o0(1)” whereas, for & =+ and to avoid the indeterminate form
“—o0(1)+00(1)”, we need (9.24) namely relation f"/f'~ f'/f,so getting:

E"(x) ., %)- H"(f(X))+ 1 g (). [c+o(l)]:_OO
E’(x)_f ( )[H’(f(x)) f(x)[l (1)11 [ (1)] {—oo(l) (1). (9.36)

=+o0(1). (9.35)

O
Proposition 9.4. (Composition: order N>3). Let the functions f,H be either
regularly or exponentially varying of order N2>3 as specified in each statement, f,H
ultimately strictly positive, f(+w)=+0 and E(X)=H(f(x)).
(I) (Hregularly or rapidly varying). If
either H e{SR, (+) of order n}, o e R\{0},
or H e{R, (+)of order n}, H' € R, (+o0) with —oo < < -1;  (9.37)

and  f e{& (+o)of order n},0<c <+,

then:
0 ()~ (ac)kH(f(x)), X — 40, 1<k <n, if o #0, (9.38)
H’(f(x)). f (x)-ck (ﬂ+1)k71, X —> +00,2<k <n,if ¢ =0;
and these relations imply. E e {é’ac (+o0) of order n} it a#0,and
E € & (+), B €{& 5.1y (+o0) of order n-2| if @ =0, (9.39)
Vig
either H {SR, (+w)of order n}, & e R\{0}, 9.40)
or H e{R0(+oo)of order n}, H'e R, (+o0) with —o0 < < —1; ’
and
either  f {&, (+o0) of order n} ~{R,_, (+)of order n—1} 0.41)
or f e{&,, (+)of order n}n{R,, (+) of order n—1}, ‘
then in each of the four cases we have.
d“E(x)( £'(x)/f (x)), X >4, 1<k <n,if @ #0;
o [FEONTC TS o)
(/3+1)k7l E’(x)-( f ’(x)/f (x)) , X—>+4m,,2<k<n,if a=0;

and these relations imply. either E e {50 (+o) of order n} N {EM (+o) of order n —1} if
f'=0(f),or Ee{&,, (+w)of order nfn{R,, (+)of order n—1} if f'=-+oo(f).
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For the special choice H (Y) =y a#0, we get the inference:

f &{& (+)of ordern},0<c<+oo=> f“ e{€, (+o)of ordern};  (9.43)

and if f belongs to one of the classes in (9.41) then % belongs to the same class.
If

{H &{R.. (+) of order n—1{; 9.4

f & {&, (+o) of order n}, 0 < ¢ < +oo,

then:

() = e"HO (£ ()-(£ () ~HO (£ (0)- () ~(E) () 1sksm (0as)

whence. E € {E,, (+0)of order n}{R,, (+x) of order n—1}.
If

{H & {R,.. (+) of order n—1}; 5.46)

f e{€,, (+o) of order n} " {R,,, (+o) of order n—1},
then:
EY (x)~ HO (£ (x)-(F() ~ (E'(x)) J(E(X) T x> 40,1k <y (9.47)

whence. E € {E,, (+0)of order n}{R,, (+x) of order n—1}.
(II) (H exponentially varying, fsmoothly varying of positive index). Assume

H e {&, (+) of order n}, c e R\{0}. (9.48)

If
fe {SRa (+00) of order n}, 0<a < +m, (9.49)

then:
g0 (x)~ E(x)~(0ax’lf (x))k ~ E(x)-(cf ’(x))k ,X—>+0,1<k<n,  (9.50)

which implies

{& (+0) of order n} N {R,, (+e0)of ordern-1} if 0<a <1, 051
{€... (+o0) of order n}~{R,, (+o) of order n-1} if 1<a <+, ©-31)
wherein &, agrees with the sign of c.
If
f e{R,, (+)of order n—1}, (9.52)
then:
E® (x)~ E(x)-(cf'(x)), x> +a0, 1<k <1, (9.53)

which implies: E € {Em (+0) of order n} O{Rﬂo (+00) of order n —1} , with the sign of
too agreeing with the sign of c.
If He {50 (-I—OO) of order n} then quite different circumstances occur according as
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H is regularly or rapidly varying and the pertinent results are contained in Propositions
7.1,7.5,7.6.

(III) (H exponentially varying, £slowly varying). Notwithstanding the counterexam-
ple in (9.19) some positive results can be given for o =0 and they depend on the be-
havior of Xf'(X). To be precise assume:

H e (&, (+o) of order n}, ce R\{0}; f {R,(+x)of ordern}. (9.54)

Condition f(+w)=+0 implies that the index of variation of f' is -1 so that
) e R (+OO) YV k<n-1 and we have three different inferences. First.

t/(x)=0(x")= E¥ (x) ~ (-1) " (k-1)1X"* -c-E(x)- f'(x)

(9.55)
~ (1) (k=1)1x -E'(x), 1<k <n,
wherein the last relation follows from
“E'(x)=H'(f(x))- f'(x)~cH(f(x)) f'(x)=cE(x)f'(x)”. This implies:
Ee{Ry(+»)of ordern} and EY¥ eR,(+®),1<k<n-1. Second
E'(x)~ cax"E(x),
f'(x)~axt a=0= (k() ) ) () (9.56)
EY (x)~x*E(x)-[ A +0(1)],2<k<n,

with some constants A, and this implies by Proposition 3.4 that:
E €{SR,, (+x) of order n} . Third

|f’(x)| = +oo(x‘1) = EX (x)~ E(x)-c" (f ’(x))k X >+, 1<k <n,  (9.57)
wherein “ t'(x)=0(1)”. This implies.

Ee {50 (+o0) of order n} N {Rﬂo (+0) of order n —1} . A trivial example to visualize these

results is the following:

H(x)=e",c=0; f(x)::a(logx)ﬁ,a>0,5>0,5¢1;

o(l) ifs<,
f &{Ry (+e) of any order n}; xf'(x) =1a if 5=1,
+oo(1) if 5>1;

o) veso O

o x?* if 0<1,
E(x)=exp(ca(logx)’ ); E'(x)/E(x)=cas(logx)" " x* = Ca(lxl) if 5=1

+oo(x‘1) if §>1.

This example also shows that, if 5 =1 and Ca Iis a natural number, then it is not

granted that
E € {R,, (+) of order n}.

