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Abstract 
In this paper, we investigate the existence of local limit cycles obtained by perturbing 
degenerate and weak foci of two-dimensional cubic systems of differential equations. 
In particular, we consider a specific class of such systems where the origin is a 
degenerate focus. By utilizing a Liapunov function method and the stability results 
that follow, we first determine constraints on the system to maximize the number of 
local limit cycles that can be obtained by perturbing the degenerate focus at the 
origin. Once this is established, we add on the additional assumption that the system 
has a weak focus at ( )0,β , where 0β ≠ , and determine conditions to maximize 
the number of additional local limit cycles that can be obtained near this fixed point. 
We will ultimately achieve an example of a cubic system with three local limit cycles 
about the degenerate focus and one local limit cycle about the weak focus. 
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1. Degenerate Focus 

We begin our investigation of local limit cycles by considering a planar cubic system of 
the following form:  

2 2 2 2 3

2 3 2 2 3

x y Cx Dxy Fy Nx y Qxy Ry
y Axy By x Kx y Lxy My

′ = + + + + + +

′ = + − + + +
               (1) 

where A, B, C, D, F, K, L, M, N, Q, and R are real constants. We note here that the 
origin is a degenerate focus as the linearization about the origin is nilpotent but 
nonzero, and the other necessary conditions, as given in Perko ([1], p. 173), are also 
met. To find local limit cycles of this system, we build a Liapunov function in the 
fashion outlined in Blows [2], an extension of a result developed by Andreev, Sadovskii, 
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and Tsikalyuk [3]. This function takes the form:  

( ) ( ) ( )2 3, , ,V x y V x y V x y= + + , 

where ( ),mV x y  is homogeneous with degree m. By virtue of the chain rule, we see 
that:  

( ) ( ) ( )( ) ( ) ( )( )2 3 2 3, , , , ,V x y V x y V x y x V x y V x y y
x y

 ∂ ∂ ′ ′ ′= + + + + +  ∂ ∂   
  . 

For V ′  to be one-signed in a neighborhood of the origin, this implies that  

( ) 2
2 ,V x y yα= , for 0α > . We make the judicious choice of 1

2
α = . Applying results  

from Blows [2], it follows that:  

( ) 2 2 2
3

1 1,
2 2

V x y y Ax y Bxy= − − , 

( ) ( ) ( )

( ) ( )

2 4 3
4

2 2 2 3

1 1, 2 2 5 2 2 2
8 6

1 2
2

V x y A AC x AB AD BC K x y

B AF BD L x y BF M xy

= + + + + + −

+ + + − + −
, 

and so forth. These calculations quickly become tedious by hand, so the use of Mathe- 
matica, or a similar program capable of symbolic computation, is absolutely necessary 
to continue.  

We are able to construct ( ),V x y  such that:  

( ) 5 6 7
3 4 5,V x y x x xη η η′ = + + +  

(see [2]). Provided that the first nonzero η  value is of even degree, ( ),V x y′  will be 
one-signed in a neighborhood of the origin and the stability of the degenerate focus is 
determined by its sign. If the first nonzero η  value is of odd degree, the method is 
inconclusive. If all η  values are zero, then we have a center. The set { }2 3 4, , ,η η η   
has a finite basis which we denote as { }1 2, , , nL L L . The Li, called Liapunov numbers, 
are ordered as they arise in the construction of ( ),V x y  (see [2]).  

We compute the first several jη  values below:  

3 0η =  

4 0η =  

( ) ( )5
1 1 2
2

AC A Cη = + + . 

Before going any further, we note that 2 3 4 0η η η= = =  for all degenerate foci, and 
also that if 5 0η ≠ , then this method fails since ( ),V x y  must be one-signed. We 
require that the first nonzero η  value has an even subscript.  

Definition  
We say the origin of (1) is said to be a degenerate focus of odd order k if  

2 3 2 1 0kη η η += = = = , but 2 2 0kη + ≠ .  
We continue by considering the equation 5 0η = , and solve this by choosing 

0A C= =  to avoid some computational problems that will arise later in this process. 
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Applying the algorithm further with 0A C= =  gives:  

6
1
3

Kη =   

7
1 7 1
4 12 4

F BK DKη = − −  

( )2 2
8

1 43 63 24 31 12 16 36 12 12
60

BDK BF DF B K D K KL M KN Qη = − − + + − + − +  

(

)

2 2 3 2 2
9

3 2

1 211 233 60 37 106 89
120

20 20 55 57 45 162 90
40 64 40 74 40 .

