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Abstract

Erdds asks if it is possible to have n points in general position in the plane (no three on a line or
four on a circle) such that for every i (1<i < n—1) there is a distance determined by the points that
occur exactly i times. So far some examples have been discovered for 2<n<8 [1] [2]. A solution
for the 8 point is provided by I. Palasti [3]. Here two other possible solutions for the 8 point case as
well as all possible answers to 4 - 7 point cases are provided and finally a brief discussion on the
generalization of the problem to higher dimensions is given.
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1. Introduction

It seems certain that if # is large enough the Erdds problem mentioned above has no solution [ 1], but Erdés of-
fers $50 for a proof (and $500 for examples with n arbitrarily large). So far, examples have been discovered for
2 <n<8. These are due to Pomerance (5), Andy Liu and several Hungarian students (6), and 1. Palasti (7, 8) [1]
[3]-[5]. The remaining questions are as follows:

1) Is there an example for n = 9 or no such examples exists? [1]

2) How many independent patterns are there for n <9 in the plane?

3) Is it possible to have n arbitrarily large for the same problem in R*, or indeed in R? forany d >2?

The aim of this article is to analyze the second question and give a brief discussion about the third question.
Indeed all possible solutions for 2 <#n <8 will be introduced in this text and for n = 9 some examples will be
presented that are very close to the intended solution. Accordingly, first the easier 4 point-2D cases are dis-
cussed and then 5, 6, 7 and 8 point cases are presented and finally a brief discussion of higher dimensions will
be provided. The general position condition prevents obvious symmetries. Without this condition, the problem
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has trivial solutions for any number of points. Since by adding additional number of points, the number of equa-
tions is increased faster than the number of free variables, to find the resulting algebraic equations’ system, a
different type of symmetry is required. For example, for 2D cases, if the number of points is more than 5, the
number of free variables will be less than the number of equations. There are 14 free variables in 9 point case
while 28 quadratic equations must be solved simultaneously. By increasing the number of points, equilateral and
isosceles triangles and parallelogram will appear in the figures.

2. Problem in 2D Case

Let {PI,Pz,~-~,P"} be 7 point in the plane corresponding to a solution of Erdds problem, where B, = (xl., yi).
And suppose that n — 1 distinct distances produced by these points are: {ll,lz,"',lnil} so that the length /; re-
peats i times and the distance between the points £, and P, are presented as d,; . Without loss of generality,

we can choose B, =(0,0) and P, =(1,0) and thus d, =1. We have systems of quadratic equations like

n
d; =d, with2n — 2 free variables and 5 j equations. Therefore, the coordinates of P and lengths of /,

will be algebraic numbers. It is possible to consider a graph pattern for each solution so that the weight of the
edges of the graph corresponds to the number of relevant repeated lengths appeared in the geometric solution of
the problem which is a number between 1 to 7.

2.1. 4 Point Patterns

The solution of the 2 point case is single line and in 3 point case it is an isosceles triangle which is not an equi-
lateral triangle. For 4 point case, the following 5 solutions are available that the last two solutions have a unique
graph pattern in Figure 1 where the edges with the same color are equal. In all above cases, it is possible to con-

sider P, :(E’ y3j in which y, is an arbitrary variable. In this case, the coordinates of P, for the above 5

cases can be obtained by the following Table 1.

In order to generalize the problem, if the sequence of distinct lengths which is the set {1, 2,0, n— 1} is con-
sidered, it can be seen that except the case stated in the problem, it is possible to consider other sequences for
distinct lengths that have the same number of members. For example, in 4 point case except the sequence related
to the main questions raised in the form of {1,2,3}, it is possible to consider the sequences {1,1,4} and {2,2,2}
and analyze their solutions as well and the solutions of these two sequences are shown in Figure 2.

The sequences listed above for 4 point case, have one free variable. Other possible cases for the 4 point prob-
lem include sequences {1,1,1,3} and {1,1,2,2} that have two degrees of freedom (two free variables) and the
sequences {1,5}, {2,4} and {3,3} the degree of freedom of which is zero and in this case we have four fix

points:
{1,5};p3z l,_ﬁ ;P = l)ﬁ
2 2 22

{33}-p=[l_£}p=(l_£]
Tl 2 2t 3

Table 1. 4 point solutions of sequence {1,2,3}.
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Note: For four point cases, we have maximum 4 degrees of freedom, but in this problem, we only need to
discuss about zero, one and two degrees of freedom cases. To find the solution to the main problem for more
than 4 points a computational algorithm is required which is discussed below.

Method 1: Suppose that the points B to P, are provided and the distances between these points produce
lengths {/,,4,,---,1,}. To find new points that lead to the solution of the problem for the case of n+m—1
points with the sequence {1,2,---,n+m—1}, the following set of points should be considered as the candidates
for the new points:

1) All intersection points of perpendicular bisectors of the sides related to two entrees of points P, to P,

2) All intersection points of the circles with radius /, to [ andcenters F to P,

3) All intersection points of the circles with radius / to / and centers F to P, with perpendicular bisec-
tors of the sides related to the points B to P,

Note: The main problem is to review various patterns of length sequence {1,2,---,n—1}. Therefore the re-
sulted solution in the case of n+m—1 should have n+m—2 distinct lengths. Adding new points to the
points A to P, should make n+m—2 distinct lengths with the lengths / to [ that were already created
by B to P,.