(IV) (Both H,f exponentially varying). Let
{H e {&, (+) of order n}, c e R\{0};

9.59
f € {€, (+) of order n}, 0 < a < +o0, (:59)

848
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Case: o € R . The following relations hold true:

EY (x)~c*a" -E(x)-(f(x))k ~cX -E(x).(f'(x))k X — 400, 1<k <n,
if ce R\{0};

EN (%)~ & - HO(£(x))-(f(x))" ~ HO (£ (x)-(' (%), (9.61)

X = +400,1<k <n, if c=zc0.

(9.60)

Case: o=+ .If T satisfies the additional condition in (9.52) then:

EY (x)~ ck-E(x)-(f’(x))k ,X—> 400, 1<k <n,if ce R\{0}; (9.62)
EY (x)~ H(k)(f (x))-(f’(x))k L X — +00,1<k <, if ¢ = oo, (9.63)

Relations in (9.63) coincide with the first group of relations in (9.47) obtained under
the assumption for H in (9.46) which is independent of the present assumption
“H e{€,, (+) of order n}”.

In each case it is checked that“ E") (X)/E(k_l) (X) =to0 (1) ” that is
“Ee {5@0 (+0) of order n} ” according as ¢>0 or c<0.Moreover, (9.60) and (9.62)
grant the additional property

EX (x)/EX ()~ E'(X)/E(X), x> 40,2 <k <, (9.64)

that is “E € {R@C (+0) of order n —1} », whereas this last property follows from either
(9.61) or (9.63) under the additional condition for H in (9.46) which implies that both
relations in (9.61) and (9.63) can be rewritten as:

E® ()~ (H'(£(x)))"(H (F 09) " -(£(0)" = (E' ()" -(E(0) ™ (9.65)

X =+, 1<k <n.

For“c=0 or a =07 thereis no general result as shown in Proposition 9.2-(III).

Proof. Remember that all the claims are already known for order 1 and that, in each
single case, one has to replace the appropriate asymptotic relations into the Faa Di
Bruno’s formula for E(k),k > 2, which, with the present notations, we write in the

more succinct form:

EX ()= Y a, , HEH((0)(F00) (1) (19 (0) . o6

0<ij<k

always taking into account restrictions in (6.2) and that all the coefficients &, ; ..; are
positive numbers.

Part (I). Under conditions in (9.37), « = 0, we have relations

HY(£(x)=H(f(9)-(1 ()" [ +o(1)]

e (9.67)

=E(x)-(f(x)) ~[a1+o(l)]1sisn;
f(x) = f(x)[ci +o(1)]1s i<n (9.68)
849
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whence

0<i; <k
(9.69)
=E(x)-c [( DA ~an+o(1)].
0<i; <k
Let us now consider the family of polynomials:
Pla)= D a, . " g eR, keN, (9.70)
0<i; <k

where, by (6.2), p, has algebraic degree &, and let us try to find a closed form of p,.
For fixed klet H,f be two C” -functions on some interval [T,+oo) satisfying con-
ditions in (9.37) with a>k-1, eg, H(X)=x" a>k-1, anoninteger, and
f (X) =e”, then p,(a)>0 and E® (x)~ c*p, (e)E(x),1<k <n.. By Proposition
9.2-(I) we get:

I Hoe 2 (K) (kD)
ca = lim E'(x)/E(x)= lim E (x)/E“Y (x) (9.71)

= CPy (a)/ P (@).

This, together with the value p, (a) =1, implies P, (0! ) =a" which our reasoning
has shown true for each @ >Kk-1; p, being a polynomial this must be an identity on
R ; hence we have given an indirect proof of the useful equality:

z A i A — g Vg eR,VkeN, (9.72)

O<ij<k

wherein the coefficients Y and the indexes i ; are specified in (6.1)-(6.2). The
relation in (9.37) for « =0 follows. For & =0 the pertinent assumption on A in

(9.37) implies relations
HO(F () =H'(F(0)-(FO)) [ vom] 2sism 073)

and quite similar calculations as above yield:

EY (x)= H'(f(x))- f(x)-c" H Z A -ﬂw}o(l)]

0<ij <k

. ﬂ‘*‘l. o<ij<k
- E’(x).ck (ﬁ+l)k_l +0(1),2<k<n,
having used the obvious equality: A"~ = (A +1)i / (B+1), whenever S+1#0. Under

the assumptions in (9.40)-(9.41) we use relations in (9.67) or in (9.73) for H(i), and

relations

£0(x) ~ (£/(x)/F(x)) - £ (x), x>+, 2<i <1; (9.75)
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and we get:

) ) "(x i (k) X i
= (X)=E(X) X2, -[awwm}-[ ff ;;] [ i (;)]

i axy(%]k Hza .aw]w(l)} s E(x)-[%]k ,

and the analogous relation in case a =0, f <-1. Hence for « =0 we have:

(})/E* (x) = a(£/(x)/ F (x ){(1) he=0 077)

+oo(1) if c=+00, 2<k <n;

DEX) = (@t (/1 () ~ (E(/EX) 2<ksn ©78)

Analogous procedure in case o =0 and the claims are proved. If conditions in

(9.44) are assumed we use both relations in (9.68) for f 0 and the scale

H™ (y)> H"™ (y)> > H'(y)> H(y), y > +o. (9.79)

Instead of (9.69) we now get:
E<k)(X)=Ck{ 3 3y R (0)(F () 100 ]J
= HI(F(0) (£ () = HO(F(0)(F (), 2<ksn,

taking into account the fact that into the summation the term with the highest

(9.80)

growth-order is the one term corresponding to “i, +---+i, =k ”, that is:
“iy=k,i; =0V j>17, with coefficient 1. By the assumption on 7, see (4.8), these last
relations imply:

{E(k)(x)~(f’(x))k-(H'(f(X)))k/(H(f(X)))H:(E,(X))k/(E(X))k1’2§kgn_ (0.81)
" (x)/E" (x) ~ E'(x)/E(x)

Under conditions in (9.46) we use (9.75) and the scale in (9.79) so getting:

g® (X) - (%:))J { Z a i (i) (f (X))(f (X))iﬁw“k .|:1+0(1):|

e o (9.82)
RO (| (M0 2zks
which yield the same relations as in (9.81).
Part (II). The common relations for H are:
HY ( (x))~c'-H(f(x))=c"-E(x), x>+, 1<i<n. (9.83)
If (9.49) holds true then:
f(i)(x)zx"f(x)[ai+o(1)],x—>+oo,lsisn; (9.84)
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<[(@) +o@)]| (@) +o@) || (a*) +o) (9.85)

