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Abstract 
Gain coefficients are calculated for neon-like gallium and germanium ions. Shorter wavelengths 
are calculated and predicted to be emitted. The gain coefficients are calculated among 457 energy 
levels of the neon-like ions. Collisional excitations were calculated through the distorted wave ap-
proximations through five electron temperatures Te = 300, 500, 700, 1000 and 1500 eV. 
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1. Introduction 
It was suggested that coherent X-ray emission could be produced in the collision of highly energetic electrons with 
multiply charged ions [1]. The first soft X-ray laser amplification was demonstrated in neon-like sellenium [2] in 
which a high energy neodymium glass laser is used to strike a thin foil of selenium where it was evaporize and 
create plasma of neon-like selenium. The high energy electrons in the plasma collide and excite the neon-like sele-
nium ions in the plasma and emit a coherent soft X-ray transition with wavelength 21 nm [3]. Shortly afterwords a 
lot of experimentally work was done to check the possibility of the emission of laser radiation from different ions. 
The authors have done a lot of work to calculate the atomic properties and predict the possible laser transitions 
from different ions [4]-[6]. Recently a laser transitions from Ne-like Ti, V, Cr, Fe and Co were observed [7]. 

In this paper, we apply the electron excitation model to predict new gain lines from neon like gallium and 
germanium, comparing the results with the experimental work.  

2. Calculation of Level Population 
The gain coefficient ( )g ν  of a medium is related to the intensity of the radiation as follow  
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( )eg z
oI I ν=                                       (1) 

where oI  is the initial incident intensity of the radiation and I is the intensity after length z. In high density 
plasma, Doppler broadening is the dominant type of broadening [8]-[10] and the gain coefficient ( )g ν  can be 
given by [11] 

( )
3

3 ,
2π8π

jD i i
j ji

i j i

NM N
g g A

kT g g
λν
η

 
= −  

 
                          (2) 

where we have used cλ
νη

=  and λ  is the transition wavelength, η  is the refractive index 1 e

c

n
n

η = −  

where ( )20
2 2πe

c
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n
e

ν=


, ig  and jg  are the statistical weights of the lower and upper levels respectively,  

jiA  is the transition rate, iM  is the ion mass, iT  is the ion temperature and iN  and jN  are the lower and 
upper level populations. 

Taking the electron impact excitation and deexcitation as the main mechanism for the population of states we 
could define our rate equation to be  

( )d
d

l l
e di

i e ij j ji e ji
j i j i
j i j i

n
n n C n A n C

t ≠ ≠
> >

= − + +∑ ∑                             (3) 

where e
ijC  and d

jiC  are the excitation and deexcitation rates respectively. Solving Equation (3) for the quasi 

steady states 
d

0
d

in
t
= , and finding the fractional population in . 

In order to determine the population of states we need to determine the total number of atoms aN  and to do 
that we use the same properties of the first experiment of the neon like Selenium. In that experiment a colli-
mated beam of high power laser was cocenterated on a cylinderical target with length 1.2 cm and 200 µm in 
diameters [12] [13] using the ratio of the ion temperature iT  to the electron temperature eT  to be 0.4 as in [14] 
and in a good agreement with [8]. Five electron temperatures were taken for each ion. 

The total number of atoms aN  could be determined as  

, anda I a
VN N fN
A
ρ

= =                                  (4) 

where ρ  is the target density, V is the volume, A is the atomic weight of the atoms, IN  is the population of 
ions in the ionization stage I and f is the ion fraction. The fraction of the neon like atoms that was produced in 
the plasma was taken to be 63 10−× . Our intiuation behind that ratio was the He-Ne laser, the laser emission 
from Helium-Neon laser was due to the Neon atoms while their population was very low comparing with the 
Helium gas as Ne HeN N . 

All our calculations were done by our code written in python programming language where we put Equation 
(3) in the matrix form and apply the boundary condition Equation (4) to solve the equations for i an N . We 
used the flexible atomic code (FAC) [15] which is fully relativistic in calculating the energy levels and the ef-
fective collision strength using the distorted wave approximation. 