B F BDF D F B K B DK BD K

D K FK FL BKL DKL BM DM
FN BKN DKN BQ DQ

η = + + − − −

− + − + + − −

− + + − −

. 

Now, setting 6 0η =  gives the condition 0K = , so that 7
1
4

Fη = . It then follows,  

after setting 7 0η = , that we have 0F = . Thus, with 0A C F K= = = = :  

( )8
1 3
5

Q Mη = +  

( )9
1 81 45 37 20
60

BM DM BQ DQη = − + + +  

(
)

2 2
10

2 2

1 651 981 330 276 240
420

367 542 180 132 120 .

B M BDM D M LM MN

B Q BDQ D Q LQ NQ

η = + + − −

+ + + − −
. 

From here, we set 8 0η =  and get 3Q M= − . With this extra condition, 9 0η =   

becomes ( )1 2 0
4

M D B+ = . If we make the choice 0M = , the origin will be a center,  

as proved in [2]. This is not desirable, so we choose 2D B= −  and continue:  

( )10
2
7

M L Nη = +  

( )11
73

112
BM L Nη = +  

(
)

2 2 2
12

2

1 54144 227340 227340
181440

142848 88704 .

L M B LM B MN

LMN MN

η = − −

+ +
. 

Setting 10 0η =  gives N L= − , and this condition effectively sends 11η  to 0. Com- 
bining this final condition with all the others gives us 12 13 0η η= = = . Thus, in terms 
of Liapunov quantities, we have:  

( ) ( )1
1 1 2
2

L AC A C= + +  

2
1
3

L K=  

3
1
4

L F=  
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( )4
1 3
5

L Q M= +  

( )5
1 2
4

L M D B= +  

( )6
2
7

L M L N= + , 

and, in summary, with the constraints below, the origin is a center:  

0, 3 , 2 ,A C K F Q M D B N L= = = = = − = − = − . 

Thus, we will have a degenerate focus at the origin of the highest order taking:  

0, 3 , 2 ,A C K F Q M D B= = = = = − = −  and N L≠ − . 

2. Coexisting Weak Focus  

We continue our investigation of our planar cubic system (1). We have already estab- 
lished criteria for this system to have three local limit cycles near the origin. Here, we 
wish to consider the condition that this system has a weak focus at ( )0,β , where 

0β > , and examine whether this condition gives way to any local limit cycles near this 
new fixed point. Without loss of generality, we consider the case where 1β = , and 
extend the results accordingly.  

It is easy to calculate the necessary constraints on this system for ( )0,1  to be a fixed 
point, namely:  

B M= − , ( )1F R= − + . 

Since we further require that this fixed point is a weak focus, we need that the 
Jacobian matrix of the system evaluated at ( )0,1 , denoted 0,1J , satisfies ( )0,1det 0J >  
and ( )0,1trace 0J = . This gives us that:  

( )D Q M= − + , ( ) ( )2 1M A L R< + − , with A L≠ − , 1R ≠ . 

Entering these results into the system gives us the following: 

( ) ( )2 2 2 2 31x y Cx Q M xy R y Nx y Qxy Ry′ = + − + − + + + +  

2 3 2 2 3y Axy My x Kx y Lxy My′ = − − + + + . 

Next, we add in the values previously determined that give us the highest odd order 
degenerate focus whilst simultaneously preserving the constraints for the weak focus. 
Altogether, we have:  

0A C K= = = , 1R = − , B M= − , 2D M= , 3Q M= −  with N L≠ − , 2 2M L< , 0L > . 

We then apply a transformation to take the weak focus onto the origin and write this 
in canonical form. This gives:  

( ) ( )

( ) ( )

3 2
2 2 3 2

2 2
2 2 2 2 3

2 2 2 3 2

3 2 2 2

M Mx L M y L L M xy x M xy
L L

M ML L M x y L M y
L L

 
′ = − − − + + − 

 
   

+ − − + − −   
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( ) ( ) ( )

( ) ( )

( )

( )

2 2 2 2 2

2

2 2 4 4 3 2 2 2 3

2 2

2
2 2 2 4 3 2 2 2

2

2 3

12 3 4 2
2

1 12 3
2 2

3 12 2 6 3 2
2

2

y L M x L LM M N x M L N xy
L M

M N LN y M L L M L M N x
L M L L M

MM L LN x y M L M L N L M N xy
L L L M

M M L y
L

′ = − − + − − + +
−

+ − + − + +
− −

 
− + + + − + − 

− 

+ −

. 