=E(x)-x* o;kail'iz""’ik -0, (@)-(cf (%) )'l+ Hk [1+0(1)], 1<k<n,
<Ij<
wherein iy ....i, (0!) = (Ol)i1 (0{g )iz ---(0{K )iK . Condition “ f (+00) =400 ” implies that the
leading term in the sum is the one corresponding to “ i +:--+i, =k 7. As

Ok 0.0 (0!) =" relation in (9.50) follows. From this we infer:

1 1 1 if 0 1
J(x)/E* M (x) ~ cax M (x) = {15021) :f aii“ ,1<k<n, (9.86)

(i)

Under condition in (9.52), we use relations in (9.75) for f

00~ E0) S [ o} (1] (00

=E( )[ (X))] Zah,z i (cf (%) )I1+ e [1+0(1)] (9.87)

(X 0<ij<k

E(x)(ff’((:))J (cf () =E(0)-(ct'(x))", 1<k <n,

so getting:

Part (IIT). Under assumptions in (9.54), we have the following relations for f W,
£ (x) = £/(x)-x" .[(—1)‘;1 +o(1)], 2<i<n, (9.88)
gk ( ) ( ) 0<Z:<ka|1|2 0 [ otk +O ] ( )'X_l'[(—l)+o(]_):|)2
><-~-><(f'(X)~le )
“E(0) Y a,., [ Ch (1) (1))t (9.89)

0<ij<k

. 2\ 0\
(1) +o(1)][((—1)2) +o(1)]~[((—1) 3 +o(1)}

( ) Z‘i all i il .[Ci1+<.,+ik +0(1):|.(Xf,(x))|1+---+lk ,
with suitable nonzero coefficients A . ; which may have any signs. The extra assump-
tion xf'( X) = 0(1) implies that the leading term into the last sum is the one corres-
ponding to “i, +---+i, =17, ie “i, =--- =i, , =0, i, =1 so that
Ao1= (—1)k;l = (—1)k_1 (k —1)! and the relations in (9.55) follow; in particular
E'(x)~cE(x) f'(x)= o(x’lE(x)). Condition “ f'(X) ~ax™”, je “xf'(x)=a+0(1)”,
implies that

E'(x)= H’(f(x))~ f’(x)~(cE(x))-(aX‘1); (9.90)
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(k) _ —k i+t

EY(x)=E(x)x '[[O;kah.izmik A (ca) ]+0(1)], 2<k<n,  (9.91)
,IjS

where the sum is some number which may have any sign including zero. This is (9.56).

In the third case condition “ X| f '(X)| =+o0 (1) ” implies that the leading term is the one

corresponding to “I, +---+i, =k 7 now A, ;=1 and (9.57) follows. This in turn im-

plies:
{E(k) (x)/E("‘l) (x) ~ cf ’(1() =o(l) as f'e ’12_1(+oo); 92)
EY (x)/E(x)~ (ct'(x)) ~ (E'(x)/E(x)) . 2<k <n.
Part IV).If C,& € R then:
EY (x)
=0§Skaﬁ,i2,m,ik -E(X)-[Ciﬁiﬁ'"”k +O(1):|-( ¢ (X))i1+i2+m+ik .[ai1+2i2+”'+kik +0(1):|’ (9.93)

wherein the leading term is the one corresponding to i +i, +---+i, =k and (9.60)
follows.If &« e R and c =00 then:
E(k) (X) — Ozkah,iz,---,ik .H (ig+-+iy ) ( f (X))( f (X))Il+|2+m+|k .I:ail+2i2+m+kik n 0(1)], (994)
Sljé
wherein the leading term is, once again, the one corresponding to i, +i, +---+i, =k
due to the scale in (9.79), and (9.61) follows. If & =+0w and c =0 then, using rela-
tions in (9.75), we get:

EM (x) = Z B, _H(i1+-~+ik)(f (X))[%Jl 2+ i (1 (X))il+m+ik T1o(1)]

(I k. S a . HEF GO (F OV Mo
_[ f(X)J [Z iy H (f( )) (f( )) [1 (l)]J

0<i; <k

(9.95)

If ce R\{O} then

E(k)(x):[mJ ( Z R -c(i““‘”“)E(x)-( f (x))i“m+ik ~[1+o(1)]], (9.96)

f (X) Ogijsk

and (9.62) follows. If ¢ =40 and if also the scale in (9.79) is taken into account then

the last expression in (9.95) implies:

E(k)(x){i'((:))] HO(F(0)-(F (1) (9.97)

that is (9.63). [l

10. Two Simple Applications of Exponential Variation

10.1. Relations between the Integral of a Product and the
Product of Integrals

From elementary calculus we know that, generally speaking, an integral of type _[TX fg
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has no precise quantitative relationships with (J'Txf )(I:g) and inequalities linking the

two quantities are known: see, e.g., ([11]; §2.13, pp. 70-74), ([12]; Chap. X). Similar re-

marks apply to the pair _[TX fg and f( x)-(_[:g). The concepts related to exponential

variation yield asymptotic information about the ratios of these quantities as x — +co.
Proposition 10.1. Let f,ge AC[T,+»); f,g ultimately >0.

(I) In the case “I fg = +00” we have the following contingencies:

0 if f,gel,, (+0);
(.[ f) (I 9) e if fel, (+0),ge&, (+x),0<C<+mw; (10.1)
Jm, J'Txfg (Ye,)+(Yc,) if fe& (+0),gel, (+0),0<c,C, <+,
+00 if fe& (+o)and gis arbitrary.

(1) Under the assumptions J‘ "t I "9, J‘ﬂc fg <+ ” we have the following contin-

gencies:
0 if f,g eE_w(+oo);
(jmf)-(rwg) _]/c if f eg,w(+oo),geEC(+oo),—oo<C<O;
xILTw J‘+°Cfg - —i—i if fe 501 (+oo), ge 502 (+oo), —0<C,C, <0; (10.2)
X G G
+00 if fe&(+0)and g is arbitrary.

