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Abstract

In this paper, some new existence and uniqueness of common fixed points for four mappings are obtained,
which do not satisfy continuity and commutation on non-normal cone metric spaces. These results improve
and generalize several well-known comparable results in the literature.
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1. Introduction and Preliminaries

Since Huang and Zhang [1] introduced the concept of
cone metric space, the study of common fixed points of
mappings satisfying certain contractive conditions on
cone metric spaces has been at the center of strong
research activity, because it has not only important
theoretical meaning but also wide applications. Recently,
some authors obtained a number of meaningful consult-
ing fixed point theorems for one or two mappings on
cone metric spaces(see [1-3,5-8]). The aim of this paper
is to present coincidence points results for four mappings
without satisfying the notion of continuity and commuta-
tion on non-normal cone metric spaces. Common fixed
point theorems are obtained under weakly compatible
maps. Our results generalized and unified these main
results in [1-5].

We recall some definitions and properties of cone
metric spaces in [1]. Let £ be a real Banach space and
P be a subset of E, & denotes the zero element of
E and int P denotes the interior of P . The subset
P s called a cone if and only if

1) P isclosed, nonempty and P = {6},

2) a,bet,a,b>20,x,ye P=ax+byeP,

3) xeP and - xeP=>x=6.

Given a cone P c E, we define a partial ordering <
with respect to P by x<y if and only if y—xeP.
We shall write x <y if x<y and x#y,while x<y
will stand for y—x e intP. A cone P is called normal
if there is a number N >0 such that forall x,ye P,

O<x<y implies ||x|| < N"y"

"This paper is supported by the Foundation of Education Ministry,
Hubei Province, China (No: D20102502).

Copyright © 2011 SciRes.

The least positive number satisfying the above inequa-
lity is called the normal constant of P .

Definition 1.1. ([1]) Let X be a nonempty set.
Suppose that the mapping d : X x X — E satisfies:

(d1) 6<d(x,y) for all x,yeX and d(x,y)=0
ifand only if x=y;

(d2) d(x,y)=d(y,x) forall x,yeX;

(d3) d(x,y)<d(x,z)+d(z,y) forall x,y,zeX.

Then d is called a cone metric on X and (X,d)
is called a cone metric space. It is clear that the cone
metric space is more general than metric space.

Definition 1.2 ([1]) Let (X,d) be a cone metric
space. Then we say that {x,} is:

1) a Cauchy sequence if for every c€ £ with ¢> 6,
thereis N such that forall n,m> N,d(x,,x,)<c;

2) a convergent sequence if for every ce E with
¢> 0 ,thereis N such that for all
m > N,d(xm,x) <« ¢ forsome fixed x in X.

A cone metric space X is said to be complete if
every Cauchy sequence in X is convergentin X .

Definition 1.3. ([2]) Let f and g be self maps of a
set X.If w= fx=gx for some x in X, then x is
called a coincidence point of [ and g, and w is
called a point of coincidence of f and g.

Definition 1.4. ([6]) The mappings f,g: X > X
are weakly compatible if, for every xe X , holds
fex = ggx whenever fx=gx.

Lemma 1.5. ([2]) Let f and g be weakly compati-
ble self maps of a set X .If f and g have a unique
point of coincidence w= fx=gx, then w is the uni-
que common fixed point of f and g.

Remark 1.6. Let (X ,d ) be a cone metric space with
acone P.If d(x,y) < hd(x,y) forall
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x,yeX,he(0,1), then d(x,y)=6 , which implies
that x=y.

2. Main Results

In this section, we give some common fixed point theo-
rems for four mappings defined on a cone metric space.
Normality of the cone is not assumed.

Theorem 2.1. Let (X ,d ) be a cone metric space.
Suppose mappings S,1,T,J: X — X satisfy

d(Sx, Ty) <ad (Ix,Jy) + azd(lx, Sx)
+a,d (Jy, Ty) +a,d (Ix, Ty) +a,d (Jy, Sx)
forall x,ye X ,where a,>0(i=1,2,3,4,5) satisfying
a, +a, +a, +2max{a4,a5} <1
or a, +2max{a2,a3}+a4 +as <l.

If S(X)cJ(X),T(X)c(X) and one of
S(X),1(X),J(X) and T(X) is a complete sub-
space of X, then the four mappings S,/,7 and J
have a unique point of coincidence in X . Moreover, if
{T.J} and {S,I} are weakly compatible, respectively,
all of the mappings S,/,7 and J have a unique
common fixed point.

