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Abstract

In this article we define and build the one method of description of stochastic evolu-
tion of a physical quantum system. For each quantum state @< E; we construct
the probability measure 4, in the space (R,,S), where R, is the space of the
pure states of the quantum system, S the Borel o -algebrain R,. Farther, for any
Hermit’s positive element with norm ||u|| =1, in the C"-algebra of observables U ,
we define the probability measure g, on the set of states E,. If strongly conti-
nuous group {at} of * automorphisms on U describes the evolution of struc-

ture of observables, according to this, we have a picture of evolution of distribution
of states of quantum system relatively to each observable Uu.
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1. Introduction

As known [1] a quantum physical system can be represented by a couple (U,3J),
where U is some C”-algebra which are hermit’s elements that are called observables

~

and some set I of positive functional with norm one, called the quantum states of
this physical system [2].

We say what the functional @ majorizes functional o, if o —@, is a positive
functional [2].

The state @ quantum physical system is called the pure state if it majorizes only

functional type A®,0< A <1 [2]. Denote the set of all pure states on C” -algebra U
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by R,.
In the set of all linear continuous functional on C"-algebra U we have topological

structure, called as * weakly topological structure [2] and defined by pre-basis:
V(@,U;,05,+,U,) = {0 €U’ |lo(u) -0/ ()| <2 =12-n},

where ®,®'€U”",u, €U ; according to this in the set P, we have the topological
structure induced from this topological structure.

It is very known if U commutative C” -algebra, then every positive linear func-
tional defines complex valued measure on the PR,, which is separable and locally
compact space of pure states under the * weekly topological structure. This measure is

defined by corresponding p<>F, F(f)= J. f(x)du, for all f eR, continuous
R

function. In non-commutative case we cannot define the measure on P, in this way.
In the work [3] for each linear functional, with norm one, we define the probability
measure P, for commutative and non-commutative cases in other ways. It gives us
the opportunity to present a quantum physical system as a statistical structure [4]. Re-
presentation of quantum physical system in this form, in our opinion, is more com-
fortable for the solution of problem of quantum system, for example for testing hypo-
theses [4]. In this paper, using this representation, we have tried to consider the dy-

namic of quantum physical system as a random process.

2. Quantum Physical System as a Statistical Structure

Denote by R the set of Hermit’s elements of U C" -algebra.

Easy to show that every linear functional on the U C" -algebra uniquely will be de-
fined by its values on Banach subspace of Hermit’s elements,as it’s known [2] that every
element U of C"-algebra U uniquely represented as U, +iu,, where u, and u,
are Hermit’s.

Every a Hermit’s element Ue 9 in the C"-algebra U any can be represented by

integral
u= [ Adp;,

where {pz}kR (pj )2 = p; projectors and represents the partition of unityof Her-
mit’s element UeR [5].

Correspond to projector p2 =p, €U the family {p I }ﬂeR of elements of the C” -
algebra U which has the condition: p;* =0, if A<1, p;*=p,, if 4=1 and

f" =E,if A>1,where E isthe unitelement in the algebra U . It is clear that.
pa = J. ﬂ’dp/la *

If ueU, then u=u,+iu,, where U, and u, are Hermit’s elements. The repre-

sentation such U will be

OALib Journal

2/6



M. Mumladze

u=u1+iu2=Tﬂdpjl+iT/1dpjl,

Obviously, if ® some linear continuous functional on C"-algebra U , then from

the last equality we will have
a)(u):a)(ul+iu2):a)[T Adpjl]+a)(7 ﬂdpjzjz Tida)( jl)+i]j/1da)( EZ),

where u; and U, are Hermit’s elements.

Let, { pa} be the set of all one dimensional projectors on C"-algebra U and o
pure state, then the last equality follows that this state has the non zero meaning only
on some projector P, € { pa} and the meaning 0 on the other one dimensional pro-
jectors. Otherwise, we can always construct such functional which will not have the
type A®,0< A <1 and well majorized by the pure state @ . So how, if functional @
is a pure state, then w(uz) >0 for all Hermit’s elements U.

Let, o(p,)#0 and ®, such functional, which has the non zero meaning ¢
only on some projector P, € { pa} and the meaning 0 on the other one dimensional
projectors. It is clear, if we take ¢ sufficiently small, thenwe can achieve, that for every
ueR will have place inequality

©

(w—wa,)(u2)= J lzd(a)—a)a,)( p;)z 0.

It means, that the pure state @ majorize the functional @, which does not have
the type Aw,0< A <1, but this is impossible. It follows that the pure states are sach
functional which satisfy the condition @, ( p ﬁ) =67,

An integral representation of Hermit’s elements follows that for the pure states w,
has a place of equality w, (u) =4, , where 1, is some element of spectrum of Hermit
element U e R . It gives opportunity to identify every pre state with the set of number

u —_qu
{ﬂa} . where p, (u)=4;.

uel

Consider the Tikhonov’s product X = u(gz o,> where o, c R spectrum of element
UueR.

It is clear, R, X, because R, the set of such elements in product Z:lg)n o,
which represents linear continue maps with respect to the topological structure in R
which is defined by the norm:

R, :{a)a R—>Jo, o, (u):A;,a)a(klul+k2u2):kla)a(ul)+k2a)a(u2)}.

ueR

Consequently in the set B, we have X= ue@y o, > induced from Tikhonov’s product
L= ® o, topological structure. This topological structure coincide with theinduced
topoulzxgical structure from * weakly topological structure on set of functionals on C”
algebra U .