(II) For f,q regularly varying (hence hypoexponentially varying) we have the
exact principal parts at +o of the above ratios, namely

{fER (+0), g e Ry (+o0) (J.f) (a+1)(p+1) 71.('[ )(J’g) (10.3)

a,f>-La+p>-1, a+p+1

{f eRa(JrOO),QERﬁ(+°°)'3(I*°Cfg) fol (I“"f).(j:“’g). (10.4)

a,fp<-La+p<-1 x la+p+1 x

Proof. By L'Hospital’s rule we have:

(Fr){Fs)_ [Er T

lim =lim| ———+—-"— in case (1),
X—>+00 J'T fg X—>+00 f(X) g(x)

) (07 0

lim lim +
X—>+0 I*w fg x—>+oo| f (X) g (X)

X

(10.5)

in case (I1),

and then we apply the various results in Propositions 8.1-8.3. The last claims in (10.1)
and (10.2) simply follow noticing that the two limits on the right-hand sides in (10.5)
are not smaller than the limits of the sole ratios involving £ Part (III) follows from
Proposition 2.4-(I). ([l

For f,g rapidly varying in the strong restricted sense of Definition 4.1, Proposi-
tion 2.4-(II) would give relation

’

(I ) (I 9) (x) gx)) (J' fg) X —+oo0, for f,geR,, (+0),  (10.6)

f'(x)g'(x)

K2
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and a similar one for f,geR_ (-I—OO). More precise results depend on the types of
exponential variation of f,g which provide information on the
lim, .. [( f/f ’)+(g/g’)] and the foregoing results are reobtained under the unne-
cessary restrictions on the second derivatives.

Proposition 10.2. Let each of the two functions f,q belong to one of the three
classes in Definition 8.1

(I) In the case J.HO fg = +00” we have the following contingencies:

1 if f650(+oo),gegc(+oo),0<cﬁ+oo;
; f(X)'(J'Tg) 1+(c/c,) if fe& (+),9€&, (+0),¢ eR,0<c, <+, (10)
m-———-= . 10.7
x40 JTng 1 if fe& (+0),gef, (+0)ceR;

+o0 if fel, (+0),9e&(+x).

(II) Under the assumptions. “ rwg < 400, rw fg <40 and f (X) - (J-mg) = O(l) 7, we
have the following contingencies:

1 if fe&(+0),ge&, (+0),—0<c<0;
; f(x)'(L g) 1-(c/c,) if fe& (+w),geé&, (+0), ¢ eR,—w<c, <0;
AR 10.
e e 1 if feg, (+0), 98, (+2),c eR; (108)
' oo if fe&,(+0),ge&(+0).
Proof. Again by L’Hospital’s rule:
f(X). Xg , X
lim ¢=1+ lim m Lg in case (1),
X—>+0 j fg X—>-+0 f(X) g(X)
i (10.9)
f)-([ g ) [
lim (L ):l— lim () J. 9 in case (11).
X—>+00 L fg X—>+00 f(x) g(x)
(]

10.2. Sums of Exponentially-Varying Terms

If feAC[T,+®) has a definite type of exponential variation at +oo according to
Definition 8.1, then classical results going back to Hardy ([8]; Th. 33, p. 48) under
stronger regularity assumptions, express the asymptotic behavior of a sum ZE:lf (k)
or y.~ f(k) via either f(n) or Inf , the behavior of the integral being then de-
tected by some of the results in Proposition 2.4. Our exposition allows simplified proofs
and we also point out to what extent the classical results apply to more general series of
type Zkf (ak). It turns out that the functional Equations (8.14) and (8.15) impose
drastic restrictions on the sequence {an }n .
Proposition 10.3. For f e AC[T,+0)NE, (+x), with —wo <c <+, the following

equivalence holds true:
>, F(k) <+ [T (t)dt <+, (10.10)

=T
k integer

5~
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together with the following asymptotic comparisons between sums and integrals.

(I)If c=0 and {an }n Is a sequence of real numbers such that.

a,2T Vvn; lima, =+00; 0<M, <a,,,—-a, <M, <+0Vn; (10.11)
then:

[~ f_+oo:Zf a,) j f(t j"“ (t)dt, n — +oo; (10.12)

[~ f<+oo:>2fak jf j f (t)dt, n — +oo, (10.13)

If c=0 and {an } . 1Is a sequence of real numbers such that.

a, 2T vn; lima, =+o0; 0<a,,; -2, vV, Iign[am—an]zl >0, (10.14)

then:
J' f—+oo:>2f a,) —j f(t J'”l (t)dt, n — +oo; (10.15)
+00 = 1 +00 1 +0
[ 1‘<+oo:>2f(ak)~zja f(t)dt~=[" f(t)dt,n— +e, (10.16)
K=n n n+l

In the particular case “ f € R, (+0), a #—1,” the asymptotic relations in (10.15)-
(10.16) respectively become, by Proposition 2.4-(1):

Zn:f(ak)~ j.n(]:z(jnl;’ N — 400, (1< a < +0); (10.17)
k=1

if(a )~anf(an),n—)+oo,(—oo<a<—1). (10.18)

k=n X /1|0{ +1|
() 7f ceR\O and {an }n satisties conditions in (10.14) then:

a1

c>0= " f—+oo:>Zf a,) Mj'f t)dt ~ - t)dt, n — +o0; (10.19)

+o0

c<0=["f <+oo:>if(ak)~ﬁjf(t)
k=n -

an an+1

() If c =+ and {an }n is a sequence of real numbers such that.

a,2TVvn, 0<M<a,,—-a, vn; (10.21)
then:
c>0:>rwf:+oo:>zn:f(ak)~f(an),n—>+oo; (10.22)
k=1
c<0:>J'+D°f <+oo:>if(ak)~ f(a,),n— +o. (10.23)
k=n

Proof. (I) Under conditions in (10.11) it follows from (8.14) that:

[(H = [T < (- a,) f(a,),n o (10.24)
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by (813) o

f n— 4+, (10.25)

Yf(a)~Y—— J;“fﬁzr“f—r"“

and the analogous relation in case of convergence. Under conditions in (10.14) we get
from (8.15):