Our general strategy to solve Erdés problem is to start with a previously known example, i.e. 4 point or 5
point case and add new points using method 1. If this method fails we want to show that adding one new point
with free variable coordinates will enable us complete this strategy by using method 1. Suppose we constricted b
points in the plane with d distinct distances given by {/,4,,---,/,} and we add a new point with free variable
coordinates (x,,,,y,,,) to theseb points. The distance between this new point and the previous b points should
be one of the patterns:

{ldﬂ > ld+1 > ld+2 > ld+3 > ld+4 5" ld+b—1 }
{ld+1 > la’+2 > ld+3 ER ld+b}

{Zi s Zd+| ’ ld+2 s ld+3 ’ ld+4 5T ld+b—l }

Because in other cases, this new point can be found using method 1. Note that i<d and for ¢>d, [’s are
all new distinct distances. All of the above cases, have at least -1 new distinct lengths. So if we add j new
points step by step in this manner we have:

Number of existing points Number of distinct lengths Maximum number of free variables

b d+2(b+k) m+2j

k=1

It is obvious that at each step of adding new point, if we have:
Number of existing points > #, -Number of distinct lengths +1
then we can obtain all remain points only by using method 1. The maximum number of new points added by the
above process is called 7, and we have:
np=2
b+n,>n —£d+ > (b+k)j+l:n,f +(26-1)-n, —2(n,—=b—-d +1)>0
k=-1
We want to start with » = 4 points. For 4 point pattern with m free variables, we have d =m+22>2. So for
5<mn, <8 itcan be obtained that n, =1. It means that, for 6 <n <9 by starting from 4 point patterns and af-
ter that the first point with coordinates of (x;,ys) is added which has two new variables, the rest of new points
can be obtained by using method 1 in terms of m + 2 free variables. In sections 2.3 to 2.5 we will show that for
6<n<8 point cases, any sequence lengths {1,2,~~~,n} can be obtained by 4 point patterns with less than
three degrees of freedom. This fact can reduce the operations of method 1 in searching process for finding all 6 -

9 patterns.
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2.2. 5 Point Patterns

Regardless of the dimension, a total of 118 independent weighted graphs are considered for the 5 point case.
These 118 cases can be classified based on six general cases to have four equal lengths in this graph. To find all
the possible 5 point patterns, it is necessary to analyze the equation system of 118 independent graphs. In 2D
case some of these cases may either not lead to a solution or lead to more than one solution. The following Ta-
ble 2 presents the 6 cases of 4 point state along with independent graphs of each state and the number of solu-

tions found in 2D case.

After solving the equations a total of 89 five point patterns are obtained that other than the first example given
below, which has one degree of freedom, for the rest of 88 solutions 5 fixed points are obtained. But there is
another way to analyze all possible scenarios of five point case which is using method 1 because if there is a five

point pattern with a sequence of lengths {/,,,,1;,1,}, it is possible to remove one of the vertices connected to

the length /. Therefore a four point state with 3 point length sequences i.e. {1,1,4}, {2,2,2} or {1,2,3} is ob-

tained and all possible cases of this pattern had already been discussed in Figure 1 and Figure 2.

Table 2. The number of solutions of 5 point in 2D case, for each 4 point state, based on the graph patterns.

A — - = Total
¥
No. of graph patterns 4 6 12 32 32 32 118
No. of 2D solutions 0 0 3 13 30 43 89
Indexes of the
solutions in Table 3 87-89 74-86 44-73 1-43
P P, P, P,
T A
P, P ) s (2 ©
P, P, P, P,
P, '
P, @ P, ®
Figure 1. 4 point solutions of sequence {1,2,3}.
P,
P,
2
P, P,
P P,

P,
P, P, P, E P.
P, P, P,

Figure 2. Solutions of 4 point with {1,1,4} and {2,2,2} sequences.
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Our first pattern with one degree of freedom for 5 points that can produce six, seven and eight point patterns
is called pattern (*) and is as Figure 3.
RP,P, is an isosceles triangle with sides of length 1 and P, is an arbitrary point on the arc of the circum-
scribed circle of BPP,. Also FPP, is an isosceles triangle as well. Angle P,AP, is called a which has a
o . 1
value other than 0 and —75 degree within the range of —150 < g < 30. The coordinates of P, are [5,—§J

and the coordinates of the other two points in terms of @ are:
. 1 3o
P, =2cos(60+a)-(cos(a),sin(a)); P = —5+cos(2a),—7+ sin (2a)

Also, we have the following angle relations:
RPP,=150; BRF =90

All 89 five point 2D solutions are presented in Table 3, all of which apart from numbers 42 and 43 can be
obtained by 4 point pattern of sequence {1,2,3}, i.e. there is a vertex whose removal leads to one of the 4 point
solutions with the sequence of lengths {1,2,3}.