Practically the cross section averaged over the velocity distribution of the scattered electrons is very important 
and is called the rate coefficient and has the form 

( ) ( ) ( )
0

d ,d
ji jiC v E v E f E Eσ σ

∞
= = ∫                             (5) 

as a function of energy. The cross section and the velocity of the scattered electrons could be expressed as  

( )
2

2 , ,
8π

ji
ji

j

hv E E m
mE g

σ
Ω

=                              (6) 

and the Maxwellian distribution function is given by  
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( )
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Substituting in Equation (5) we get  

( )
( )
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where the integral usually defined as the effective collision strength jiγ  is  

( )
0
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e
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where it is the Maxwellian average of the collision strength. Equation (8) becomes  

( )
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where d
jiC  is the collisional de-excitation rate expressed as a function of the effective collision strength jiγ , 

the statistical weight jg  of the upper state and the electron temperature eT . By the same way the excitation 
rate coefficient e

ijC  could be expressed as [16]  

( )
6

38.6287 10 e in cgs units cm s ,ji eE kTe
ij ji

i e

C
g T

γ
−

−×
=                      (11) 

where jiE  is the energy difference between the initial and final states of the transitions. In the derivation we 
have used ( ij jiΩ ≈ Ω ) and subsequently ( ij jiγ γ≈ ). Both excitation and de-excitation rates could be expressed as  

e .ji eE kTd e i
ji ij

j

g
C C

g
=                                   (12) 

Gain coefficient ( )g ν  is related to the cross section σ  as follow  
( ) ,j s i a j sg N N Nν σ σ σ= − =                               (13) 

where   is the population inversion factor and can be expressed as  

1 1 ,ji a i

j s j i

gN N
N N g

σ
σ

= − = −                               (14) 

where sσ  and aσ  are the stimulated and the absorption cross sections, iN  and jN  are the population den-
sities of states i  and j  respectively and ig  and jg  are the statistical weights of states i  and j  
respectively. 

During the laser pumping, the population inversion should occurs and then the population of the higher ener-
gy levels becomes greater than the lower ones ( )j iN N  and subsequently the inversion factor decrease and be-
comes less than unity as shown from Equation (14).  

3. Results and Discussion 
The atomic data of the gallium and germanium ions were relativistically calculated using FAC v1.1.3 [15] and 
the effective collision strengths were determined using the distorted wave approximations. Five electron tem-
peratures ( 300,500,700,1000eT =  and 1500 eV) were taken for each ion and the gain coefficients were calcu-
lated. A wide range of the electron densities were taken ( 161 10en = ×  to 239 10× ). 

The resulted curves have the same behavior for the different electron temperatures, so the population inver-
sion  , effective collision strength jiγ  and gain ( )g ν  at electron temperature 700 eVeT =  for both ions 
are shown in Figure 1 and Figure 2. 
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(a) 

 
(b) 

 
(c) 

Figure 1. Effective collision strength, population inversion and gain coefficients for neon-like gallium ions 21Ga+  at elec-
tron temperatures 700 eVeT = . (a) Effective collision strengths of the Ne-like Ga at electron plasma temperatures 

700 eVeT = ; (b) Population inversion factor   versus electron density en  at electron temperature 700 eVeT = ; (c) 
Gain coefficients at 700 eVeT =  of the highest gain transitions in Neon like Gallium.  
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(a) 

 
(b) 

 
(c) 

Figure 2. Effective collision strength, population inversion and gain coefficients for neon-like germanium ions 22Ge+  at 
electron temperatures 700 eVeT = . (a) Effective collision strengths of the Ne-like Ge at electron plasma temperatures 

700 eVeT = ; (b) Population inversion factor   versus electron density en  at electron temperature 700 eVeT = ; (c) 
Gain coefficients at 700 eVeT =  of the highest gain transitions in Neon like Germanium.  
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Gain coefficients ( ) 1g ν ≥  for both ions 21Ga+  and 22Ge+  are listed in Table 1 and Table 2 at five dif-
ferent electron plasma temperatures ( 300,500,700,1000eT =  and 1500 eV). 

In neon like Gallium ions 21Ga+ , the following line transitions [17]-[19] ((10-2), (9-2) and (13-4)) as in Ta-
ble 1 were detected with gains (4.3, 3.1 and 2.8 cm−1) respectively which agrees with our gains values except the 
transition (10-2) have higher gain value than our calculations. Also this line (8-2) was detected. 

In neon like Germanium ions 22+Ge , the following line transitions [19]-[23] ((9-2), (13-4), (34-30), (8-2) and 
(6-2)) as seen in Table 2 and the gain for (34-30) was detected to be 30 cm−1 which is greater than our calcula-
tions and other gains has a good agreement with our calculations. 

 
Table 1. All wavelengths that appears at neon like Gallium 21Ga+  at five electron plasma temperatures eT . Data are or-
dered according to their wavelengths. The index column is the transition energy index and ranges from 0 to 456, the transi-
tion column is the energy designation transition, λ  is the corresponding wavelength in nm, the G-E column is the maxi-
mum gain ( )g ν  with the corresponding electron density en  written as ( ) 10ba b a≡ ×  and eT  is the electron plasma 
temperature in eV. 