Proof. Suppose x, is an arbitrary point in X . Since
S(X)cJ(X),T(X)cI(X), there exist x,x, X
such that Sx, = Jx,,Tx, = Ix, . Continuing this process,
we can define {x,} by
Iy = 8%y, 1%y, = Tx,,,,, n=0,1,2,--- Denote

Vo = = 8%y, Yoy =16y, =T,
n=0,1,2,--

Now, we shall show that {y,} isa Cauchy sequence.
From (2.1), we know
d (J’zn > Yons ) = d(SXZn’Tx2n+l)
<ad (Ix2n > ) +a,d (Ix2n » X, ) +ayd (Jx2n+1 21Xy, )
+a,d (Ix2n 215,11 ) +asd (Jx2n+1 » 8%y, )
<ad (J’2n71 > Yan ) +a,d (yZn—l > Van ) +ayd (yZn > Vonet )

+a, |:d (J/anleZn )+ d (y2n’y2n+1 ):| +asd (yln s YVou )n
which implies that

a, +a,+a,

2.2)

d(yZnJrl’yZn)S d(yZn’yanl)'

l-a,—a,
Similarly it is not difficult to show that

d (y2n+2 s Vonst ) =d (Sx2n+2 Ix,,,4 )
<ad (Ix2n+2 2 IXy, 0 ) +a,d (Ix2n+2 38Xy, )

+a3d(Jx2,,+1 ,sznn)

ta,d (1,5, T, ) + asd (JXy,058%,,5)

S ayd (V35 Y3001) + @ (V20015 Vo) + 05 (V2 V201)
+a [d (Do Yanet )+ (V215 Y202 )] ’
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which implies that

a, +a, +a;

2.3)

d(y2n+2’y2n+l)g d(y2n+1’y2n)'

1-a, —a;

Now, from (2.2) and (2.3), we deduce that

a, +a; +a
d (y2n+2’y2n+1 ) < d(y2n+1 > Van )
l1-a, —as
a +a,+a. a +a,+a
1 T4y Tds 4, ra, va,
< : d(y2/1’y2n—l)
l-a,-a; 1-a,-a,

a +a,+a; a +a,+a, a +a,+a
< : : d(yZn—lﬂyZn—Z)
l1-a, —a;

l-a;-a, 1l-a,—a;

IA

<

a, +ay +a; '{al+a2+a4 ata;+as
l-a, —a

Jnd (7-30)

l-a,-a, l-a,-a

and

a +a,+a,

d()’zmss)’zmz ) < d (y2n+29y2n+1)

l-a,—a,

n+l
a+a,+a, a +a,+a
<..c|hTh T GG T d(y,y )
l—a,—a l1-a,-a 0
3 4 2 5

Let

yottata
b
l-a,-a,

_atay+as

l-a,—as .
If a +a,+a,+2max{a,,a;} <1, then

a+a,+a, a+a

T4 =1,
l-a, —a;

MN =
l-a,-a,

If a +2max{a,,a,}+a,+as <1, then

MN = a+a,+a, a+as+a

l-a,-a, 1-a,—a;

_4tata atata,
l-a, —as

l-a,—a,
Now, for any n>m , we have

d(y2n+1’y2m+1)
£d(yZn+1>y2n)—i—d(yZWyZn—l)—i_n'—i—d(y2m+2='yZm+1)

g( S (MY +N;=z’l(MN)ijd(yl9y0)

i=m+l1

. (MN)nz+1 . N(MN)m
| 1-MN 1-MN

}d(ypyo)

m

N(MN)
1- MN

In analogous way, we gain

=(M +1) d(y,7)-

N(MN)" J

- MN (yl’y0)9

d()’ms)’z,;m ) < (M + 1)

AM



1116 Y.HAN ET AL.

m+1

(MN)
I-MN

d()’znayzm)S(N"'l) d(y1=yo)

and

m+1
d(y2n+19y2m)£(N+l)( ) d(ypyo)'

1-MN
Thus, for n>m>0
d(yn’ym)
(MN)m+1 N(MN)m
< N+1l)———— (M +1)———}d
max{( +1) 1- MN (1) 1- MN (n:30)
= 24,4 (17)

where 4, >0 as m—>o©.