2.3. 6 Point Patterns

First we show that all 6 point cases any sequence lengths {1,2,---,6} can be obtained by 4 point patterns with
one degree of freedom. So suppose that the solution of a 6-point case is available. It is necessary to show that it
is always possible to obtain a 4 point pattern with three distinct lengths by removing two vertices, i.e. a 4 point
pattern with one of the length sequences {1,2,3}, {1,1,4} or {2,2,2}. Accordingly consider the corresponding the
graph pattern with 6 point solution. If we have one of the below cases in the graph pattern:

-~ -~ -
\ \ v

-
- -

3\ o) N\
zZ \ &2

- -

[u =Y

The rule is proved by removing the marked vertex in the above figure. Otherwise, the graph is as follows:

- ] .

)
z

o]
z

So then one of the following cases is true that either two vertices are removed that are presented in the figure:
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Or there will be the following case:

~

o l\)@twg
aQ

L

The last case requires a little more analysis. If four edges with the weights 4 are connected to vertices a and f,
the solution is presented by the same vertices, otherwise there are at least 3 edges with the weights of 5 among
the edges ae,ad,ac, fb, fd, fd . If four edges with the weights of 4 are connected to the vertices a and f along
with two other vertices, it is solved as before, for example in the following case it is just enough to remove the
vertices a and ¢ and accordingly the edges with the weights of 1 and 4 are removed:

3 3
b e
2 2

¥

C

Otherwise, there must be at least two edges with a weight of 4 among the edges ae,ad,ac, fb, fd, fd be-
cause otherwise all five edges with the weight of 5 will be connected to the vertices a and f'the removal of which
presents the solution to the problem. Thus there will be either two edges with the weight of 4 and four edges
with the weight of 5 or 3 edges with the weight of 4 and three edges with the weight of 5. By forming the equa-
tions for each of the remaining graph patterns with the mentioned constraints and performing the calculations, it
can be seen that no result will be obtained for 6 point case with the sequence {1,2,3,4,5,6}. So all 6 point cases
with the sequence {1,2,---,6} can be obtained by the 4-point patterns with sequences {1,2,3}, {I,1,4} or
{2,2,2}.

Now, using method 1 and also four and five point patterns it is possible to search for 6 point patterns. 54 solu-
tions are obtained in this way 47 of which are obtained by adding one point to the 5 point patterns and only 7
solutions are obtained by adding two points to the 4 point patterns. But we guess that, there must be 55 solutions
in this case based on the probable relation between the number of solutions and Fibonacci numbers which this
issue has been more explained in section 2.7.

R
E]’/h

Q

7

P

3

Figure 3. Pattern (*).
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Table 3. 5 point solutions of sequence {1,2,3,4}.

n B P P
7
R
P

1 3 x, =2cos(60+a)-cos(a) x, =2co0s(60+a)-cos(60—a) 2
1 e
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2 2 5
E
R

86 (%,1.0424) (0.9857,0.1683) [%,0.0424]

i R

1 5 B
87  (0.3392,-0.7505) (-0.6608,-0.7505) (-0.8216,0.0572)
88 (0.4113,-0.8083) (—0.5887,-0.8083) (-0.0887,0.9026)

o e g (b 7
PINTE s

Seven patterns obtained by pattern (*) are presented:
1) In the three first patterns the value of angle a can be selected as a free variable. Since the first 5 points are
the same as pattern (*), only the coordinates of the new point P, are discussed here. The index of column j
presents the 5 point pattern of the previous stage that the solution of the 6 point case is obtained by adding a

)
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single point to it (Table 4).
2) The next four results are related to two specific angles a discussed in the following Table 5.
The 40 remaining solutions are presented in the following Table 6. The index of column j presents the 5 point
pattern of the previous stage that the solution of the 6 point case is obtained by adding a single point to it:
The six cases that are not directly obtained by 5 point cases but they are obtained by adding two new points to
four point patterns are presented in Table 7.
Pattern 48 in the above table, was presented by 1. Palasti in 1989 [4].

2.4. 7 Point Patterns

In 7-point case, in addition to the 4 point sequences of one degree of freedom, the 4 point sequences of two de-
grees of freedom will be required i.e. the sequences {1,1,1,3} and {1,1,2,2}. Obviously it is always possible to
remove the vertices connected to the edges with the weight of 1, 2 and 2 that accordingly a maximum of 3 ver-
tices will be removed and there will be 4, 5 and 6 point pattern with a maximum of 4 distinct lengths. Of course,
in 5 and 6 point cases it is possible to remove two other vertices so that the maximum remaining lengths are 4
distinct lengths. Therefore it is just needed to analyze 4 point case with a maximum of 4 distinct lengths.

Table 4. 6 point solutions obtained from pattern (*) with one degree of freedom.

n _] 1)6:(x6’y6)

(xl —Xs X, s +y3)
dlZ = du = dzz = du :de
dM = d15 = d45 =d}6

1 1
dlb = dzs = dz4
d:s = d46
dso
P
(xa_x2+x17y4_yz+y3) P 4 P
dlZ = dm = dzz = du = dAb »
2 1 d24 = dss = dSé = d36
dM dlS = dAS
dzs = dm
dzs
(XA X XLV TN +y3)
dlZ = du = dzz = du = dzm
3 1 dM = d15 = d45 = d}o
dzs = d:s = dss
dzs = dz4
d

16
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Table 5. 6 point solutions obtained from pattern (*) with fix coordinates.