Index Transition ( )nmλ  G-E 
eT  (eV) 

300 500 700 1000 1500 

(14-2) ( )1 2 1 2 0
2 3

e

J
p p

=
→ ( )3 2 1 2 =1

2 3
o

J
p s  13.66 

( )g ν  
en  

 1.1 1.54 1.83 1.92 

 1.0 (20) 1.0 (20) 8.0 (19) 8.0 (19) 

(14-4) ( )1 2 1 2 0
2 3

e

J
p p

=
→ ( )1 2 1 2 =1

2 3
o

J
p s  19.408 

( )g ν  
en  

1.16 3.22 4.5 5.34 5.6 

1.0 (20) 1.0 (20) 9.0 (19) 8.0 (19) 7.0 (19) 

(10-2) ( )3 2 3 2 0
2 3

e

J
p p

=
→ ( )3 2 1 2 =1

2 3
o

J
p s  20.383 

( )g ν  
en  

  1.0 1.22 1.34 

  4.0 (19) 4.0 (19) 3.0 (19) 

(34-30) ( )1 2 3 2 2
2 3

e

J
s d

=
→ ( )1 2 1 2 =1

2 3
o

J
s p  20.716 

( )g ν  
en  

  1.04 1.23 1.34 

  2.0 (20) 2.0 (20) 3.0 (20) 

(36-32) ( )1 2 5 2 2
2 3

e

J
s d

=
→ ( )1 2 3 2 =1

2 3
o

J
s p  20.951 

( )g ν  
en  

 2.95 4.68 6.07 6.98 

 6.0 (20) 5.0 (20) 4.0 (20) 3.0 (20) 

(20-8) ( )3 2 3 2 2
2 3

o

J
p d

=
→ ( )3 2 3 2 =1

2 3
e

J
p p  21.15 

( )g ν  
en  

  1.26 1.58 1.76 

  2.0 (20) 2.0 (20) 2.0 (20) 

(25-13) ( )1 2 5 2 3
2 3

o

J
p d

=
→ ( )1 2 3 2 2

2 3
e

J
p p

=
 21.647 

( )g ν  
en  

    1.27 

    2.0 (20) 

(9-2) ( )3 2 3 2 2
2 3

e

J
p p

=
→ ( )3 2 1 2 1

2 3
o

J
p s

=
 24.611 

( )g ν  
en  

1.58 4.2 5.67 6.46 6.76 

8.0 (19) 6.0 (19) 5.0 (19) 5.0 (19) 5.0 (19) 

(13-4) ( )1 2 3 2 2
2 3

e

J
p p

=
→ ( )1 2 1 2 1

2 3
o

J
p s

=
 25.047 

( )g ν  
en  

1.48 4.01 5.59 6.61 7.17 

7.0 (19) 6.0 (19) 6.0 (19) 6.0 (19) 6.0 (19) 

(12-4) ( )1 2 3 2 1
2 3

e

J
p p

=
→ ( )1 2 1 2 1

2 3
o

J
p s

=
 25.505 

( )g ν  
en  

 1.13 1.48 1.63 1.67 

 5.0 (19) 5.0 (19) 5.0 (19) 5.0 (19) 

(8-2) ( )3 2 3 2 1
2 3

e

J
p p

=
→ ( )3 2 1 2 1

2 3
o

J
p s

=
 26.208 

( )g ν  
en  

1.09 2.67 3.55 4.04 4.31 

6.0 (19) 5.0 (19) 4.0 (19) 4.0 (19) 4.0 (19) 

(11-4) ( )1 2 1 2 1
2 3

e

J
p p

= → ( )1 2 1 2 1
2 3

o

J
p s

=  
29.735 

( )g ν  
en  

 1.64 2.16 2.41 2.52 

 3.0 (19) 3.0 (19) 3.0 (19) 3.0 (19) 

(6-2) ( )3 2 1 2 2
2 3

e

J
p p

=
→ ( )3 2 1 2 1

2 3
o

J
p s

=
 29.919 

( )g ν  
en  

1.74 4.57 6.18 7.07 7.46 

4.0 (19) 3.0 (19) 3.0 (19) 3.0 (19) 3.0 (19) 

(290-266) ( )3 2 5 2 2
2 8

o

J
p d

=
→ ( )3 2 3 2 1

2 8
e

J
p p

=
 513.93 

( )g ν  
en  

    5.36 

    4.0 (21) 

(265-256) ( )3 2 3 2 3
2 8

e

J
p p

=
→ ( )3 2 1 2 2

2 8
o

J
p s

=
 526.37 

( )g ν  
en  

    48.8 

    4.0 (21) 
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Table 2. All wavelengths that appears at neon like Germanium 22Ge+  at five electron plasma temperatures. The index 
column is the transition energy index and ranges from 0 to 456, the transition column is the energy designation transition, λ  
is the corresponding wavelength in nm, the G-E column is the maximum gain ( )g ν  with the corresponding electron den-

sity en  written as ( ) 10ba b a≡ ×  and eT  is the electron plasma temperature in eV. 