We can also identify the set B, with the set of one dimensional projectors {pa}.
Wecall R, asphysical space of quantum system.

In the work [3] we have proved:
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Theorem 1. Every state @we 3 in space B, with * weakly topological structure,
defined on the Borel o -algebra of a probability measure 4, .

This measure constructed as: for the subset {paﬂ} of R,, measure ({ Pe,, }) is
norm of positive functional v, "V" <1, if this exists, which values on the elements of
this subset are coincide to corresponding to values of the state @ . ie. u, ({ Pey }) = ||v|| .

Every measure p, describes distribution elementary particle in physical space of
quantum system P, inthestate @.

If C"-algebra U has a unit, then in the space U" with * weakly topological

structure the set of all state I is convex compact set and represent convex linear

combination of pure states ¢,&,, -+,

, fromtheset R,:

0=k& +k$ ++k Gk 20, k =1
i=1

or limit of sequence @,,®,, -, @, -, where
iU

@ =K + Kl kg Gk 20,3k =1 [2].
i=1

This means, that elements of set R, are the extreme points of set [2].
Because each state we 3, defines a probability measure g, on couple (PU ,S) ,
where S is borel C”-algebra therefore it is easy to show, that every u, represent

convex linear combination
n n
H, :Zkiﬂgp ki =0, zki =1
i=L i=L

of Dirak measures . where & €R;,i=12,--,n or limit of sequense {/‘w,. }n N

|
where u, = kln,ug1n +k;,ug2n +---+kr?”,ugln,k|" >0,> k' =1 [2].
i1

For every state @< 3 we have j da)(E; ) =1 therefore it is easy that the value of

quantum state on observable U e R is the middle value of this observable. The value
a)(u) € R is called the middle value of observable U e ‘R of quantum physical system
in the state we 3.

All told above follows that a quantum physical system is an object, so-called statistic-

al structure [4]:

(U.R.3.8.{u,} 0e3),
where U some C’ -algebra, Hermit element of which are called observables of this
system, R, is the space of quantum system, S Borel o -algebra in R, u, the

probability measure defined by state @ € 3 and which describes distribution elemen-

tary particle in physical space of quantum system R, in the state .

3. A Stochastic Dynamics of Quantum System

Theorem 2. Every Hermit’s element U, ||u|| =1 in o -algebra U defines probabili-
ty measure on the set of states E; .
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Proof: Tt is well-known that the map 7:U —-U™ defined by formula
7(u)(®)=F,(w)=w(u) is isometric embedding U as Banach space in the double
conjugate space U™ [3]. If @ is a state then a)(u*u)ZO [2]; it follows that if
ueU ispositive element, then u=v'v,veU and ca(u) >0.

Thus if ueU is positive element then F,(®)>0 for each state on U . Because

7 is isometric, and therefore ||Fu||:||u||

(F,+F)(@)=F, (0)+F (0)=0(u)+o(v)=o(u+v)=F,, (a))

If u is hermit’s element u= Ildpj, because, for such elements F, = J/Ideu
A

—0 -0

and
,:u(f):jf AdF (w)=jf/tdw(pﬁ)'

Let u, ||u|| =1 be hermit’s positive element in U , then spectrum o, C [0,1]. Let
E, be the set of all states on U ,if O c E; is a set of states; we assume the measure
Hy (O) of this setis A, if O consists for all such element @ for which a)(u) <A,
Aeaoy,, sup{w(u)} =A. Since o, C [0,1], 0 and 1 are elements of o, [5], and

therefore 4, (E,)=1.1tis clear that,if 4,4, €0,,4 <4, then
{f|w(u)£ﬂl}c{a}|a)(u)£ﬂ?}.

If we assume g, ({a) |o(u)< 4, )\ o] o(u) < ﬂl}) =1, -4, then we get a measure
on E;.

The sets for which we define measure, make o -algebrain E . This is not a Borel’s
o -algebrain space E; whitthe * weekly topology. Denote it by S; . Thus, we define
on (EU 'S, ) probability measure. The theorem is proved.

Consider the family of measures {EU ,Sy My, U e RS } defined above, where R; is
the set of positive hermit’s elements whit norm 1, S| is corresponding to hermit’s
element U€NR,, o -algebrain E;.

Let (U R3S, { ,uw} L0 E S) statistical structure represent a quantum physical
system, 3c E,.Foreach UeR, we can define the measure x5 on the set of states

3 of given quantum physical system such:
#5(0)=2 if 03, 0=3ny'(4).

Literally, we have defined measure £ on the set of measures { yw}mes, of which
each element g, describes distribution elementary particles in physical space B, of
quantum system in the state o .

If {a[}teR is strongly one parametric group of maps of C"-algebra U whit unity
and @, (1) =1 forall teR, then following conditions are equivalent [2]:

1) All & automorphisms of U ;
2) ||a[||s1 forall teR;
3) a(U,)cU,,where U, is the set of positive elementsin U ;

OALIib Journal

5/6



M. Mumladze

4) a'(E,)cEy ,forall teR.

Each defined measure g describes distribution of statesin I relatively to middle
value of observable U over states in J, or distribution of elementary particles in
physical space P, of quantum system in the states we 3 relatively to middle value
of observable U over statesin J.

It follows: If strongly continuous one parametric group of automorphisms {at}teR
describes dynamic of structure of observables, according to this, we have a picture of
evolution of distribution of states quantum system (U R, 3, S, { ym} W E S) relatively
to each observable U.

Such, the representation of quantum physical system as a statistical structure allows

formalizing the dynamics of the quantum system as a random process.
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