Foreach ¢> @, choose 6 >0 suchthat ¢c—xeintP,
where ||x|| < 0,ie.,x < c.Forthis ¢, we can choose a
natural number N, such that ||/1md (». 20 )" <¢§ for
m > N, . Thus, we get

d(y,, V)< 4,d(¥1,30) < ¢, forall n>m> N,.

Therefore {y,} is a Cauchy sequence in (X,d).
Suppose J(X) is complete, there exists geJ(X)
such that y, =S8x,, =Jx,,,, = qasn—oo.So we can
find a peX such that Jp=¢g. (If S(X) is com-
plete, there exists g€ S(X)c J(X), then the conclu-
sions remain the same.) Letting n — o, and by
Sx,, =Jx,,,, =>¢q, as n—> o, we can choose a natural

l—a. —
number N, such that d(y,,.q) <<M and

l—q. —
d(yh,yz,,_l ) < % for n> N,. Now we show

show that Tp = ¢ . By (2.1), we have
d(Tp,q) < d(szH,Tp)+d(Sx2n,q)
< ayd(Ix,,,Jp)+a,d (Ix,,,Sx,, )+ ayd (Jp,Tp)
+a4d(1x2n,Tp)+asd(Jp,SxZn)—i-d(sz",q)
=a,d(,,1.9)+ ad (y3,_1, ¥, )+ a5d (9. Tp)
+a4d(y2"71,Tp)+a5d(q,y2n)+d(y2",q)
<a[d(yy1.32,)+d(12,-9) ]
+ayd (3,1, 5, )+ a3d (4. Tp)
+a, [d(yZH,yM)+d(y2n,q)+d(q,Tp)]
+(a5 +1)d(q,y2n).
Taking n — o, we get
(1-ay—a,)d(q.Tp) <(a,+a, +a,)d (s, V2,)
+(a1 +a, +as +1)d(y2n,q).

Then, we get d(q,7p) <<%+§:C ,Le. Tp=q=Jp.

Copyright © 2011 SciRes.

At the same time, as g=TpeT(X)cI(X), there
exists # in X suchthat /u=g.From (2.1),

d(Su,q)=d(Su,Tp)

<ayd(Iu,Jp)+a,d (Iu,Su)+a,d (Jp,Tp)
+ a4d(lu,Tp)+a5d(Jp,Su)

=(a, +as)d(Su,q).

Hence, from Remark 1.6, we know Su = g . Therefore,
Tp=Jdp=q,Su=Iu=q.

Next if we assume /(X) is complete, there exists
gel(X) such that
Vanst =1%5,,0 =Tx,,,, > q as n—>o. So we can find a
ueX suchthat fu=gq.(If T(X) is complete, there
exists geT(X)cI(X), then the conclusions remain
the same.) Then, we can choose a natural number N,

(I-a,—ay)c

such that d(y,,.;.q) < and

l—a. —
d(y2n+]!y2n)<<M for I’ZZNZNOWWC

show that Su =g . By (2.1), we get
d(Su,q) < d(Su,szMl)-i-d(szm,q)
< ald(lu,sznH )+ azd(lu,Su)
+a,d (J)cz,Hl Ix,,,0 ) +a,d (Iu,szm)
+ asd(szm,Su) +d (szm,q)
= ald(yzn ,q) +a,d (q,Su) +a,d (y“ s Vanst )
+a,d (4. ¥3,.1) + asd (35, S1) +d (33,1:9)
<a,[d(351:9)+ (Vo> ¥on) |
+a,d (q,Su) +a,d ()/z,,+1=)’2,1 )
+(a, +1)d (g, y2001)
+a; [cl(yz,l,yz,l+1 ) + d(y2n+1,q)+ d(q,Su)].

Letting n — oo, by Lemma 1.6 we get

(l—a2 _as)d(S“a‘I) S(al +a, +a5)d(J’2n+1»J’2n)
-i—(a1 +a, +a; +l)d(y2n+l,q).

Thus, we have d(q,Su) < %-ﬁ-% =c,ie.

Su=qeS(X)cJ(X), then there exists pe X such
that Jp=g¢g. In the same method we can also obtain

Tp=gq.
Finally, we show that 7 and J, S and / havea
unique point of coincidence in X . Assume there exists

another point z € X such that 7x =Jx =z, then
d(q,z)=d(Su,Tx) < ayd (Iu,Jx)+a,d (Iu,Su)
+ayd (Jx,Tx)+a,d (Iu,Tx) + asd (Jx,Su),
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which gives
d(q,z) < (a, +a, +a5)d(q,z),

thus d(q,z) =0, ie, Ix=ITp=Jx=Jp=qg=1z . That
is to say, ¢ is a unique point of coincidence in X of
T and J . Similarly, we also have ¢ is a unique point
of coincidence of § and [/ by induction. So,
according to Lemma 1.5, ¢ is the unique common
fixed point of {7,J} and {S,I}. Therefore, ¢ is the
unique com- mon fixed point of the four mappings
7,J,S and I .The proof of the theorem is completed.

