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Abstract

We will analyse perturbative quantum gravity on de Sitter spacetime. We propose a new type of
inner product for modes on de Sitter spacetime. This inner product is used to mode decompose
perturbations of the metric on de Sitter spacetime. Using this inner product, it is possible to calcu-
late the two-point function for perturbative quantum gravity on de Sitter spacetime. This two-
point function will be written in terms of a mode sum for various modes on de Sitter spacetime.
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1. Introduction

Quantum field theory has been one of the greatest scientific achievements of the last centenary. The perturbative
quantum theory has led to many important developments in high energy physics and condensed matter physics.
These can include things like ghost condensation which causes the breaking of Lorentz symmetry [1]. It has also
been used for analyzing the BRST and anti-BRST symmetries [2]. Most quantum field theories that are used in
high energy physics are, gauge theories. Gravity can also be considered as a gauge theory of coordinate trans-
formations [3]-[20]. As not all the degrees of freedom, in a theory with gauge symmetry are physical, so it such
theories cannot be quantized without fixing a gauge. A gauge is fixed at the quantum level by adding a new term
to the original action. This new term is called a gauge fixing term. However, apart from the gauge fixing term,
we also need to add a ghost term to the original action. This ensures that the theory unitary to all orders in the
perturbation theory. This term is called the ghost term. This term is composed of ghosts fields, which are not
physical fields. But it is important to include these fields into the calculation to keep the theory unitarity
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[21]-[28]. Even though the perturbative quantum gravity is not renormalizable, it can be used in the framework
of effective field theories. From an effective theory point of view there is no fundamental difference between
renormalizable and non-renormalizable theories, except the way these theories depend on lower energy scale.
The universe can be approximated by de Sitter spacetime in the inflationary era. The universe may also be ap-
proaching de Sitter spacetime asymptotically. So, we will study perturbative quantum gravity on de Sitter space-
time. Quantum field theory on has had some interesting applications [29]-[92]. The Hawking radiation was ar-
rived at by studding quantum field theory in the back ground of a black hole. We will define an inner product for
perturbative quantum gravity in de Sitter spacetime. The de Sitter spacetime is defined to be a spacetime of con-
stant curvature. This curvature is always positive for de Sitter spacetime. This is because it is generated from a
positive cosmological constant. This cosmological constant sets the rate of expansion of the universe.

2. de Sitter Spacetime

As this rate is measured by the Hubble’s constant H, so we can write

A=3H2 (@)
The Hubble’s constant can be written in terms of the radius of de Sitter spacetime r,
1
r=— 2
m (2
Furthermore, we can write
1
Rabcd Z_R[gacgbd —0u gbc] (3)
12
So we get
R = 9% Rypea (4)
1 ac
= E Rg [gacgbd - gad gbc]
5)
4 db
Now we can also write
1
Gab = Rab _ERgab
1 1
:ZgabR_ERgab (6)
1
= _Z gab R.
As we know,
1
A==R 7
2 (7

So we can also write

Rabcd =H ? [gac G4 — g gbc]’

Rab :3Hzgab'

ab 2 (8)
R=g%®R, =12H?,
Gab :_SHzgab'
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The metric in de Sitter spacetime can be written as
ds® = —dt® + rzcoshzr’lt[d;(2 + sinzz(dze +sin26d¢)] 9)
Furthermore, we can write it using the metric on a three-sphere dQ ,
ds® = r*[ —dt” + cosh’tdQ | (10)
Here dQ is the metric on a three dimensional sphere,
dQ = rz[d;ﬁ +sin21(d29+sin29d¢)] (11)
Now using @ , which is given by
O==—it (12)

we can write

ds: =r° [dcb2 +sincD2dQ] (13)

3. Perturbative Quantum Gravity
We now start with pure gravity with a cosmological constant 1. The Lagrangian for pure gravity with a cos-
mological constant is
w=39 (R-22) (14)
I 167G
We adopt units, such that
167G =1 (15)

We now split the metric g,. into a background metric g,. and small perturbations of h, of that metric.
Then we treat the perturbation as a classical field and try to quantize it,

Uoe = O + e (16)
Now we have
- (1+%h+%h2 —%h‘”hbcjﬁ (117)
and
9’ =g® —h® +h=h (18)
If R, Iis the original Riemann tensor and R, is the background Riemann tensor then we have up to

second order in h,,,

R MY MY M P (19)

abc abc al

! p—
abcd T Rabc

where we have define

ZMg))cd = vcvdhab +chbhad +vcvahbd _vdvchab _Vdv h +vdvahbc (20)

b"'ac

and

AMG) = (Voh, =V ohe = V0 )(Vghy, + Vohy, =V ) +(Vohy, = Vihe =V hi )(Vohy, +Voh, =V hy ) (20)

c''eb b''ce
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along with

2ME), = —he (V, Vihy +V, Vo hy +V V h, ) +he (VY h, +V,V,h

c''eb

_vdvehbc) (22)

ec

We can now write,

s = fitua ~EONED (g (), )0 () @)

So we have
_[d“x’ﬁE (% X) o [Va'Ab' (X)+V"AY (x’)] =0 (24)

This operator has a zero eigenvalue and it is not invertible. However, we can fix a gauge. This will be done by
adding a ghost term and a gauge fixing term to the original action. Now if the sum of this term is given by L,
then we can define z* as the momentum current,

gte o L 0L (25)
V-9 9V,05
for perturbative quantum gravity are g,,, and g,.,.So, we can define J(Cg1,g2) as,
37 =i[ 92075 — Qoo™ | (26)
We have

v, 3°=0 @7)

Furthermore, the inner product on a space-like hyper-surface X, is gain by
(05, Gz ) = [, 9° (28)

Now we have

(95 0uco ) = Jdx/-03° (29)

This inner product is conserved. Now by using a complete set of solutions g,,, and g, we get

gac = z[an gacn + a:g;cn:' (30)
So we have
= Z[ann,?b + a:ﬂ:abJ (31)
We also have
(92", 92n ) =0 (32)
and
(gr?blgabm): |\/lnm (33)
So, we can write
Qab = Z[angabn +artg;bn:| (34)

n

Now we can write
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Gaca’c' (X’ X,) = Zgac (X) ga’c'm (X')<O”:an ' arL :“ 0> (35)
where
Con =(0][ &,.21 ]|0) (36)
Thus we have
(A A)(AA) =M, (37)
and
M nm = M :’ln (38)

In Matrix notation, this can be written as

MCM =M (39)
So we have
cC=M" (40)
and
G (X X) ey = 2 9acn JaecmMom (41)

4. Conclusion

In this paper, we analysed the inner product for perturbative quantum gravity in de Sitter spacetime. In doing our
calculations, we proposed a general kind of inner product for modes on de Sitter spacetime. Using this general
inner product, we were able to calculate the two-point function on de Sitter spacetime. The de Sitter spacetime is
important as the universe is expected to be approaching de Sitter spacetime. This two-point function can be
written as a mode sum of the graviton modes on de Sitter spacetime. It may be noted that quantum gravity cor-
rection to quantum field theory has been studied [93]-[107]. It will be interesting to analyse such effects in de
Sitter spacetime.
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