[ _ja"”” f~2af(a,),n—+o; (10.26)
. 13 ] _1 ani ~£ an
éf(ak) Zkz:lfak f==l lLlf,n—>+oo. (10.27)

and the analogous relation in case of convergence. And also the equivalence in (10.10)
is proved.
(II) From (8.29) we get:

cA _
I:nnilf _ Lan:mw(ﬁf _e C 1, (8py ), N —> +o0; (10.28)
n n+l c A by (8.28)
2 f(a)=2"1 (ak—1)~TJ.a ~ ——cij f,n— +o; (10.29)
k=1 k=2 1°a 1-

and the analogous relation in case of convergence. (III) For “c =+ > f is ultimately
strictly monotonic and, for the argument’s sake, we may suppose that f is strictly

monotonic on the whole interval [T , +00) .For c¢>0, f isstrictlyincreasing so that:

n- n-1 1 ak+1 ak+l an by (8.39)
;f(ak)<§ﬁjak ZI j = o(f(an)),n—>+oo; (10.30)
=L Yk+1 k
whence
n n-1
dYt(a)="1(a,)+D.f(a)~f(a,), n—>+x (10.31)
k=1 k=1

Analogously for ¢ <0, f is strictly decreasing and

RICAED) : [0 f i f NN (f(a)); (1032)
a —_— — = off(a,)); .
k=n+1 “ Konet & — 8y 4 "L k=n M an "

whence:

0

:an(ak)= f(a)+ 3 f(a)~ f(a,)no+n

k=n+1

(10.33)

The equivalence in (10.10) in cases (II) and (III) is implicit in the previous relations.

O
Remarks. 1. Condition “a,,,—a, 2M >07” is adequate in part (III) whereas the
-a,=4 +0(1) ” is needed in part (I) to apply (8.15) and get a
-a, = 0(1) ” may not work in

stronger condition “a,,,
precise asymptotic result. A sequence such that “0O<a,,
each of the above three circumstances dramatically changing the type of exponential
variation; take for instance “a,=logn ”
“f(x)=x7 «f(x)=expx >, « f(x)= exp(xz) ”. If the inequalities concerning
“a,,,—4a,”in (10.1 1) and in (10.21) are satisfied only for each nlarge enough this does

checking the three cases pertinent to:

not affect the principal parts of the sums though the given relations might be quite in-
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accurate from a numerical standpoint.
2. The equivalence in (10.10) for the case ¢ =0 is remarkable in so far it does not

require the monotonicity of f in which case it trivially follows from the inequalities:
f([ x])< f(x)<f( x]+1),] x |:= integer part of x, (10.34)

or from the inverted ones. Another classical criterion grants the equivalence in (10.10)
under conditions “ f € AC[T,+), Lm| f '| <+ ” regardless of the sign of f'.

3. The mentioned original proofs by Hardy for Zkf (k) implicitly assume that
fe {EC (+o0) of order 2}. The proofs by Dieudonné in ([9]; pp. 101-103), assuming
f € C', are reported in ([2]; pp.V.30-V:31) with some simplifications.

Comments and examples on applying the foregoing results. Suppose that the asymp-
totic behavior of the given sequence {an}n is described by an expansion with several
terms, say “a, =b, +C,+A+0(1)” with “b, >c, >1". If fhas a definite type of
asymptotic variation then, generally speaking, there is only one case wherein the mere

principal part b, suffices to find the principal part of the pertinent sum, namely:
by (5.6

feR, (+0) = 1(a,)~ f(b)= 21 (a)- () (10.35)

separating the cases of convergence and divergence. If the expansion has the simpler
form “a, =b, +A+0(1) > with “b, > 1” then the inferences in (10.35) hold true for the
larger class of f €&, (+OO) whereas, for a generic “ f € & (+OO), €>0,” all the diver-
gent and convergent terms in the expansion must be taken into consideration save fur-
ther simplifications. The results in part (III), with the mild restriction on the sequence
{an }n , may yield interesting relations difficult to achieve by other methods.

Example 1. For “a,b>0;0< £ <1” we have two quite equivalent ways of applying
(10.19) to evaluate the sum:

1 anernﬁt 1

— " eldt~ exp(an+bn”)
$exp(ak-+bkf) <11 e (10.36)
exp(al ~ .n .(10.
L T T

l-eg? P 1-e?® a+bpt’?

In the first procedure we put f(x):=e* and a, =an+ bn” which last satisfies
conditions in (10.14) with A = a ; in the second we notice that

«f(x)= exp(ax +bx” ) € &, (+)» and choose “a, = n > getting the same result.

Example 2. For “a, :=an” +b,”, where “a,a > 0;b, > 0;b, =0(1) ”, we have:

n exp(an“)
n n explat® )dt ~—————= if O 1,
Zexp(ak“ +bk)~ Zexp(ak“)~ L p( ) agn®™t sas (10.37)
P P .
exp(an”‘) if a>1.

The sole relation “a, =an” +0(1)” is enough in this case.

Example 3. For a, =an” +bn?, where “a,b>0;a > 1, 8<a” (10.19) cannot be ap-
plied with the choice f(x)=¢" as “lim [a,,—a,]=+®"
« exp(ax“ + bX'B) e, (+00) ” we get from (10.22):

; but noticing that
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iexp(ak" +bkﬂ)~exp(an“+bnﬂ), n — 4o, (10.38)
k=1

And the same argument can be used to establish the relation:
zn:exp(ak“ +blsin k|k”) ~ exp(an" +blsin n|n”), n—+o,(a,b>0a>1 f<a).(10.39)
k=1

Example4. Let
a,=an“+pn’ (a>0,a>L f<a-1);0<p, <M <+0Vn (10.40)

n a p . . .
To evaluate ZkzleXp(ak +pk ) we cannot apply neither (10.19) with the choice
f(x)=¢" as “lim [a,, —a,]=+%" nor, generally speaking, a direct method save,
e.g., the case wherein “ p, = P(n) ” with “ P(X) e, (+00) ”, as in the preceding exam-
ple. But there is an indirect method which works well for any p, though not very

“natural”. Starting from the expansion:
(an + pnnV)a =a’n® +qa”tp n“7 +O(n‘“2y’2), n—+o,(@eR, y<1), (1041)
it can be checked that:
an” +p,n’ = [a]/an +atat e p,n/He T +O(n2ﬂ"’), n—+mo, (aeR, B<a).(10.42)
Hence for B <a/2 we have O(nzﬂ_a) =0(1) and:

zn:exp(ak“ + pkkﬁ) ~ Zn:exp {[a’/“k +o talt e p kA T} n—+o,  (10.43)
k=1 k=1

for: a>0,a>1 f<min(a -1 a/2). For the sequence
b, = a¥n+q At p,"""™ we have that lim b, —bn] =a’ >0 and we may
apply (10.22) with f(X):=expx” so getting:

kZ:exp(aka + pkkﬁ) ~ exp{[al/an +0(_1a(17“)/”’ pnnﬂ”‘a :|a}

by (10.42)
~ exp(an” +p,n”),n > +o0; & > 1, B < min(az -1, &/2);

e |

(10.44)

which is a remarkable relation due to the presence of the possibly oscillatory term p,, .