1 2 1 F4)
S W Eew P P
sin"[ ! J 1 2
I 1 1 1
B CED P k= ‘§+£>g(‘3ﬁ+ﬁ)]
4 2 P
) ( ) 1 dl4=dl5=d16=d45=d46 6
sin(a)=,|[-——=
2 ‘\6 dlZ :d|3 :d23 :d34
dZS :d36 :d46 P
dy, =, 3
d26
, :(L L,LJ
ez B
1 2 1
R R
X ’ [ 2 N3 2@]
S 1 1
W 176322 F = 5(‘“*@)’5(ﬁ‘ﬁ))
5 2
. ( ) 1 dl4:d15:d16:d45:d46
sin(a)=,|[-——=
2 ‘\% d12:dl3:d3:d34
d’i :d36 :dlﬁ
d24=d35
dy
1 5 2
P=| 14— = 24 |2
' [ +\/— 6+\/;]
P5=(§+ E,_ 1 ]
2 37 2J3
=-42.37
¢ Q=(1(3+£ L 5+2£)
6 1 2 2 2
sin(a)=——,[1+,/=
2 3 d24:d252d45 :d46:d56
d122d13:d73=d34
ds=dy=d,
dl4:d35
d
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Continued
1 5 2
P={l+—,—|=+.,[—
' [ \/g 6 3]
R
3 2 1
P=|=+,7,—F
‘ (2 \fz 2J§]
a=-42.37 301 [7 1 B
P=|=4—, | —+— R
7 1 2 ‘ [2 J6'\12 JEJ k —
sin(a)=——,[1+,/=
213 dy=d,=d,=d,=d, R
d12=d13=d23=d34 F:;
d15:d36:d46 E;
dl4:d35
d

Then using method 1 and also 4, 5 and 6 point patterns, it is possible to search for 7 point patterns. 13 solu-
tions are obtained in this way 9 of which are obtained by adding a new point to the 6 point patterns and two so-
lutions are obtained by adding two new points to the 5 point pattern (*) and two of them are obtained by adding
three points to 4 point patterns. Among all solutions only the first solution has the free variable a and in the rest
of solutions all points are fixed and non parametric. The coordinates of the points £, and P, in this solution
are as follows:

By= (o, = x5 45,3, = s + 33
P, =(—sin(2a—30),—\/§+005(2a—30))
And also we have:
d,=d,=dy=dy=dy,=d,
de=d, =dys=d;, =d,
d,=ds=dy=d
d;=dys =d,
dy =dg,
d27

The above solution is obtained by the reunion of patterns 1 and 2 in Table 4 both of which were obtained by a
five point pattern (*) (Figure 4).

The remaining 8 solutions extracted from 6 point patterns are presented in the following Table 8 in which
column j presents the number of the pattern or the related 6 point productive patterns:

Pattern 9 in the above table, was presented by Andy Liu in 1987 [5] but all of the other patterns are new. The
other two solutions obtained by 5 point solution (¥*) are as follows (Table 9):

And at the end of this section two solutions of 4 point pattern obtained by adding three new points are as fol-
lows Table 10.

Pattern 13 in the above table, was presented by I. Palasti in 1989 [3].

2.5. 8 Point Patterns

In the eight point case we have to show that it is always possible to obtain a 4 point pattern by removing 4 ver-
tices with maximum 4 distinct lengths that can be one of the length sequences of {1,2,3}, {2,2,2}, {1,1,4},
{1,1,1,3} or {1,1,2,2}. We know that there are 6 edges with the weights of 1 - 3. Thus there is a graph with 6
edges and 8 vertices. Therefore at least one of the vertices is connected to two edges, by removing this edge, we
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Table 6. 6 point solutions obtained from 5 point solutions.

n J P

6

x6=1(1+x/§+\/30—6\/§)
7+5-[6(5+5)

d16 dZZ = dZS
= d36
d

Yo ="

B sl

d,=d
8 3 12

1

d =

14 24

d,=d

34d

45

@

[SW

&

I
W
K

I
N

6

Qu
S

16

x6:%(1+«/§—\/30—6x/§)

Vs =—%J7+\/§+ [6(5+«/§)

9 4 dlZ = d13 d16 = dZ} = d35
dM = = d36
d

46

K
1]
xu

4

b3

d,=d,

15

5
g

u
U

=

34 5

10 5 dlZ:dB:dm:dZZ:d

7

<0
U
1]

[0

~U
»U
NU

U

<0
0
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Continued
! P
X, 2(3 - \/E) 4
_ L R B
Ye==3 5(5 _ﬁ) 1 2
12 24 dlZ =d13 :d23 :d26 =d34
dli = d16 = d24 = d35 P
dM = d36 = d45 6
dZS = dSﬁ P
d45 3
1
X, 2(3 — \/g) FG)
11
r=3\305-)
p
13 25 dlZ = d13 = d23 = d26 = d34 e 2
dlS = d16 = d24 = d35 P
5
dM = d}ﬁ = d45 P4
dZS = dSh P
d45 o
X, = 7(3 + \/g)
i R
11 ) 2
Yo==3 5(5 + \/g)
14 26 dlZ = d13 = d23 = d26 = d34 P
dlS = dlé = d24 = d35 P
6
d14 = d36 = d45 P
d25 = d56 5
d46
1 P
X, = Z(3 + \/5) 6
11
=3\ 6) ; P,
15 27 d]Z = d13 = d23 = d26 = d34 !
dli = d16 = d24 = d35
dM = d% = d45 P3
d25 = d56
d46 P4
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Continued

