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Abstract

For a given positive irrational £ and a real te[0,1), the explicit construction of a sequence
i~ N(<,t,j) of positive integers, such that the sequence of fractional parts of products
¢N(<.t,j) converges towards ¢, is given. Moreover, a constructive and quantitative demonstra-

tion of the well known fact, that the ranges of the functions cos and sin are dense in the interval
[-1,1], is presented. More precisely, for any a <R, asequence j+>v(a,j) of positive integers is

constructed explicitly in such a way that the estimate

eiv(a,j) _gle| ¢ piY2 (|2 = _]_)

holds true for any jeN. The technique used in the paper can give more general results, e.g. by
replacing sine or cosine with continuous function f :R— R having an irrational period.
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1. Introduction

There are several arguments known showing that the ranges of the sequences (cos(n)) _ and (sin(n))  to

neN
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be dense in the interval [ -1 1] (see for example [1], Problem 4.22, p. 33 and [2], Problem 1.4.26, p. 45). In [3]
the authors considered the limit points of the sequence (sm (n)) rather constructively. Subsequently Ogilvy
[4] presented more elegant but less direct analysis. In [5] it was cfemonstrated on the basis of continued fraction

theory, that the set {(cos(n)) ‘n € N} is dense too in [—1,1] . Recently, these results were generalized in some

directions in [6], considering instead of cosine and sine, a continuous function f:R — R having an irrational
period. As a corollary the authors obtained that the sets {cos(n)|neN} and {sin(n)|neZ} are dense in

[—1,1] . However, it was not confirmed in [6] that {sin(n)|n € N} is dense too in [-1,1] . The technique used
in the above cited literature is more or less constructive or quantitative. To the best knowledge of the author, the
most constructive approach to the problem of denseness of the sequence (sm( )) _,, Or more general of the
sequence (f (n)) " for a continuous function f:R — R having an irrational perlod can be found in [7].

We offer a concrete—dlrect constructive and also quantitative (computational) approach to the limit points of

the sequences (cos(n)) _ and (sin(n)) ., i..tothe limit points of complex-valued sequence (e'”)n .

The idea of continued fraction representation of a number suggests how to construct an algorithm producing a
sequence of positive integers such that by applying the functions sin and cos we obtain two convergent se-
quences with prescribed limits in the interval [—1,1]. Crucial is the well-known fact that for any irrational
number ¢ the fractional parts 5(ng), neN, are dense in [0,1]. The purpose of the paper is to construct
explicitly, for any positive irrational ¢ and any te[0,1), the sequence j> N(¢t, j) of positive integers
such that the sequence of fractional parts of products ¢'N (§ .t j) converges towards t, and consequently, to
construct explicitly, forany « e R, the sequence of positive integers v; such that the estimate
<2 (i? =1

ivj _eia

e

holds true forany jeN.

2. Preliminaries

We begin with formal definition making possible to construct the desired sequence.
Definition 2.1 For any xe R the integer part or floor ij and the fractional part 5( ) of x are defined
as follows™:

| x|=max{neZn<x} and 5(x)=x-[x].
As an immediate consequence of this definition we have, forany xeR:
1) [x]=k<(keZ and x-1<k<Xx) (1)
2) 0<5(x)<L. @)

Moreover, for any positive irrational number ¢ and any positive integer n there exist (only one) non-nega-
tive number k and (only one) &< (0,¢) such that

n=k-¢+6. @)
Indeed, considering Definition above, the numbers k:{gJ and 5:=n-k-£ confirm the assertion.

Namely, using (1), we have k e NU{0} and §—1<ks§,i.e. 0<n-k-{<¢ with n—k-¢ irrational.

The crucial role is played by the following lemma.
Lemma 2.2. Let {eR"\Q, neN, keNU{0} and let 5&(0,¢) be such that n=k-{+5. Then

there exist n',k’'eN and 6'eR suchthat n'=k'-¢+6", O<5’s%5, k'>2k+1 and n'>2n. Construc-

tively, letting

"The literature usually uses for fractional part of x different notations such as for example frac(x) or (x) or even {x} . The last one
symbol is not suitable due to possible confusion with the singleton containing the only element x.
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the numbers
(g+l)n if a*sé, o
n= ; and k’:{—J and 6'=n"-k-¢
(pg+1)n if 5*>E ¢
verify the statement.
Proof. Let us suppose that

