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Abstract 

Let ϕΑ  be a normal completely positive map with Kraus operators { }n
k k

E
1=

Α = . An operator X is 

said to be a fixed point of ϕΑ , if ( )X XϕΑ = . Let ( )B H ϕΑ  be the fixed points set of ϕΑ . In this 

paper, fixed points of jϕΑ  are considered for j1 < < +∞ , where jϕΑ  means j-power of ϕΑ . We 

obtain that ( ) ( ) ( )
j

B H B H B H
2ϕ ϕ ϕΑ ΑΑ −= +  and ( ) ( )

j

B H B H
2 1ϕ ϕ−

ΑΑ =  for integral j 1>  when A is 

self-adjoint and commutable. Moreover, ( ) ( )
j

B H B Hϕ ϕΑΑ =  holds under certain condition. 
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1. Introduction 
Completely positive maps are founded to be very important in operator algebras and quantum information. Es-
pecially recent years, it has a great development since a quantum channel can be represented by a trace preserv-
ing completely positive map. Fixed points of completely positive map are useful in theory of quantum error cor-
rection and quantum measurement theory and have been studied in several papers from different aspects, many 
interesting results have been obtained (see [1]-[12]). 

For the convenience of description, let H be a separable complex Hilbert space and ( )B H  be the set of all 
bounded linear operators on H. Let Φ  on ( )B H  be a contractive ( )Φ  map. As we know, every contrac-
tive and normal (or weak *  continuous) completely positive map Φ  on ( )B H  is determined by a row con-
traction on H in the sense that 

 

 

*Fixed points of completely positive maps. 
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( ) ( )*
1 ,n

k kkX E XE X B H
=

Φ = ∀ ∈∑  

where if n = +∞ , the convergence is in the weak * topology (see [13] and [14]) and then denoting ϕΑ = Φ , we 
call ϕΑ  a completely positive map associated with A. 

Let { } 1

n
k k

E
=

Α =  be an at most countable subset of ( )B H  with *
1

n
k kk E E I

=
≤∑ , where the series is con-

vergent in the strong operator topology. In this case, A is called a row contraction. Then ( ) *
A 1

n
k kkX E XEϕ

=
= ∑  

is well defined on ( )B H  and also a normal completely positive map. Moreover, we denote j-power for 
1 j< < +∞  by jϕΑ ,  that is A A A A

jϕ ϕ ϕ ϕ=   . In addition, For a row contraction { } 1

n
k k

E
=

Α = , we say 
that the operator sequence A is unital if *

1
n

k kk E E I
=

=∑  is commutative, if k j j kE E E E=  for all 1 ,k j n≤ ≤  
is normal, if each kE  is normal and positive, and if every kE  is positive. If A is unital (resp. commutative) 
then we say that ϕΑ  is unital (resp. commutative). Moreover, ϕΑ  or A is called trace preserving if 

*
1

n
k kk E E I

=
≤∑ . For a subset ( )S B H⊂ , we denote the commutant of S in ( )B H  by S ′ . We say that an 

( )X B H∈  is a fixed point of ϕΑ  or a fixed point associated to the row contraction A if ( )X XϕΑ = . Let 
( )B H ϕΑ  be the set of fixed points of ϕΑ . Some authors compared the commutant { }*, ,1k kE E k n ′≤ ≤  of 

*Α∪Α , where { }* *

1

n

k k
E

=
Α = , and some conditions for which ( ) { }*, ,1k kB H E E k nϕΑ ′= ≤ ≤  are given (as in 

[1], [10]). 

For a trace preserving quantum operation ϕΑ , it was proved that ( ) { }*, ,1k kB H E E k nϕΑ ′= ≤ ≤  if dim H < ∞   

in [1]. And ( )B H ϕΑ ′= Α , if Kraus operators A is a spherical unitary [10]. On the other hand, the authors [12] 
consider some conditions for a unital and commuting row contraction A to be normal and therefore ( )B H ϕΑ ′= Α  
in those cases. Moreover, the fixed points set ( )B H ϕΑ  of ϕΑ  is represented when A is a commuting and trace 
preserving row contraction [15]. 

The purpose of this paper is to investigate fixed points of j-power of the completely positive map jϕΑ  for  

1j ≥ . It is obtained that ( ) ( ) ( )
2 j

B H B H B Hϕ ϕ ϕΑ ΑΑ −= +  and ( ) ( )
2 1j

B H B Hϕ ϕ−
ΑΑ =  when A is self-adjoint 

and commutable. Furthermore, ( ) ( )
j

B H B Hϕ ϕΑΑ =  holds under certain condition. 