11. Asymptotic Expansions for f (X +r ( X))

In iterative processes aiming at determining the asymptotic behavior of solutions of a
functional equation it is sometimes useful to know asymptotic expansions of a quantity
like f (X+ I’(X)) . We preliminarly state a few elementary facts about the asymptotic

relation

f(x+r(x))~ f(X), x>+, (11.1)

from a different viewpoint than that in §5. If f (+0)=/eR\{0}, (11.1) is trivially true
for any r such that lim, . (X +r (X)) =+00 ; otherwise it makes sense for

r(x)=0(x), x>+ and, in such a case, it is satisfied by any feR, (+0): see
(5.6). Weakening the hypothesis on fuseful results hold true under strong conditions
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on the growth-order of r. This point is highlighted in the following preliminary result
containing a classification of various asymptotic functional equations, partly overlap-
ping the results in Proposition 5.1.

Lemma 11.1. (I) If f € AC [T,+OO) , fultimately =0, then:

{f'(x)/f (x):o(x’l), X —> o0,

F(xr(x))~ (%), x = +o0; 11.2
e

f’(x)/f(x)zo(x’l), X = +00, = f(x+0(x))~ f(x), X > +o0; (11.3)
f/(x)/f(x)=0(1), x >+, = f(x+0(1)) ~ f(x), X > +0; (11.4)
f(x)/f(x)=0(1), x> +o0, = f(x+0(1))~ f(X), X >+, (11.5)

without any restrictions on sign and monotonicity of f', and on the sign of r apart
from the first inference. The four inferred asymptotic relations are listed in order of
decreasing logical strength.

(I) Relation in (11.1) holds true under the following conditions:

r:[T,+0) = [0,+0); r(x) =0( f (x)/f'(x)), X —> 400! (11.6)

{ f everywhere differentiable and = 0 on [T,+oo); f " ultimately monotonic and = 0;
which means that, no matter what the growth-order of f'[f , (11.1) is practically
granted for any nonnegative and sufficiently small r. This result implies those in
(11.3)-(11.5) but with additional unnecessary assumptions, hence it is better used in the
case “ f'/f unbounded’. For results with a nonpositive r see ([2]; p. V.44) and ([9];
exercise 6, p. 113).

Proof. Using the first equality in (5.20) all claims in part (I) reduce to proving that
either J.:r(x)f'/f or an(x) f'/f is “0(1)” under the different assumptions on r.
this is elementary and left to the reader. For part (II) it is simpler to apply the
mean-value formula after a few preliminary remarks. First we may suppose f >0 and
the assumptions imply that f (+oo) exists in ]R; so we have to study the two non-
trivial cases f(+oo): “either 0 or +oo”. Moreover it is easily seen that the case
f (+00) =+ is brought back to the other case referred to g =1/f . Hence we are
supposing f >0 and f(X):O(l) so that the monotonicity of f' implies that

|/(x)| is ultimately decreasing (to zero) as x —> +oo. Now we have:
f(x+r(x))—f(x)=r(x)f'(x+0(x)r(x)),0<0(x)<1, (11.7)
and all the assumptionson ' and rimply:
‘r(x)f’(x+9(x)r(x))‘£r(x)|f’(x)|:o(f(x)). (11.8)

O
Simple counterexamples show the necessity of the restrictions on rin (11.6); in fact,
evenif f’ ismonotonic, condition r(x)= O( f(x) / f ’(X)) may not work:
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exp(x+O(1)) 7e* unlessr(x)=o0(1); (here f/f'=1);
exp(x+x‘1)2 ~e%e*; (here f/f'=1/2x);
exp(x+x’1)3/eX3 unbounded; (here f/f'=1/3x).

Various types of expansions for f (X-I— r(x)) can be obtained using “higher-order

types of variation” for £
Proposition 11.2. (Higher-order regular or rapid variation). (I) If

f eC"[T,+0)U{R, (+=)of ordern}, r:[T,+0) >R, and r(x)=0(x) then the
ordered n-tuple {(r(x))k f(k)(x)} is an asymptotic scale at +oo , ie.

r(x) f'(x) >>(r(x))2 f7(x)> - >>(r(x))n £ (x), x > o0, (11.9)

and the following asymptotic expansion of Poincar€ s type holds true:
f(x+r(x))-f(x)
K r(x) -1, (ne (11.10)
=2 I(!(r(x)) £ (x)+0[—(r(x)) £ (x)] X —> +o0,

X

aif feC” [T,+oo)u{R+w (+oo Of order n-— l} (n) monotonic,

r: [T , +oo) - [0, +oo), and r ( ) then we have the asymptotic scale
in (11.9) and the asymptotic expansion of Poincare” s type in (11.11). The conditions on
fare granted when assuming f € C"*[T,+0)U{R,, (+o)of order n}.

In part (I) the sign of r may be arbitrary. The result in part (II) shows another con-
text wherein our concept of higher-order rapid variation reveals appropriate: the hy-
pothesis “ f € {’Riw (+oo) of order n—1} ” is the right one to grant the asymptotic scale
in (11.9); the other assumptions serve to get a simple estimate of the remainder. Ac-
cording to Proposition 8.5 this result also is the right one to be applied to hyperexpo-
nentiality of higher order.