é’eR*\Q,n:k~§+5,neN,keN,5e(0,§). 4)

Then §>l. Hence, the integer q:= [gJ >1 and, considering (1), %—1< q s%, i.e.

q-6<¢ <(q+1)-6. (5)
Moreover,
(a+)n=(q+1)(k-¢+5)=k(q+1)-¢+(q+1)-6

. . 6
=(k(a+1)+1)-¢+((a+1)-0-¢)=k"-¢ +5, ©)
where k™ :=(k(q+1)+1)eN and
5 = (a+1)5-¢ =5 (£ -06) 2(0,5). @
Consequently,
5-6 =(¢-q5)e(0,0). (8)

Now, we distinguish two cases: (A) | 5" <&/2| and (B) | & >5/2|.

(A) In this case we can set in Lemma 2.2 the integers n'=(q+1)n>2n and k'= k"= k(q+1)+1>2k+1,
and the fractional part 6'=35".
(B) In this case we have the difference

5 5 s ® ¢
5—5*_2(5—5*)_2(5—5*)>25/2_1' ®)

5 5
2(5—5*)’5—5*

Therefore, there exists an integer p e[ J such that the inequality

o .
—<pl6-5)<d 10
,<P(6-5) (10)
holds. Now, referring to (4), (6) and (8), we have

(4

(pa+1)n=(pq+1)(k-¢+8)=(pg+1)k-&+p-&—p-&+pas+46.

=« =5

Hence,
(pg+l)n=k"-¢+67, (11)

where
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K" =((pa+1)k+p)eN (12)

and, according to (8),

o ®) .
8" =-p-¢+pas+5=5-p({-qs)=5-p(6-5"). (13)
Since 0<o” gg, due to (10) and (13), we can take in Lemma 2.2 the integers n’'=(pgq+1)n, k'=k~ and

ok

5'=5".

9
2(5—5*)
5 5

0] T s

We also note that the integer p, = {— ‘ satisfies the estimate

i.e., referring to (9), we have
5 . ) © 5 s _ ¢
2(6-6"

o

<p, < +1< +
) Po 2(6-6") ~ 2(6-67) 2(s5-6") 6-¢
Thus, p, satisfies (10) and p>p, for every p satisfying (10). Moreover, in case (B), we have & >§.

But, this estimate implies the inequality >1. Consequently, p,>1,i.e.wehave p=>p,=>1. Hence,

s
2(5-67)
in case (B), we estimate n'=(pg+1)n>(1+1)n=2n and k'=(pg+1)k+p=>2k+1.

Corollary 2.3. Let ¢ be any positive irrational, n(¢,1) any positive integer and for every jeN let us
define

1) k(¢ )= n(i’j)
2) d(¢§)=n(¢,)—k(¢ i) ¢
3) q(¢.j)= d(;j)

4) d"(¢.§)=(a(¢ 1)+1)-d(¢.§)-¢

5) p(f;,j)::{— D)
1

(a(¢. 1) +1n(¢. i) it d"(¢,)<5d(¢00),

(p(¢.1)a(, D) +n(¢.]) 1" (6,1)>2d (&),

In this way we obtain the sequences (k(C, j))J.EN and (n(g“, j))jeN of positive integers and the sequence

6) n(¢ j+1)=

(d(g“,j))jeN such that for any je N there hold the following relations
i) k(¢,j+1)=2k(<,j)+1 and n(<, j+1)=2n(<, )

i) d(;,j+1)§%-d(§,j).
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iv) 0<d(¢,j)<d(¢,1)-2".

Proof. For the sequences, which are given inductively, we can apply the preceding Lemma 2.2 to verify the
assertions i)-iii) of the Corollary 2.3. Concerning the estimate iv), it is certainly true for j=1 and, if
d(¢,j)<d(¢,1)-2") forsome jeN, then, using iii), we have

d(;,j+1)s%-d(§, j)s%-d(g,l)QH _d(c.1)-27.

Remark 2.4. The estimate iii) in Corollary 2.3 is rather sharp as is illustrated® in Figure 1 where the graph
of the sequence j > d (2, j+1)/d(2m, j) is depicted using n(2m,1)=1.

Remark 2.5. The estimate iv) in Corollary 2.3 seems to be rather rough as it is evident from Figure 2 show-
ing the graph of the sequence j 5’ xd(2x, j).