2. Main Results 
In this section, let A be a normal and commuting row contraction. To give main results, we begin with some no-

tations and lemmas. Let ( ). . lim j

j
Q s o IϕΑ Α→∞

= −  be the strong operator topology limit of ( ){ }
1

j

j
Iϕ

∞

Α =
. 

Lemma 1 ([10]) Let { } 1

n
k k

E
=

Α =  be a unital and normal commuting row contractions. Then ( )B H ϕΑ ′= Α . 

Lemma 2 ([10]) Let { } ( )1

n
k k

E B H
=

Α = ⊂  be a commuting row contraction. If 0QΑ ≠ , then there exists a 

triple { }{ }1, , n
k k

K U
=

Γ  where K is a Hilbert space, Γ  is a bounded operator from K to H and { } 1

n
k k

U
=

 is a 

spherical unitary on K satisfying the following properties: 
1) * QΑΓΓ = ; 
2) k kE UΓ = Γ  for all k; 
3) K is the smallest reducing subspace for { } 1

n
k k

U
=

 containing *HΓ ; 
4) The mapping  

{ } ( )1
: n

k k
U B H ϕρ Α

=
′ →  

defined by 

( ) { }*
1

, n
k k

Y Y Y Uρ
=

= Γ Γ ∈  

is a complete isometry from the commutant of { } 1

n
k k

U
=

 onto the space ( )B H ϕΑ ; 
5) There exists a *-homomorphism ( ){ } { }*

1
: , n

H k k
C I B H Uϕπ Α

=
→  such that 

( )( ) { } 1
, n

k k
Y Y Y Uπ ρ

=
′= ∈ . 
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Lemma 3 ([16]) (Fuglede-Putnam Theorem) Let ( ), ,A B C B H∈ , if A and B are normal, then AC CB=  
implies * *A C CB= . 

In general, there is no concrete relation between ( )
k

B H ϕΑ  and ( )
j

B H ϕΑ  for different positive integers k and 
j. 

Example 4 Let 

1 3 0
2 2

1 30
2 2

i
E

i

 
+ 

 =
 

− 
 

 and { }EΑ = , then ( ) *X EXEϕΑ =  is well defined and  

( ) 11
11 22

22

0
: ,

0
a

B H a a C
a

ϕΑ    = ∈  
   

. However, by a direct computation, ( )3 X XϕΑ =  and ( ) ( )
3

2B H M CϕΑ = . 

Hence, ( ) ( )
3

B H B Hϕ ϕΑ Α≠ . 
But if A is self-adjoint and commutable, the following result holds. 

Theorem 5 If A is unital, self-adjoint and commutable, then ( ) ( )
2 1j

B H B Hϕ ϕ−
ΑΑ =  and  

( ) ( ) ( )
2 j

B H B H B Hϕ ϕ ϕΑ ΑΑ −= +  for any 1j ≥ . 

Proof. For any 1j ≥ , we first prove ( ) ( )
2 1j

B H B Hϕ ϕ−
ΑΑ = . For any ( )X B H ϕΑ∈ , then ( )X XϕΑ = . So

( ) ( )1j jX X Xϕ ϕ −
Α Α= = =  for any j. It is only to prove ( ) ( )

2 1j

B H B Hϕ ϕ−
ΑΑ ⊂ . According to A is unital, self- 

adjoint and commutable, then { }1 2
: for 1

jk k k iE E E k i jΑ = ∈Α ≤ ≤  is so. For any operator ( )
2 1j

A B H ϕ −
Α∈ , 

then A and 2 1j
kE −  are commutable for any k by lemma 1. By the function calculus, A and kE  are commutable  

since kE  is self-adjoint, and so ( )A B H ϕΑ∈ . Therefore, 

( ) ( )
2 1j

B H B Hϕ ϕ−
ΑΑ = . 

Next, we prove ( ) ( ) ( )
2 j

B H B H B Hϕ ϕ ϕΑ ΑΑ −= + . For any ( )
2 j

A B H ϕΑ∈ , then 

1 1 1 1

2 2 2 2
j jk k k l k k k lAE E E E E E E E A
− −

=  , for any { }1 2 1, , , , , 1, 2, ,jk k k k l n− ∈  . 