As a variant of Theorem 2.1, we get the following
Corollary.

Corollary 2.2. Let (X,d) be a cone metric space.
Suppose mappings S,1,T,J: X —> X satisfy

d(S"’x,T”y) < ald(lmx,.]"y)+azd(lmx,Smx) )4
+a3d<J"y,T"y)+a4d(l'"x,T"y)+asd(J”y,S’"x)( @

forall x,ye X ,where g, 2 O(i = 1,2,3,4,5)
satisfying

a, +a, +a, +2max{a4,a5} <1
or a +2max{a2,a3}+a4 +as <.

If S(X)cJ(X),T(X)c(X) and one of
S(X),1(X),J(X) and T(X) is a complete sub-
space of X, then the four mappings S,/,7 and J
have a unique point of coincidence in X . Moreover, if
{T,J} and {S,I} are weakly compatible, respectively,
all of the mappings S,/,7 and J have a unique
common fixed point.

Proof. 1t follows from Theorem 2.1, that the four
mappings S”,/",T" and J" have a unique common
fixed point q. Now, Sq=S(S"q)=5""q=5"(Sq)
and Ig= I(]”’q) =1""'g=1"(Ilg) implies that Sg
and Ig are also fixed points for S™ and /™. Hence,
Sq=1q=q . By using the same method, we have
Tq=Jg=q.

Remark 2.3. Compared with corresponding results in
the literature [4, Theorem 2.8 and Corollary 2.9], Theo-
rem 2.1 show that our hypotheses are greatly weaker
than those conditions. On the one hand, we ensure the
existence and uniqueness of a common fixed point of four
mappings without continuity and commutation; on the
other hand, they are special cases of Theorem 2.1 and
Corollary 2.2 with a, = a5 . Hence, Theorem 2.1 present
a more general format of common fixed point for four
mappings without continuity and commutation on non-
normal cone metric spaces, which extends the main
results in [4].

Now we use Theorem 2.1 to obtain a series of new
common fixed point theorems for four mappings in
non-normal cones metric spaces, which improve and

Copyright © 2011 SciRes.

generalize several known results in [1-3].
Corollary 2.4. Let (X ,d ) be a cone metric space.
Suppose mappings S,1,T,J: X — X satisfy

d(Sx,Ty) < ad(Ix,Jy)+,b’[d(1x,Sx)+d(Jy,Ty)] )5
+}/[d(1x,Ty)+d(Jy,Sx)], @)

forall x,ye X ,where a,f,y>0 and
a+2p+2y<1.If S(X)cJ(X),T(X)cI(X) and
one of S(X),/(X),J(X) and T(X) is a complete
subspace of X ,then the four mappings S,/,7 and J
have a unique point of coincidence in X . Moreover, if
{T ,J } and {S 1 } are weakly compatible, respectively,
all of the mappings S,/,7 and J have a unique com-
mon fixed point.

Proof. Let a =a,a,=a,=p,a,=a; =y in Theo-
rem 2.1.

Corollary 2.5. Let (X,d) be a cone metric space.
Suppose mappings S,1,T,J: X — X satisfy

d(Sx,Ty) < ad(Ix,Jy)+ B[ d(Ix,Sx)+d (Jy.Ty) ], (2.6)

for all x,ye X, where ,f>0 and a+24<1. If
S(X)cJ(X),T(X)<I(X) andoneof
S(X),1(X),J(X) and T(X) is a complete sub-
space of X, then the four mappings S,/,7 and J
have a unique point of coincidence in X . Moreover, if
{T ,J } and {S v } are weakly compatible, respectively,
all of the mappings S,/,7 and J have a unique com-
mon fixed point.

Corollary 2.6. Let (X,d ) be a cone metric space.
Suppose mappings S,1,T,J: X — X satisfy

d(Sx,Ty)Skd([x,Sx)+ld(Jy,Ty), 2.7

for all x,ye X, where k,/€[0,1) and k+/<1.If
S(X)cJ(X),T(X)cI(X) andone of
S(X).,1(X),J(X) and T(X) is a complete sub-
space of X, then the four mappings S,/,7 and J
have a unique point of coincidence in X . Moreover, if
{T ,J } and {S v } are weakly compatible, respectively,
all of the mappings S,/,7 and J have a unique com-
mon fixed point.