Proposition 11.3. (Higher-order hypoexponentiality). (I) Zf

feCh [T,+oo)u{50 (+0) of order n} and 1:[T,+0) > R is bounded then the fol-

lowing expansion holds true.

k
n-1(r(x)) k n ¢ (n-1
f(xer(0)=f (0= 2 ! (x)+0((r(x)" 1"V (X)), x>0, (1112)
where { £ (x)}k Is an asymptotic scale at +o by (8.68). This is an asymptotic
expansion with VHI‘IHb]é‘ coefficients; it is of a more general type than Poincar€ s, see,
e.g., ([2]; p. V.17), ([9]; pp. 84-85), and has been introduced by Erdélyi ([13]; p. 2),
([14]; p. 222). If M = sup|r(x)|>0 then, under a monotonicity assumption for
)

, we have the remainder estimates.
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k r(x)) £™(x+ i
nl( ( ) (X)+ O(( ( ))nf ( v ) f‘f (11.13)
G oK of(r()" 1 Ge-m). it [

f(xrr(x)=

(I 1t feC" [T,+oo)u{€0 (+0) of order n} and r(x)=0(1) then the following
expansion holds true for each fixed A € R\{0} :

f(x+A+r(x))-f (X)::ij(k)

which may be thought of as an asymptotic expansion either of Poincaré s type with re-

(x)+o(f(”’1) (x)) X — +o, (11.14)

spect to the asymptotic scale {(l + r(x))k £ () (X)} or of Erdélyr s type with re-
k=1,---,n
spect to the scale { £ (X)} . In particular.
k=1,---,n
n-1 7k
f(x+24)-f(x)= H% £ (x)+o( £ (x)) X — +oo, for each fixed A #0; (11.15)
and, under the additional assumption of monotonicity for ‘ f (n)‘ , we have the remainder
estimates:
w1 4 o(f" (x+2)), if [t
f(x+4)-f(x)= Z gl (x)+ (11.16)
= k! o(f"(x), if|t"

inverting the estimates for A <0 . Notice that, though f ™ does not appear in some
of the previous expansions, the given remainder-estimates have been obtained using
some property of f ") granted by the assumptions.

Proofs. The common formula for the various claims is Taylor’s formula with initial

point xand Lagrange remainder:

F(x+r(x))=f(x)
gl ( ))

o k! n!

L (r) £0)(x+8, (X)r(x)),0< 6, (x) <1 A

For the claim in Proposition 11.2-(I), we start from formula (3.5):

“f0(x)=x"f (X)[ 7, +0(1)]” with suitable constants y,,1<k < n; whence
(r()) £9 () =(xr(x) ([ +o(1)] 1k <n; (11.18)

and this, because of condition I‘( ) 0( ), implies (11.9) if y, #0,1<k<n-1.If

=0 for K>i then the foregomg argument yields
(i)

“r(x)f (x)3> -3 (r(x)) £ (x)” whereas the regular variation of f"' gives
(r(x)™ £ (x) = (r (%)) "o [x* 1" (x))
=o(xr(x)(r(x)) 1 (x)) (11.19)
=o((r(x)) ()

In any case (11.9) holds true. For the remainder we know that there exists a number
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a, , (using the notation in Definition 3.1) such that:

£ (x+8, (x)r(x))
=x Y (x40, (x)r(x))[ @, +0(1)]=by (5.6) applied to " .. (11.20)
O(X—l §(0-1) (X)) if o, , =0,

o, XY (x)[1+0(1) ]~ £ (x) if @, =0,

whence (11.10) and (11.11) follow. For part (II) in Proposition 11.2, the assumption is
that f be rapidly varying of order n—1 in the strong restricted sense of Definition

4.1 hence, by Proposition 4.1,
FED(x)/ 19 (x) ~ £/(x)/ f(X), x> +o0;1<k <n—1; (11.21)
and
r(x)< f(x)/f'(x)=r< £9(x)/ 16 (x)
= (r())™ 1 )= (r () 1Y (0)

for 1<k<n-1, and (11.9) follows. From the nonnegativity of r and (11.21) we also

(11.22)

get:

_ f’(x+¢9n(x)r(x))-
f(x+6,(x)r(x))

Applying Lemma 11.1-(II) to the three quantities on the right and using the mono-

£ (x+6,(x)r(x)).  (11.23)

f(”)(x+6’n (X)r(x))

tonicity of f v

£0) (1.6, (x)1 () ~ L) 100 () = £0) (), (11.24)

whence (11.11). For part (I) in Proposition 11.3 we have 6, (X) r (X) =0 (1) so that the
assumption “ £ hypoexponentially varying” and (8.10) yield the following two re-

lations as X — +oo:

f(”)(x+c9n(x)r(x))=o(f(”’l)(x+9n(x)r(x))); £ (x+6, (x)r(x))~ 1" (x), (11.25)

whence (11.12) follows. Under the monotonicity assumption we have

‘f(”)(x+¢9n (x)r(x))‘ < max(‘f(”)(x—M )Hf(”)(x+ M )‘) (11.26)

and (11.13) follows. The proof for (11.14) is quite the same: relations in (11.25) still
hold true and the quantity r(X) in (11.12) is now replaced by A+r(x)~ 4. O

We now briefly examine to what extent the powers (/1+ r(X))k in (11.14) can be
replaced by their full binomial expressions with suppression of the parentheses. It is
clear that a correct arrangement depends on the relative growth-orders between £
and (I‘(X))h f6 1<h< k-1, and there are too many possible cases to be collected
together in a readable result except for one special case in which r(x) is not too small
and a “natural” arrangement of the terms occur.

Proposition 11.4. (Different arrangements in the expansion of f (X+/I+ r(x)) ).
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Let feCMT,+0) u{é’o (+0) of order n +1}, N>2, so that we have the expansion in
(11.14) with 2 =0, r(x)=0(1) and n replaced by n-+1; but we shall consider just
the expansion in (11.14) with the stronger remainder-estimate r(X) = O( £ (X)) .

Under any one of the following further restrictions, either
fe {Ra (+90) of order n +1}, acR: x ¥ « r(x)(<1), x—>+o,  (11.27)
or
f e{R., (+=)of ordern—1}, a eR; (f'(x)/f(x ) A (X) (< 1), x>+, (11.28)
then the asymptotic expansion in (11.14) can be rewritten as the new expansiorn:
f(x+A+r(x))=f(x)+Af"(x)+r(x)f ’(x)+%12 f7(x)+Ar(x) f"(x)

in(r(x))i f(a)(x)+~- (11.29)

where all the terms, in the given order and with no grouping inside each sum, form an

asymptotic scale at +oo , that is

f(x)> f'(x)>r(x)f'(x)> f”(x)>> r(x) f"(x)>>(r(x))2 f7(x)> £ (x)
> (r(x)) f(3)(x)>>(r(x))2 ( )3 fO(x)> £9(x)> (11.30)
>>(r(x))4 fO(x)> > 10 o> (r(x) ) D(x)> £ (x).

Example. For all n>2 the function r:

=

r(x):= I (4 (x))'/jk ,with 8, <0, (11.31)

k=p
satisfies the conditions in (11.27), and also the conditions in (11.28) with respect to
f(x)::exp(cx’), c=0, 0<y<l.