16

17

18

19

20

37

37

38

38

41

e 4

»U

=0
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Continued
2
- P
1
Yo = _ﬁ
21 42 dlZ = dl3 = dl() = dZ} = d25 P
dIS = d36 = d—'ﬁ = d46 2
dm = d24 = d}A P
dzo = dss 6 P
d, 3
o2 P
6 3 P
1 1 P 2
Ve = 7$
22 43 dlZ = d13 = dlé = d23 = d25 P5
dy=d,=d,=d, R
d|4 = du = d34
d, =d, Fg
dy,
(11867,-0.5818) P F?: P
d,=d,=d,=d,=d, 1 2
23 45 dIS = d24 = dZé = dSS
d,=d, =d,
dl4 = d36
dlé P5 P4 P6
(1.0966,0.4287) F:; P
dll = dZ3 = dM = d45 = d46 P5 6
24 46 d15:d24:d26=d35
d,=d, =d,
du = d}o E P2
d,,
R
R
(0-1)
dy=d,=d,=d,=d, R R
25 47 dM = d24 = d25 = d56
dlZ = d|6 = d34
dzo = dss P
d, 4 _
R
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Continued

26 47

27 48

28 48

29 50

30 50

o)

7
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Continued

31

32

33

34

35

55

56

61

62

63

(0.7313,—0.6821)
= dzs = 3= d
d,= =d

12

[SW
QU

26

13 45

U
Il
U

4

d =

2

N

34

"

QU
Il
[

5 46

[N
Il
L

15

d

56

36

(~0.9677,~0.2520)

(-0.6116,0.6116)
dy=d,=d,=d,=d,
dy,=d,=d,=d,
d,=d,=d

d,=d,

d

U

34

56
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Continued

36

37

38

39

40

63

64

64

65

66

(1.1259,-1.4857)
dlz = d14 = d34 = d!s = dss
dlz = dzz = dzs = d45

d,=d,=d

24 25
d,=d,

15

46

U

B

(0.4124,-0.4124)
13 = dlﬁ = d23 = d34 = d45
dy=d,=d,=d

36

(1.33,-0.2577)
d,=d,=d,=d, =d,
d,=d,=d,=d,
d,=d, =d
d,=d

14

QU

o

56

26
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Continued

41 67

42 68

43 74

4 74

45 87

46 88

(1.1608,~0.8078)
dlS = dIS = d26 = d36 = d45

U

~U

NGO

~0

(Xyv]

oU

U
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Continued
G INEREN:E
dlb = d24 = dZﬁ = dlS = d45
47 89 d,=d,=d,=d,
d13 = dZS = d%
d,=d,
d

will obtain a graph with 7 vertices and 4 edges. Thus in this case there is at least one vertex that is connected to
two edges. By removing this vertex two other edges will be removed. Then two edges are remained that it is
possible to remove these two edges by removing two other vertices. So we will get a graph with 4 vertices that
had a maximum of four distinct lengths. The problem in 8 point case has two other solutions other than the solu-
tion discussed at the beginning both of which are directly obtained by the pattern 1 in 7-point case by adding a
new point that all three solutions are presented in Table 11. The first solution belongs to I. Palasti in [3].

Closely related to the length sequence {1,2,3,4,5,6,7} there are 5 other examples with one degree of freedom.
The sequence of distinct lengths of two initial solutions is {1,1,2,2,4,5,6,7} and these two solutions are pre-
sented in Table 12. The sequence of distinct lengths of the next three solutions is {1,1,1,3,4,5,6,7} which are
presented in Table 13.

2.6. 9 Point Patterns

Using the discussed method no pattern was obtained for 9 point case, however this does not guarantee that there
will be no solution for 9 point case. Here some solutions are presented that are very close to the intended solu-
tion and in fact they were the solutions that only needed one additional condition to be a candidate for the main
solution. The initially expressed solutions have one free variable. The following solution is the only one that is
not obtained by 5 point (*) pattern. This pattern still has the free variable a and its distinct length sequence in-
cludes {1,2,2,3,4,5,6,6,7}. Although there is a free variable and only one other equation is required that can be
any of the following equations that are related to the equations with the repetitions of 2 and 6: {d,; =dy};
{dy=d,,}; {d =dy}; {dg =d,,} . But the answers of none of the single unknown equations will lead to
the final solution. The problem is that although they can be solved due to their high degree of freedom, the final
solution does not apply in general position condition or applying these conditions make the other lengths to be
equal (Table 14).

The following cases that are obtained by five point pattern (*) they still have the free variable a. The sequence
of distinct lengths of the first two solutions is {1,2,3,3,3,4,5,7,8} and in case of the other two solutions this se-
quence includes {1,1,2,2,4,5,6,7,8} (Table 15).