Remark 2.6. Given positive irrational ¢, smaller is the factor d(¢,1) in Corollary 2.3 iv) faster is the
convergence d(¢,j)—>0 as j—>oo. Therefore, for the initial number n(¢£,1) in Corollary 2.3 a positive
integer m should be chosen in such a way that the number d(;, m):= m—{?J-g should be as small as possi-
ble. The Table 1 illustrates the dynamics of the sequence m— 5(21:, m) .

Remark 2.7. The Table 2 shows, for n(2z,1)=13, the dynamics of the sequences j»d (2=, j) and
j>n(2m, j). The latter grows very fast. However, if we put, for example, n(2x,1)=19 in Corollary 2.3, we
would get a sequence that would grow a bit more slowly. By experimenting with Mathematica [8] we come to
the conjecture that

(in'" <n(2m, j)<(j1)’

for n(2r,1)=13 and j>8.However, this is only a hypothesis.

3. Denseness

Theorem 3.1. For ¢ being any positive irrational, te[0,1) and, using the sequences n(1/¢,j) and
d(1/¢,j) from Corollary 2.3, let us define

_ t/¢ +d q)2v i
2) N(g,t,j):=m(g’,t,j)-n(]/.§,j) (jeN).

0.6F n@r, 1)=1  d@2r, 8)/d(2r, 7)<0.011  d(2m, 54)/d(2x, 53) > 0.499
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Figure 1. The graph of the sequence j > d(2m, j+1)/d(2m, j).
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Figure 2. The graph of the sequence j 5’ xd(2x, j).

?In this article all figures are produced using Mathematica [8].
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Table 1. Dynamics of the sequence m > d (2z,m).

m 1 6 7 12 13 19 44 710

d~(271:,m) 1 6 0.71-- 571 0.43- 0.15-- 0.017-- 6.02---x10°

Table 2. Dynamics of the sequences j+>d(2x, j) and j> n(2m, j).

j 2 5 10 14 51 74 100
d(2m, j) <107 <10™ <10” <10™ <107 <10 <10
n(2m, j) >10° >10" >10® >10" >10" >10%% >10%%

Then the sequence j>T (£t j)=¢-N({.t,j)—| £-N(S0t, J converges towards t as  j — oo . Hence, the

sequence of fractional parts ofproducts gN(gt j), JeN,isdense in the interval [O 1]

For several te[0,1), Figure 3, Figure 4 on page 7 illustrate convergence of the sequence ji—>T(mt, j)
towards t, using n(1/m,1)=1.
Proof. Letustake {eR"\Q and te [0,1). Now, considering Corollary 2.3 iv), we estimate

t/¢+d (V¢ 1)24)
d(1¢. )

Therefore, according to the definition i) of m(g,t, j) and considering the equivalence (1) on page 2, we have
m(&,t, j)eN and

>1.

t/¢+d(1/¢,1)-2"
d(V<,4)

Consequently, again thanks to Corollary 2.3 iv),
t/¢<m($t§)-d (Y, §)<t/C+d (1 1) 2

t/¢+d(Y¢,1)2 '

Stem(E DS )

or
t<¢-m(&tj)-dYS, j)st+¢-d(1<,1)-27 (jeN). (14)
Now, for t <1, using the definition ii) of N ({,t, j) and considering Corollary 2.3 i), we have

N(g,t,j)=m(4t,j)[k(l/;,j)%m(l/aj)]

EN(Stj)=m(St i) k(Y E, j)+<m(S .t )-d(I< ). (15)
Also, using (14),
0<g‘,’~m(§,t, j)-d(/¢, j)<1
holds for
EWR 2102
In2 1-t

Thus, according to (15), the fractional partof j> j*(¢,t) isequalto ¢-m(<,t, j)-d (1<, ), for j>j(&01),
and, thanks to (14), converges towardstas j—o. O

Theorem 3.2. The closures of the sets {cos(n){ne N} and {sin (n)ineN{ areequal to the interval [-1,1].
More constructively, setting n(2x,1)=19 in Corollary 2.3, and considering the sequences (n(2m, j)),-EN and

i>i ()=
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(d (2m, j))jeN defined in Corollary 2.3, let us define, forany aeR and jeN,

. 277
e
2) v(a,j)=u(a,j)-n(2m,j).
Then
‘e”(“'j) —e“|<271¥2 (jeN), (16)