So k l k lAE E E E A=  since 2
1

n
kk E I

=
=∑ , thus ( )

2

A B H ϕΑ∈ . It follows that ( )( ) ( )1
2

A A B H ϕϕ Α
Α+ ∈  

and ( )( ) ( )1
2

A A B H ϕϕ Α−
Α− ∈ . So ( ) ( ) ( )

2 j

B H B H B Hϕ ϕ ϕΑ ΑΑ −⊂ + . Conversely, for any ( )X B H ϕΑ∈ ,

( )Y B H ϕΑ−∈ , then ( )Y YϕΑ = − . So ( ) ( ) ( )2 2 1 2 2j j jY Y Y Yϕ ϕ ϕ− −
Α Α Α= − = = =  for any j. Therefore 

( ) ( ) ( )2 2 1 2 2j j jX Y X Y X Y Yϕ ϕ ϕ− −
Α Α Α+ = − = + = = . So ( ) ( ) ( )

2 j

B H B H B Hϕ ϕ ϕΑ Α Α−+ ⊂  and  

( ) ( ) ( )
2 j

B H B H B Hϕ ϕ ϕΑ Α Α−+ = . Therefore, the result holds. This completes the proof. 
Corollary 6 Let { } 1

n
k k

E
=

Α =  be unital, self-adjoint and commutable, then 
( ),Iw′Α ⋅ Α = Α + Α −Α , 

where ( ) ( ){ }, : 0, for any .k kIw X B H E X XE kΑ −Α = ∈ + =  

Proof. From Theorem 5 and Lemma 1, it is only to prove that ( ) ( ),B H IwϕΑ− = Α −Α . Let 
0

0
k

k
k

E
F

E
 

=  − 
 

and { } 1

n
k k

F
=

Β = , for any operator ( )X B H ϕΑ−∈ , then ( )
0
0 0

X
B H H ϕΒ 

∈ ⊕ 
 

. 

From Lemma 1, we have 

0 00 0
0 00 0 0 0

k k

k k

E EX X
E E

      
=      − −      

. 
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It follows that 0k kE X XE+ =  for any k and then ( ),X Iw∈ Α −Α . This completes the proof. 
Theorem 7 Let { } 1

n
k k

E
=

Α =  be unital and commutable. Supposing that there is an 0k  such that 
0kE ∈Α  

is positive and invertible, then ( ) ( )
j

B H B Hϕ ϕΑΑ = , where 1 j≤ < ∞ . 

Proof. From Lemma 2, there exists a triple { }{ }1, , n
k k

K U
=

Γ  where K is a Hilbert space, : K HΓ →  is ab-

ounded operator and { } 1

n
k k

U
=

 is a normal unital and commuting operator sequence on K having the properties 1) 
* IΓΓ = ; 2) k kE UΓ = Γ ; 3) K is the smallest reducing subspace for { } 1

n
k k

U
=

 containing *HΓ ; 4) The mapping 

{ } ( )1
: n

k k
U B H ϕρ Α

=
′ →  defined by ( ) *Y Yρ = Γ Γ  and { } 1

n
k k

Y U
=
′∈  is a complete isometry from the commu-

tant of { } 1

n
k k

U
=

 onto the space ( )B H ϕΑ ; also it is obtained that ( )πk kU E=  for any k, where  

( ){ } ( )*: ,HC I B H B Kϕπ Α →  is a unital *-homomorphism. Then ( )0 0k kU Eπ=  is positive and invertible since 

0kE  is positive and invertible. Next, we write { }{ }1 2 1 2, , , :1 , , ,j jk k k k k k nΛ = ≤ ≤   and 
1 2 jk k kU U U Uα =   

for any { }1 2, , , jk k kα = ∈Λ . In fact, U A AUα α=  if and only if k kU A AU=  for any 1 k n≤ ≤ . On one 

hand, U A AUα α=  if k kU A AU= ; on the other hand, if U A AUα α= , then 
0 0

j j
k kU A AU=  and so 

0 0k kU A AU=  by the function calculus. Moreover, 
0 0 0

1 1 1j j j
k k k k k kAU U U U A U AU− − −= = , thus k kU A AU=  since 

0

1j
kU −  is invertible. That is to say, { }Uα α∈Λ  and { } 1

n
k k

U
=

 have the same reducing subspace. It follows that K is 

also the smallest reducing subspace for the unital, normal and commuting operator sequence { }Uα α∈Λ  contain-

ing *HΓ . Thus ( ) { }*,Y Y Y Uα α
ρ

∈Λ
′= Γ Γ ∈  is also a complete isometry from the commutant of { }Uα α∈Λ  

onto the space ( )
j

H ϕΑ . Combining with ( ) ( )
j

B H B Hϕ ϕΑ Α⊂ , it is easy to get ( ) ( )
j

B H B Hϕ ϕΑΑ = . The proof is 
completed. 
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