All solutions that are presented below have fixed points and they have no free variable. First the solutions
with independent lengths of {1,1,2,2,4,5,6,7,8} (Table 16).

And solution of sequence {1,1,2,3,3,5,6,7,8} (Table 17).

And the last solution close to the original answer to the problem by distinct lengths {1,1,1,3,4,5,6,7,8} is as
follows (Table 18).

2.7. Conclusion for 2D Case

Based on the results presented in the previous sections it can be observed that in 2D case the number of # point
solutions for the value of n between 1 and 8, it is based on Fibonacci sequence [6]. The Fibonacci sequence is as
follows: 1, 1,2, 3,5, 8, 13, 21, 34, 55, 89, 144, 233, ...

On the other hand (Table 19).

Therefore, the solutions can be presented in the following chart where the horizontal axis represents the num-
ber of points, and the vertical axis presents the Fibonacci number index corresponding to the number of points

(Figure 5).
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Table 7. 6 point solutions obtained from 4 point solutions.

n (R.P,P,F,)
1 5
P=l-,-——
’ [2 zﬁj
1 1
P=|=,
) [2 NEJ
2
P=|0,——=
~(0-%)
1 5
48 P=|-=,-
‘ [2 2\/5]
d|3=d16=d23=d25=d46
d|4:d24:d15:d55
d13:d23:d16
dIS:dM
d

8 8

E[;(%ﬁ), 125+W]

1 125 1397
g[4(13+\/ﬁ), g ]

P :(1,; 719+2\/ﬁj

P
49 1 13 4
Q:[f ~1144/97), ,(_7+\/ﬁ)]
4 2\2 P
P 2

1 53 773
R:[“(ll—\/ﬁ),— St s
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Continued

51 » :(l,%(,2ﬁ+ﬂ)j

52 P=(i 15+433),

|||
ST
& —_
N———
~0

53 3 1
2={5-5)

N
I
RN
I
0
I
&

I
&
[Ayv}
U
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Continued

I/
N
\J\lﬂﬁ\J li_J
— 37
f?. |
p - o |
Nl —~
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Il N
<« a8
R Il
Qs
<
Do)

Table 8. 7 point solutions obtained from 6 point solutions.

(P.B.F,P)

aoN

< o

©
[aX<e)
(AR
ar~ O~
— T s
on N "
— _J 1W 3 — f .,w 3
B S =R —d 5T
— VY N N — N N N
TNl 7 Y et e et T Y sy
I it VR T T I I T s ~
kg e vt AL L S -9 e L oS
afen IO E L . SN RGN
+ © = 5 2 ot s &
—leo et A R L - e i oo &
| I T 2 N | — g S
—  qae + .S, S I~ ar oS s
I 1_,2 SIS a I as b
al I LS al LS
ar = ar S
g g
o O
Q 17_J @ li_J
o~ | o~ |
Tzl I =il
, I , [
-2 — —| o
— a & _ a &
b = P g
R ‘7 g ‘@
w w
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Continued
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Continued

@:@_;34L+;J
.,,(1] 6 2 3
sm | ——

NS 1

11
=17.6322 = — (=3
7 5 4 P, [ 2+J€’6 32+ 3)]
sin(a) = 5,\/13 d,=d,=d,=d,=d,=d

ne(L L)
2 3
a=-42.37

3

2

7 P==+
sin(a)=—l1 1+]2 ’ (
2 3

1 7

9o sin'[—1-|=108934 3 p[-3 5B
27 14> 14

S
I
A
1]
X
%3]
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Table 9. 7 point solutions obtained from 5 point solutions.

n a (B.R,R,F)

3:%@+J§}b@—%§n
P =%(—1+\/§,— /2(7+J§)j
11:i%(7+d§i—uh(79—7d§§)

LV

6 6

d17 = d26 = d45 = d57 P
-

d

6 37 67

—U
xU
U

a=13.2213

10 in(2a)= (sv3-+iT)

B
L
12 dl4 = dlS
d,=d

12

QU

47

Y

[
I
[
a

3

QU
Il

_xq
Il
QU
Il

w

25

g

w5

Il
QU
1]
QU

d

16 4 35

d,=d

46 56

IS

2

P= {13327+ 53)

P= L (13, )

—133.2262 P=

" | (11+\/§,\/§+\/ﬁ)
sin(a) =E(737\/§)

1
1

Table 10. 7 point solutions obtained from 4 point solutions.

n (P.P.E.P.P)

12 6 6 6 P
d,=d,=d,=d, =d, =d, 7
d,=d,=d,=d,=d, P P6
dy=d,=d, =d, 3
d,=d,=d,
d, =d,
d,,
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Continued
Pl P
’ 2 2
po[6 B
1313 P
2 43 4
R :(7’_7] P
13 13 E 2
Q{grbéj
6 6
13 ; 3
P=|— ——=
T\26 26} F5) Fe)
dlZ = du = du = dzs = dﬂs :d34
d77 = d«) = diﬁ = d57 = d67 P
dy=d,=d,=d, 3
d,=d,=d,
d17 :d47
d

Figure 4. 7 point solution obtained from pattern (*) with one degree of freedom.