Index Transition ( )nmλ  G-E 
eT  (eV) 

300 500 700 1000 1500 

(14-2) ( )1 2 1 2 0
2 3

e

J
p p

=
→ ( )3 2 1 2 =1

2 3
o

J
p s  12.741 

( )g ν    1.05 1.3 1.42 

en    1.0 (20) 1.0 (20) 1.0 (20) 

(14-4) ( )1 2 1 2 0
2 3

e

J
p p

=
→ ( )1 2 1 2 =1

2 3
o

J
p s  18.731 

( )g ν   2.29 3.41 4.24 4.6 

en   1.0 (20) 1.0 (20) 1.0 (20) 9.0 (19) 

(10-2) ( )3 2 3 2 0
2 3

e

J
p p

=
→ ( )3 2 1 2 =1

2 3
o

J
p s  19.056 

( )g ν     1.12 1.27 

en     5.0 (19) 4.0 (19) 

(34-30) ( )1 2 3 2 2
2 3

e

J
s d

=
→ ( )1 2 1 2 =1

2 3
o

J
s p  19.565 

( )g ν     1.07 1.27 

en     3.0 (20) 3.0 (20) 

(36-32) ( )1 2 5 2 2
2 3

e

J
s d

=
→ ( )1 2 3 2 =1

2 3
o

J
s p  19.979 

( )g ν   2.17 3.72 5.01 6.05 

en   8.0 (20) 6.0 (20) 5.0 (20) 4.0 (20) 

(20-8) ( )3 2 3 2 2
2 3

o

J
p d

=
→ ( )3 2 3 2 =1

2 3
e

J
p p  20.182 

( )g ν    1.0 1.31 1.52 

en    2.0 (20) 2.0 (20) 2.0 (20) 

(25-13) ( )1 2 5 2 3
2 3

o

J
p d

=
→ ( )1 2 3 2 2

2 3
e

J
p p

=
 20.663 

( )g ν      1.12 

en      2.0 (20) 

(9-2) ( )3 2 3 2 2
2 3

e

J
p p

= → ( )3 2 1 2 1
2 3

o

J
p s

=  23.172 
( )g ν   2.97 4.23 5.01 5.4 

en   8.0 (19) 7.0 (19) 6.0 (19) 6.0 (19) 

(13-4) ( )1 2 3 2 2
2 3

e

J
p p

=
→ ( )1 2 1 2 1

2 3
o

J
p s

=
 23.567 

( )g ν   2.78 4.1 5.02 5.66 

en   8.0 (19) 7.0 (19) 7.0 (19) 8.0 (19) 

(12-4) ( )1 2 3 2 1
2 3

e

J
p p

=
→ ( )1 2 1 2 1

2 3
o

J
p s

=
 24.015 

( )g ν    1.08 1.24 1.31 

en    6.0 (19) 6.0 (19) 6.0 (19) 

(8-2) ( )3 2 3 2 1
2 3

e

J
p p

=
→ ( )3 2 1 2 1

2 3
o

J
p s

=
 24.712 

( )g ν   1.88 2.65 3.16 3.49 

en   6.0 (19) 5.0 (19) 5.0 (19) 5.0 (19) 

(11-4) ( )1 2 1 2 1
2 3

e

J
p p

=
→ ( )1 2 1 2 1

2 3
o

J
p s

=
 28.41 

( )g ν   1.14 1.59 1.83 1.97 

en   4.0 (19) 4.0 (19) 4.0 (19) 4.0 (19) 

(6-2) ( )3 2 1 2 2
2 3

e

J
p p

=
→ ( )3 2 1 2 1

2 3
o

J
p s

=
 28.586 

( )g ν  1.08 3.22 4.6 5.48 5.98 

en  5.0 (19) 4.0 (19) 3.0 (19) 3.0 (19) 3.0 (19) 

4. Conclusion 
All possible transitions with gain coefficients ( ) 1g ν ≥  are calculated for both neon-like gallium and germa-
nium. Some of these lines were experimentally observed moreover shorter laser transitions are predicted from 
our calculations of the neon-like gallium and germanium ions. The collisional excitation model is sufficient to 
produce a population inversion and enough for explaining the emitted soft X-ray lasers. 
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