To analyze behavior in a neighborhood of the origin, we apply a familiar method. See 
Blows and Lloyd [4] for example. Recall that we may use a Liapunov function of the 
form:  

( ) ( ) ( )2 2
3

1, ,
2

V x y x y V x y= + + + , 

where ( ),mV x y  is homogeneous with degree m.  
As is well known, in this case we are able to construct ( ),V x y  such that:  

( ) ( ) ( )2 32 2 2 2
4 6,V x y x y x yη η′ = + + + + . 

The sign of the first nonzero η  value determines the stability of the weak focus. If 
all η  values are zero, then we have a center. We begin our computations for the η  
values below:  

( ) ( )( )
( )

2

4 2

3 2

4 2

LM L N L M N

L M
η

+ − +
=

−
. 

Setting 4 0η =  and solving for M and L provides the possibilities 0M = , 0L = , 
L N= − , and 23 2L M N= + . A choice of 0M =  results in a symmetric center, and 
the two choices for L are disallowed by our earlier established constraints. We note here 
also that the denominator cannot be zero as a result of these same constraints. So, we 
take 23 2L M N= + , and continue our algorithm. It then follows that:  

( ) ( )
( )

22 2

6 2

15 3 2

4 5 4

M M N M N

M N
η

+ +
=

+
. 

If we set this to zero and solve for M, our only non-imaginary choice is 0M = , 
which forces a symmetric system. So, instead, we solve for N. The choice of 2N M= −   

is disallowed, as is N L≠ − , and the other choice 23
2

N M= −  cannot occur either, as  

we have established 0L ≠ .  
Hence, it follows from the 6η  equation above, paired with the constraints to 

preserve the third odd order degenerate focus at the origin, that this focal value cannot 
be zero, i.e. 6 0η ≠ . So, the fixed point here is a weak focus of at least second order.  

3. Results 

Theorem 1  
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The system:  
2 2 32 3x y Mxy Nx y Mxy y′ = + + − −  

( )2 3 2 2 33 2y My x M N xy My′ = − − + + + , 

where 0M ≠ , 2 0M N+ ≠ , and 25 4 0M N+ >  have a third odd order degenerate 
focus at the origin and a second order weak focus at ( )0,1 . Moreover, the two foci have 
the same stability.  

Proof. This result follows from the work carried out in the prior two sections above, 
and it is clear that both foci have the stability of ( )( )2sgn M M N+ .  

□ 
Theorem 2  
The system:  

( )2 2 32 3x y Mxy Nx y M xy yδ′ = + + + − −  

( )( ) ( )2 3 2 2 2 33 2y x sgn M y My x x y M N xy Myλ µ′ = − − − − + + + + , 

where 0M ≠ , 2 0M N+ ≠ , 25 4 0M N+ > , ( )2 0M M Nδ + < , 0δµ < , 0λ > , 
and 0 1λ µ δ     have three local limit cycles about the origin and one local 
limit cycle about ( )0,1 .  

Proof. We begin by noting if 0δ λ µ= = = , we satisfy the hypotheses of Theorem 1 
above. Now, we first perturb δ  away from 0 such that ( )2 0M M Nδ + <  produces a  

local limit cycle about the origin, since 4 5
L δ

=  has opposite sign to  

( )2
6

6
7

L M M N= + .  

This δ  perturbation leaves the other fixed point at ( )0,1 , but the weak focus be- 
comes a strong focus whose stability is given by δ . Since ( )2 0M M Nδ + < , a local 
limit cycle has been produced about ( )0,1 . The perturbation of µ  away from 0 pro-  

duces a second local limit cycle about the origin, since 2 3
L µ

=  and 0δµ < . Lastly,  

perturbing λ  away from 0 produces a third local limit cycle about the origin since the 
origin becomes a strong focus whose stability is given by ( )sgn Mλ− , which is of 
opposite sign to M, hence the opposite sign to µ .  

□ 
Remark: Although we only considered the case for 1β =  for the weak focus on the 

vertical axis, a similar argument can be done for any nonzero β  with comparable 
results and conclusion. 
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