Index of Fibonacci

10¢

(] N =]
: S :

2 4 6

Figure 5. Relation between the number of solutions for 1-8 point cases and index of Fibonacci

number of points

numbers.
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Table 11. 8 point solutions for length sequence {1,2,3,4,5,6,7}.

n a (P.B,P,P,P,P)

39445 62475

1
1 sin” [— =16.1021
\/13j

P, =2is((25+3\/§), 2(131+9\/§))
P :%8(*1+\/§,*17\/§*5\/B)
P :2%(157\5,3\5%\/5)
P :%8(7137\5,3\B+5\/5)

=-22.7155
S (F11-3V57.-5\5 + J19)

PR
, sin (a)

QU
Il

xu
Il

U

R
d,=
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Continued

P =(ﬁ(13—\/§),%(—2\5+\@)]
R:ig(1+\/§,717\/§+5«/1—9) 4

)
P :2%(137\/5’3\/375@)
P :i(sﬂ/ﬁ,fn\/hz\/ﬁ)

P :ﬁ(fm\/ﬁ,%ﬁfz\/ﬁ)
dlZ = dl} = dlS = dZ} = d26 = d34 = d47 7
14 = dl5 = d36 = d}S = d45 = déB
dy=d, =dys=d, =d 8
dl7 = dZS = d46 = dSE

P
3 30 2(“2)=18.1779

Note: In the above table we have a, = %8(79\/3 7@) &a, = %8(73\/5 + Sx/ﬁ)

We do not know why Fibonacci number appears in the above table and an explanation of this fact seems to be
very interesting.

3. Generalization to Higher Dimensions

When the number of dimensions increases the dimension of the solutions is increased as well but the seemingly
independent solutions are united together. For example, in cases where two distinct solutions were obtained from
the intersection of two circles on the 2D plane, this solution will be the result of the intersection of two spheres
which is a circle in 3D space. Thus, two distinct points that produce two distinct solutions in two dimensional
cases give way to the same solution with a higher dimension.

Therefore, by increasing the number of dimensions, it is just enough to consider the graph pattern cases to find
the n-point independent solutions, so the limited sequence of number of solutions can be obtained, only by count-
ing the number of graph patterns.

For example the 4 point state that only has 4 independent cases can be easily analyzed. The 4 point case solu-
tion was presented for a desired number of dimensions greater than 2 in table 1. By increasing the number of di-
mensions, the number of solutions remains 4 but the dimension of the solutions increases at each stage. Also as
mentioned in section 2-1 the number of independent 5 point cases graph patterns was 118 cases.

3.1. Analyzing 5 Point Case in 3D Space

To determine the number of independent solutions of 5 point 3D case it should be noted that one can always fix
4 points with arbitrary pattern of a sequence related to distinct lengths. Thus, only the fifth point should be found.
If there is a vertex the attached sides of which are {,/,,/,,1,} and {/,,1,,1,,1,} the intersection gives a plane
and a sphere which may lead to a circle or ellipse, therefore in such conditions there will be only one solution
with a dimension equal to 1. Also, if there is a vertex, the attached sides of which are as {/,,/;,1,,1,}, the geo-
metric location of the vertex is on a line and there will be a solution with at least one dimension. Among 118
independent graphs for 5 point case, there are 19 cases that have such conditions, five for {/,4,/;,/;} and 14

(=)
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Table 12. Solutions of sequence {1,1,2,2,4,5,6,7} with one degree of freedom.

n (IR
Ps =(x3 TX, =X,V Ty, _ys)
P= (sin(30—2a),—x/§+cos(30—2a))
Rz =(x1 TX XL Y+ s _y7)
=d

57

P6 =(x3+x4_x5’y3+y4_

¥s)
P7 (x3+x4_x1’y3+y4_y1)
P=( yS)

xl+x2—x5,yl+yz—
d,=d,=d,=d,=d, =d, =d

67

Table 13. Solutions of sequence {1,1,1,3,4,5,6,7} with one degree of freedom.

n (P,P,PR)

627778

P, =(sin(30-2a),—/3 +cos (30— 2a))
P7 =(x| X X,V T s _ys)
P; =(x4 TX X,V Y, _yz)

d,=d,=d,=d,=d,=d, =d,
d,=d,=d,=d, =d,=d,
3 dy=d,=d, =d, =d,
dy=d,=d, =d,
d,=d,=d,
d}x
d,
d
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Continued
P =(x3+x4—x5,y3+y4—y5)
P, =(sin(30-2a),—/3 +cos(30-2a))
B=(x+x-x,5+¥,~¥)
dy=d,=d, =d,=d,=d,=d,
d,=d,=d,=d,=d,=d,
4 d,=d,=d,,=d,=d,
d,=d,=d, =d,
d,=d,,=d,
di
d56
dg
P =(x3+x4—x5,y3+y4—y5)
P =()c3 +x, =X,y +, —)’1)
P=(x,+x,-x,y,+y,~ )
d,=d,=d,=d, =d,=d, =d,
d,=d,=d,=d,=d, =d,
5 dy=d,,=d,=d,=d,
d,=dy=d =d,
d,=d,=d,
d}x
d
d