Proof. The chain f(Xx)> f'(x)>r(x)f'(x) obviously follows from f e & (+x)
and r= 0(1) . For n=2 the right hand-side in (11.29) is an asymptotic expansion if
“r(x)f'(x)> f"(x)” for n=3 this happens if both conditions are satisfied:
“r(x)f'(x)> f"(x), (r(X))2 f7(x)> f(g)( X)”; and in general the right-hand side
in (11.29) is an asymptotic expansion if the following conditions are satisfied:

(r(x))kf1 FEY (x)> 19 (x), x > +o0;2<k <, (11.32)

Now, if f E{ (+°0) of order n +1} aeR, two circumstances can occur; if
/f k-9 ~7X", 7 #20, 2<k<n, then conditions in (11.32) are satisfied

k-1 =)
iff “(r(x)) >x1,2<k<n,” je “(I’(X))n > X'”. If this is not the case then, by
Proposition 2.6-(I), there exists Kk, =2 such that:
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~ 7 XYy £ 0;2<k <k,
9 (x)/ 4 (x) =o(x);k =k, (11.33)
~ 7 Xy =0k, <k<n.

As above we see that conditions in (11.32) are satisfied for k =k, iff
(r (X))kil > X', whereas the condition for k =k, is certainly satisfied if
(r (X))ko_l > X_l; and our claim is proved.

If f e{ . (+00) of order n— l} then we have the set of relations in (4.8) whence it
follows that

(r(0)) 7 14 () 19 (x), 2<k <n e (r(x) 7 > 19 (x)/ £V (x),2<k <n

k1 o (11.34)
o (r(x) > '(x)/f(x).2<k<ne (r(x) > £(x)/f(x).

O

For an exponentially-varying fa possible expansion with more than one term must

be of a different type as the n-tuple ( fofh f(n)) is no asymptotic scale at +oo, and

here is the corresponding result.
Proposition 11.5. (Higher-order exponentiality). Let

feC" [T,+oo)u{5c (+00) of order n} , ceR\{0}, be represented, by (8.5), in the form
f (X) =H (X)-eCX where H € {50 (+0) of order n} , so that we have.
f (x+/1+r(x))— f(x)=H (x+/1+r(x))-e‘°xe”er(x) —H(x)-e*

=e” |:e°/1er() H(X+ﬂ,+l’(x))_H(X):|' (11.35)

If r(x)=0(1) then we may replace "™ by its n-term expansion in powers of
I’(X) and H (X+ﬂ + r(x)) by its expansion of type (11.14) to get an expansion for
the left-hand side in (11.35). For r =0 we get:

f(x+4)-f(x)

= g™ .[(ecﬂ —1)H (x)+e“§i—:H(k) (x)+o(H(”‘1) (x))} X — 400, (4 #0).

k=1

(11.36)

For H =1 the expansion reduces to the identity e ) g = g '(EM —1) . For
n=1 we have“H(x)-e% = f(x)~(1/c) f'(X)” and the expansion is a disguised form
of

f(x+4)-f(x [ /CJ (X)), X > +o0, (11.37)

which is directly obtained from (8.26) and the decomposition
f(x+2)-f(x)_ f(x+2) f(x) f(x) (11.38)

f'(x)  f(x) f'(x) f'(x)

12. Conclusions and Open Problems

As cursorily stated in the general introduction to this two-part paper in §1, our job

consisted in: first, collecting all almost elementary and standard material about basic
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properties of regularly-, rapidly- and exponentially-varying functions; second, giving
appropriate definitions for higher-order types of asymptotic variation; third, exhibiting
several characterizations of higher-order smooth and rapid variation and highlighting
the role of a lemma by Balkema, Geluk and de Haan about smooth variation, a role
somewhat hidden in the original concise proof. Afterwards, a great deal of work has
been required to prove complete results concerning the possible types of asymptotic
variation for functions obtained by means of algebraic operations; in so doing much of
the material in the previous sections have been used including (seemingly) futile re-
marks and (seemingly) minor results. On the contrary §5 on asymptotic functional eq-
uations is expository in nature its only merit being that of collecting in a systematized
way as many such equations as possible. And the same can be said for such types of eq-
uations satisfied by exponentially-varying functions and grouped in §8.

All the material in both parts of the paper must be considered as the systematized
general theory of higher-order asymptotic variation including the few simple applica-
tions in §§10,11. A (here again) semi-expository paper on the applications of such a
theory should collect known and new results about asymptotic expansions of parame-
ter-dependent integrals and sums, solutions of differential-functional equations, impli-
cit functions and so on. But this requires a separate long effort.

We end by pointing out a few open problems in the just developed theory.

Open Problem 1. About the limit f '(+oo) for an exponentially-varying function £

-If “ f €& (+0)” all possible circumstances can occur for “lim, . f'(x)” due to
the great variety of functions in this class.

If “f el (+00), ce R\{O}, ” then f'(X) ~cf (X)” and relations in (8.22) imply
that:

either  f'(+00) = f (400) = +00” or “ f'(+0) = f (+0) =07 accordind to the sign of c.

If “f €&, (+0)” then f'(X):+oo(f (X)) ” and relation in (8.37) implies that
“f'(+00) = f (+00) = +00”.

-But if “ f €&, (+0)” then “ f (+00)=0" and “ f'(x) :—oo( f (X))”, and this does
not automatically implies “ f'(+00)=0". Prove that “ f'(+0) =07 for each fin this

>

class or find a counterexample. It is easily checked that if “ f’(+oo) > exists in R then
necessarily “ f’(+oo) =07; hence the only possible counterexample consists in a func-
tion “ f €&, (+0)” such that “lim,_,,, f'(X)” does not exist in R. See Remark 3 af-
ter the proof of Proposition 2.3 and Proposition 2.5-(III).

Open Problem 2. Provide a proof for the third relation both in (8.41) and in (8.42)
without the restriction “fconvex”, or exhibit a counterexample.

Open Problem 3. A counterexample to monotonicity condition in Lemma 11.1:

Find a pair of functions (£ r) satisfying all conditions in (11.6) except monotonicity
such that (11.1) does not hold true.

Open Problem 4. The first sentence after (9.11), concerning the inversion of a func-

tion with a definite type of exponential variation is in fact inaccurate; for instance, if the
index of exponential variation is a real nonzero number ¢, then the principal part of the

inverse is I/ctimes a logarithm and something can be said about higher-order variation
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of the inverse. Find results for each extended real number c.
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