The estimate (16) is illustrated on the Figure 5 where is plotted the graph of the sequence j— g (wai) _gin/4

together with the graph of continuous function j - 271%2,
Proof. Assume that all the suppositions of Theorem 3.2 are fulfilled. Then, since

d(2m,1) :19—B—QJ 2me (0%) we have, considering Corollary 2.3 iv), the estimate d (2x, j) < % 271 e,
T

277 —d(2n,j)>0, forjeN. (17)

Moreover, referring to the definition of 4 («, j),

E o e
0.725 .. 0561
0.720 = L

' NG 0.54] 2
0715} .
. 052 e
0710} .
o o ® o o . t ° R
® 2 o

0.705F 0.50

0 5 10 15 20 0 5 10 15 20

Figure 3. The graphs of the sequences j T (m,t, j) using n(l/=,1)=1.

0.155 . oiaob®
L]
0.150 0.135 . !
— 2 b en
0.145 | . r=e 0.130
oo 0.125 .
0.140 | . .
P . 0.120F
LK YN 0o 4
0.135F 0.115
0 5 10 15 20 0 5 10 15 20

Figure 4. The graphs of the sequences j T (m,t, j) using n(l/=,1)=1.

0.35F 0.0007 ¢
030 0.0006 F
0.25 ¢ 0.0005

0.20 f 0.0004 F
0.15 f 0.0003 F
0.10 f 0.0002 F
0.05 f 0.0001 F

10 12 14 16 18 20

Figure 5. The graph of the sequence |+ [e"™*) —e™*| and the graph of continuous

function j 272,
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0:+2_H_1< (a .)<a+2'j'l
dizm i) Y540y

That is, considering (17), we estimate
a<u(a,j)d(2nj)<a+27™ (18)
Now, according to Corollary 2.3, we have

v(a, j)=u(a j)-n(2n, j)=(u(a, j)k(2n, j)) 2+ u(a, j)-d (2, j).

=74

Hence,
sin(v(a, j))ssin(,u(a, j)-d(2m, j)), )
cos(v(a, j))=cos(u(a, j)-d(2m, j)).
To conclude the proof we estimate
|cos (e +h)—cos(a)| =|cos(a cos(h)—sin(a)sin(h)—cos(a)|
=2 sin(a+gj . sin(gj <2><l>< =1h|, 20)
for he[-n/2,m/2]. For such h we also have
|sin (e +h) —sin ()| = [sin(e) cos () +cos(a )sin (h) —sin(a)|
=2 cos(a +gj . sin(gj < 2x1x ‘ |- )

The relations (18)-(21) imply the inequalities
[cos(v(a, j))—cos(a)| <27 and [sin(v(a, j))-sin(a) <27,
verifying (16).

4. Conclusions

Using only elementary tools, no use of convergents of continued fraction theory, we derived two main results
about the denseness:

1) For any positive irrational ¢ and every te[0,1) we constructed inductively a sequence of positive in-
tegers N(<,t, j) such that the appropriate sequence of fractional parts of products ¢N(¢,t, j) converges
towards t.

2) We demonstrated constructively and quantitatively the well known fact that the ranges of cosine and sine
are dense in the interval [-1,1]; for any real o we constructed inductively the sequence of positive integers

v(a,j) suchthat max{|cos( (a,]))-cos(a | |srn a,j))-sin(a )|} <277 forany jeN.

In [7] is presented very nice approach to the denseness problem which'is also constructlve Essential for this
paper are two lemmas.

Lemma A. [Lemma 1, p. 402] Let L be any irrational number greater than 1, and suppose that 0<x, <X,,
Xo/% =L and X, =% —| X% /X.; |X.; for neNU{0}. Then the sequence (x,) _, iswell defined and

0< X,y <X,/2

forall n>0.
Lemma B. [Lemma 2, 403] For each x defrned in Lemma A we can find integers my and ny such that
X, =mL+n,, with m, =(-1)|m| and n, =(-1)"|n,| for k>2. As the consequence of these lemmas in

[7] is constructively proved the next theorem.
Theorem. [Theorem 3, p. 404] Let f:R — R be continuous function with irrational period. Then, for any

point « in the range of f, there exists a sequence ( Py )keN of positive integers such that lim f (p, )=« .
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This theorem could be proved and expanded also using our technique.
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