Table 14. Solution of sequence {1,2,2,3,4,5,6,6,7}.

n (B.P.P.P,P,R,P)

3004 6247508500

P, =2cos(60+a)-(cos(a),sin(a))
P, =(1-cos(2a),—sin(2a))

P, =(sin(2a+30),—cos(2a +30))
P =(x4 +X, =X, ¥, +y3—y6)
F, =()c4 X, +X,Y,~ ), +yl)
B=(x+x—x,y,+¥,~ )
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Table 15. Solutions of sequence of {1,2,3,3,4,5,7,8} & {1,1,2,2,4,5,6,7,8}.

n (P.P,P,P,B)

5276277278279

a :—%+cos(2a)

NG

b=—7+sin(2a)
P, =2cos(60+a)-(cos(a),sin(a))
B=(x,+x,—x,,+y,~»)
P =(x1 +X,—-a,y,+, —b)
P =(x+x,—a,y+y,—b)
B=(x,+x,-x,y,+, —ys)

(
) P9=(x1+x3_x7’y1+y3_y7)

dy=dg=d,

dy=d,=d,

dy=d,=d,
d,=d

P =(—;+cos(2a),—\/2§+sin(2a)J

P, =(xl+x2—x4,yl+y2—y4)
=(x+x =X, 0+ Y, —0,)
I :(x2+x6—x7,y2+y6—y7)
( ¥.)

Poz X+ X, =X, Y3+ Y, —
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Continued

P =(—;+cos(2a),—\/2§+sin(2a)J

P, =(sin(30-2a),—/3 +cos(30-2a))
P7 =(x4 +X— X5, ), +y6_y5)
Pz‘z =(x6 +1’y6)

Table 16. Solutions of sequence {1,1,2,2,4,5,6,7,8}.

n a (R.B,R,P,F,F)

72782

R:é(%«/ﬁ,—ﬁﬂﬁ)
g:%(l,—zﬁhﬁ)
f;:%(9—\/ﬁ,—\/§—\/7)
R:é(nﬂ,ﬁ—ﬁ)
3
fl272

X 139:1(3—\/2—,—5\/§+\/7)
5 sin’ [—j =20.7049 8
NG
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Continued

P =é(7+x/ﬁ, 2(5+Jﬁ))
B =4 (93213 44/7)
Ii=i(l,—\/l9+4@)
P =%(1—\/ﬁ,\/§+ﬁ)
{12
272
B =(3+21,-53-7)
12 :dll :d18 =d23 :dZS :d34 :d49 :d78

-1

6  sin’ (— =-20.7049
¥

1
7 sin'|—=|=10.8934 23
(2«/7) 1’9=[—,J
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Continued

g:zis(n_sﬁ,_sm@)
g:zig(l—ﬁ, 2(419—55«/5))
Q:ﬁ(lsﬂ/ﬁ,—z 31+4J§)
1&;:%(3—3&,—19\/&”@)

P13

272

a=-142715

}g:i(11+3\/57, 2(4775\/57))
8 11 28

sin(a)=—— —(13+\/57)
2 14 dlZ = dl3 = dlS = d23 = dZX =d34 = d47 =d89

=d,=d,=d,=d

35 37 46— Y57

dlﬁ = d17 = dZS = d39 = d48 = d57

(1.

P2 2

(63

fol13t3
po(2 5B

26 26
P ;1’_11\/5

26 26
P E’_ll\/g

1 26 26

ey
g @=sin [x/ﬁ] P:i& le_ﬂ
=16.1021 st (267 26
dlz=d|3:dll:d34=d46=d47=d67=d89
dlb = dzs =dz7 =dzs = d49 =d39 = dsg
dlzzdlszdw:dw:db:dsg
dy=d, =d,=d,=d

dyy=d,=d,

d,=d,=dg

dy=dy,

d
d
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Table 18. Solution of sequence {1,1,1,3,4,5,6,7,8}.

P —[1—L ——ij
.( | j ’ J6'2 3
sin’'| —=
SR gy
10 =17.6322 301 1 1
L D P e
sin(a)= %—% (2 6'V2 2\5)
dlS:dM:dzx:d29:d36:d37:d45:d67
d17=d25=d76=d38=d49=d56=d39
d12:d|3:d23:d34:d46:d79
dy=d,=d,=d;=d,
d43=d57=d58=d78
d16:d19:d69
d,, d,, d

Table 19. Number of independent solutions for 1 - 8 points.

Number of points 1 2

Number of independent solutions 0 1

5 6 7 8

89 55 13 3

cases for {11,12,12,13}. But in other conditions, for each case, there will be exactly two distinct solutions and

thus the total number of 5 point 3D case independent solutions is as follows:

118x2-19=217

So, the sequence of the number of solutions in 3D case is:
1,1,4,217,--
On the other hand the (1,3)-Fibonacci sequence is [7]:

1,1,4,7,19,40,97,217,508,---

So, based on all above discussions, we ask is there any relation between the number of solutions of the se-
quence length of {1, 2, n— 1} for n-point case in any dimension and (P,Q)-Fibonacci sequences?
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