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ation in the exterior domain Q in R" (d >2) with Dirichlet boundary conditions:

iu, +Au :|u|g u,

u(0,x)=u,(x) e L*(Q), 1)
u(t,x)LeaQ =0.

In this short note, we consider the defocusing mass-critical nonlinear Schrédinger equ-

Here U:RxQ — C and the initial data u,(x) will only be required to the L’
space.

This equation has Hamiltonian

M (u(t))= J.]Rd |u (t, x)|2dx. (2)

As (2) is preserved by (1), we shall refer to it as the mass and often write M (u) or
Mfor M (u (t)) .

H. Brezis and T. Gallouet [1] considered that iu, —Au :—k|u|2 u in Qx[O,oo),

k € R, the nonlinear Schrédinger equation in Q of a bounded domain or an exterior

domain of R? with Dirichlet boundary conditions. In [2], N. Burq, P. Gérard and N.
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Tzvetkov described nonlinear Schrédinger equations in exterior domains. In [3] [4], R.
Killip, M. Visan and X. Zhang considered the defocusing energy-critical nonlinear
Schrédinger equation and the focusing cubic nonlinear Schrédinger equation in the
exterior domain Q of a smooth, compact, strictly convex obstacle in R® with Di-
richlet boundary conditions, respectively.

In [5], T. Tao and M. Visan established stability of energy-critical nonlinear Schrédinger
equations in R* (d >3). However, we established stability of mass-critical nonlinear
Schrédinger equations in the exterior domain Q in R (d>2).

Throughout this paper, we restrict ourselves to the following notion of solution.

Definition 1 (solution). Let I be a time interval containing zero, a function
U:lxQ—C is called a solution to (1) if it lies in the class C] Li(l'xQ) for any

compact interval ' c | , and it satisties the Duhamel formula
itA S [LLi(t-s)a 2
u(t)=e"u, +|joe |u[¢ u |(s)ds (3)

for all te | . The interval /is said to be maximal if the solution cannot be extended
beyond I We say uis a global solutionif | =R.

In this formulation, the Dirichlet boundary condition is enforced through the ap-
pearance of the linear propagator associated to the Dirichlet Laplacian.

Our stability theorem concerns mass-critical stability in L (Q) for the initial-value
problem associated to the Equation (1).

Theorem 2 (Stability theorem). Suppose d 22, I is a compact interval and let 0

be an approximate solution to

i0,U+Au = |u|g u

(4)
ul,, =0
in the sense that
i0,0+Au =|u|§a+e (5)
for some function e.
Assume that
[0y < M ()
25 ey <L %)
for some positive constants M and L.
Let t,el and u(t,) obey
Ju(ty)-a(t,)], <™’ (8)
for some M’>0.Moreover, assume the smallness conditions
“em—to)A (u(ty)-u(t,)) Lt%(m) <e 9)
leflvo, < (10)
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for some 0<e<e¢,where ¢ =¢(M,M’,L)>0 isasmall constant.
Then, there exists a solution uto

i0,u+Au :|u|gu

(11)
IXBQ =0
on |xQ with initial data u(t,) attime t=t, satisfying
Ju-a] 25 1.0y SC(M. M, L)e (12)
Ju=0lo,, <C(M.M",L)M’ (13)
Julge,, <C (M. M7 L). (14)

The rest of the paper is organized as follows. In Section 2, we introduce our notations
and state some previous results. In Section 3, we finally prove Theorem 2, except for

proving a lemma about approximate solutions.

2. Preliminaries and Notations

In this section we summarize some our notations and collect some lemmas that are
used in the rest of the paper.

We write A< B to signify that there is a constant C >0 such that A<CB. We
use the notation A~ B whenever A <B < A. If the constant Cinvolved has some
explicit dependency, we emphasize it by a subscript. Thus A<, B means tha‘E1
A<C(u)B for some constant C(u) depending on u. We write F(z)=z|z|¢ for
the nonlinearity in (1).

We define that for some & >0,

Jullo [l
(1<) (q r) admlssmle HL (1)

50 (1x0) ={u & 7L (1 Q) Julo . < 2}

We also define N°(1xQ) to be the space dual to S°(1xQ) with appropriate
norm.

With these notations, the Strichartz estimates read as follows:

Theorem 3 (Strichartz estimates [3] [6]). Let | c R be a time interval and let
t, € |, then the solution u:1xQ—C fto

iu, +Aqu = f

satisfies

"u"s° - "U LZ(Q) + " f ||N°(')

Proposition 4 (Local well-posedness). Given E >0, there exists &, =35,(E)>0
such that if ||¢||L2(Q) <E and

0

¢4

LI, (1xQ)

on some interval 130, |I|£1, then there exists a unique solution U e C/] Li(l x Q)
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of (1) satisfying u(0)=¢. Besides,

2 .
LU (1x02)

itA

Hu —¢ s%(1xQ)

itA
Se e

The quantities M (u) defined in (2) are conserved on /.

3. Proof of Theorem 2

We need the following lemma to prove this theorem.