Proof. Let a,=a,=a,=0, a,=k, a,=1 in Theo-
rem 2.1, the conclusions are true.

Corollary 2.7. Let (X,d) be a cone metric space.
Suppose mappings S,1,T,J: X — X satisfy

d(Sx,Ty) < kd (Ix,Ty)+1d (Jy, Sx), (2.8)

for all x,ye X, where k,/€[0,1) and k+/<1.If
S(X)cJ(X),T(X)<I(X) andone of

S(X),1(X),J(X) and T(X) is a complete sub-
space of X, then the four mappings S,/,7 and J
have a unique point of coincidence in X . Moreover, if
{T,J} and {S,I} are weakly compatible, respectively,
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all of the mappings S,/,7 and J have a unique com-
mon fixed point.
Corollary 2.8. ([4]) Let (X.,d) be a cone metric
space. Suppose mappings S,I1,T,J:X = X satisfy
d(Sx, Ty) < kd(]x, Jy),

forall x,ye X ,where ke[0,1).1f
S(X)cJ(X),T(X)cI(X) andoneof
S(X),1(X),J(X) and T(X) is a complete sub-
space of X, then {7,J} and {S,I} have a unique
point of coincidence in X . Moreover, if {7,J} and
{S,1} are weakly compatible, respectively, all of the
mappings S,/,7 and J have a unique common fixed
point.

Remark 2.9. Compared to Theorem 2.1 and Corollary
2.2-2.8 in [3], our Corollary 2.2, 2.4-2.8 do not require
that condition “P is a normal cone”. Moreover, when
we further restrict 1 =J=1_ in Corollary 2.4, which
1. is the identity map on X , we get Theorem 2.1 in [3],
and we get Corollary 2.2-2.8 in [3] when we even define
S =T in Corollary 2.2, 2.5-2.8. Hence, Corollary 2.2,
2.4-2.8 improve and generalize Theorem 2.1 and
Corollary 2.2-2.8 in [3].

Corollary 2.10. Let (X,d) be a cone metric space.
Suppose mappings f,g: X —> X satisfy

d(fx, fv) < ad(gx,gy)+ Bl d(gx, fi)+d(gv. )] 29
+r[d(gx. fr)+d(gv. fr)], '

forall x,ye X ,where a,f,y>0 and
a+2p+2y <1.If the range of g contains the range
of f and g(X) or f(X) is a complete subspace of
X ,then f and g have aunique point of coincidence
in X . Moreover, if f and g are weakly compatible,
f and g have a unique common fixed point.

Proof. Let S=T=f and I=J=g in Corollary
2.4.

Corollary 2.11. Let (X,d) be a cone metric space.
Suppose mappings f,g: X — X satisfy

d(fx, fy) < ad(gx,gy)+a,d( fx, gx)
+a3d(fy,gy)+ a4d(gx,fy)+ asd(gy,fx),
forall x,ye X ,where a,>0(i=1,2,3,4,5) and

Z;al. <1l.If f(X)gg(X) and g(X) or f(X)
is a complete subspace of X, then f and g have a
unique point of coincidence in X . Moreover, if f and
g are weakly compatible, f and g have a unique
common fixed point.

Proof. In (2.10) interchanging the roles of x and y,
and adding the new inequality to (2.10), yield (2.9) with

B _ay+a,  a,+a
a=a, f 5 7 5

Remark 2.12. We note that in our Corollary 2.10 and

(2.10)

Copyright © 2011 SciRes.

Corollary 2.11 g(X) or f(X) is complete, and the
results remain the same, while Theorem 2.1 in [5]
requires that g(X ) is complete. In addition, Theorem
2.1 in [5] and Theorem 2.1 in [3] generalize the corre-
sponding results in [1-2]. Therefore, above all, our
results improve and unify all of these main results in
[1-5].

Remark 2.13. In Theorem 2.1 we do not require
mappings S,T,I and J to be compact or continuous.
Moreover, we delete the condition “ P is a normal
cone” in this papers. In addition, when we choose
E=R,P= [O,oo) in the above theorems and corollaries,
similar conclusions will be gained in simple metric
spaces.
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