Lemma 1. Let I be a compact interval and let G be an approximate solution to

i@u+Au:Wﬁu

Ujjon =0
in the sense that
4
i0,0+A0=|d]a d+e
for some function e.
Assume that
<M

"a||L2°L§(|xQ)

for some positive constant M.
Let tyel and u(t,) be such that

Ju(ty)-a(ty)] . <M’

for some M'>0.

Assume also the smallness conditions
2(d+2

||G| Lex )(le) <6
e (u(t,)-a(t,))

"e"NO(I) se

for some 0<e<g¢,where ¢ =¢,(M,M')>0 isasmall constant.

2(d+2) <e

Lt (1x0)

Then, there exists a solution uto

i@u+Au=mﬁu
=0

u 1x0Q

on |xQ withinitial data u(ty) at t=t, satisfying

2(d+2) <
Lt (1x) ~ €

Ju-d

”U _G"SO(I) SM’

[l S M +M”

ufu—jgial  <e.

NT(1)

(15)

(16)

(17)

(18)

(19)
(20)

(21)

(22)

(23)
(24)

(25)

(26)
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Proof of Lemma 1. By symmetry, we may assume t, =infl.Let w=u-0, then w

satisfies the following problem
ioW+Aw=F (0+w)-F(0)-e

w(ty) =u(ty) - a(t)

=0,

I x0Q2

where F |u|d u.
For tel, we define

A _"F U+W ” O([to.t]) ©

By (19),

2(d+2)
L3 ([to.t]x)

At) S| (a+w)-F(a)

< |a+w|§(a+w)—|a|§ a
4 4
{10 1 o
4

1+7
S| L
L1 X ([1()'[])(9) L( X

2(d+2)

L3 ([t t]xQ)

0:2) (27)
LI ([o.h)

W"L( d
1+i 4
Shell oy +edw

| 2(d+2)
Lad ([tot]x@)

Lxd ([t t]x) "

On the other hand, by Strichartz, (20), (21), we get
2(d+2)

|W Lxd  ([to t]xQ)
5 ”ei(t—to)AW(to)

2 oA el *

SA(t)+e

Combining (27) and (28), we obtain
4

A) S (A(t)+ )"t +cd (A(t)+c) e

~

By bootstrapping, we see if ¢, is taken sufficiently small,
A(t)ie fortel,
which implies (26).
Using (26) and (28), we see (23).
Moreover, by Strichartz, (18), (21) and (26),

||W||s°(|) N "W(tO) 12 +||F (U+W)_ F (U)"NO(I) +||e||N0(I)

<M +e,

which establishes (24) for ¢, =¢,(M’) sufficiently small.
To show (25), we use Strichartz, (17), (18), (26), (19),
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"u||s°(|) N ”u (to )"Li +||F( ” NO(1)

U

|| @l

§M+M'+e+||l]||l+2(d;+2) <M +M’ +e+e0 :
L, (1x0)

(%)),

Choosing ¢, =¢,(M,M’) sufficiently small, this finishes the proof of the lemma. [J
We now turn to the proof of stability theorem.
2(d+2)

d
Proof of Theorem 2. We now subdivide 7 into J ~(1+£j subintervals
€

I :[tj,tMJ, 0<j<J-1, such that
lall,

where ¢, =¢,(M,2M’) as in the lemma.

2(d+2)
Lxd (1xQ)

_60

We need to replace M’ by 2M’ as the mass of the difference u—0 might grow
slightly in time.

By choosing ¢ sufficiently small depending on /, M and M’, we can apply the
lemma to obtain for each jand all O<e<g¢],

2(d+2)

Lxd (1x0) SC(j)e
"u_l]"s0 |-) SC(DM
[ulleqi,y < C (D) (M +M7)

|F (u)-F( a||N0( )sc j)e

provided we can show that analogues of (8) and (9) hold with t, replaced by t;.

lu—u

In order to verify this, we use an inductive argument.
By Strichartz, (8), (10) and the inductive hypothesis,

”u(tj)—ﬂt

<ttt

~F (Do) *Ehoon)

§M'+JZ_:C(k)e+e.

k=0

Similarly, by Strichartz, (9), (10) and the inductive hypothesis, we see

u(ty) -t () =eH " (u(ty)-a(t))+ jf"ei“o-f)A (F(u)-F (a)_e)(f)df
— il (u(to)_a(to)):e‘(‘*‘i”( u(t)-a(t))+ j‘“” —F(d)-¢)(r)dr,

SO We see
it )a £ )—dlt.
o (s )y >h .
S/“ei(l o ( ) a2 (10 )+"e"N°([t0,tJ]) +||F(u)_F(U)"N°([to,rj]) ,§€+kZZOC(k)e.
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Choosing ¢ sufficiently small depending on /, M and M', we can guarantee that
the hypotheses of the lemma continue to hold as jvaries. g

4. Conclusion

In this paper, we consider a mass-critical stability of the defocusing mass-critical non-
linear Schrodinger equation. Then we prove two different types of perturbation to show

the stability of nonlinear Schrédinger equation.
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