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Abstract

In this paper, an algorithm to produce a transition matrix between all states in ideal anti-para-
magetic system under the simulated annealing condition that only moves to lower energy states
are accepted. The check the accuracy of the transition matrix is confirmed by computer simulation,
showing close agreement between model and simulation results.
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1. Introduction

In this paper we compute all transition probabilities of a system of N isolated particles of spin M to move to any
lower energy state. In each move, the current state |1//> is compared with a random trial state, |1//t> . The move
is accepted if it the trial state has a lower energy, and rejected if the energy is equal, or higher. No restrictions
are placed upon the trial state: it is totally random, thus the states form a Markov chain [1] which the next state
chosen at random, via the Monte Carlo method [2]. This is a kind of simulated annealing [3], but with a
simulation temperature of zero [4], which continues to be relevant within the context of recent work [5]. The
system will approach its idealized energy state, with net magnetic moment MNx , where 4 is the magnetic
moment of one particle, with energy E = MN B, with entropy S — 0. For the context of this paper, we will
consider the system to be an diamagnet, with the external magnetic field pointing up, the ground state (lowest
energy) for the system will be when all spins point down.The least preferred state will be the state that has all
spins up. Results are essentially the same for paramagnetic systems, but with the transition matrix is the flipped.
This is an unusual use of simulated annealing. Normally, simulated annealing is used to find a solution to a
complex problem, such as the optimal path in the traveling salesman problem. In complex magnetic systems,
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such as spin glasses, simulated annealing is used to find the optimal ground state [6]. By contrast, in this paper,
the system is rather simple and the optimal state is known. Thus we can compute the probability to move from
any state to any other state which should lend insight into how this very powerful tool (simulated annealing)
operates. We can pause the simulation at any point, and since we know the optimal state, measure how far the
system is from optimal, The number of moves to find the best state increases rapidly with the complexity of the
system. In the magnetic systems we study in this paper, this complexity can be increased by increasing the
number of spins in the system, or by increasing the spin of each particle. Either way greatly increases the
number of states for the system to explore.

1.1. Plan of the Paper

Beginning with two, three and four spin one half particle states, the transition probabilities between all states are
enumerated. These lists of probabilities are formed into matrices. This is repeated for spin one particles in
section 2 where the transition probabilities are derived from the degeneracy of the states. These degeneracies
employ the generalized binomial coefficients, called the multinomials. In Section 3, the spin 3/2 particles are
considered. Then, in Section 4, the entries in the transition matrices are derived from the degeneracy of the states,
using a simple summation rule. In Section 5, degeneracy vectors are given for various systems. In Section 6, the
results of numerical simulations are provided which confirm the results of the matrix calculations.

1.2. Assumptions of Model

Our underlying assumptions are:

e T — 0, thus eliminating the effects of entropy ..S —0

. |(//> states gravitate towards more preferred states of lower magnetism number due to our model being an
anti-paramagnet

o Particlesin |y) are indistinguishable.

In any system N-particles with spin we will assign values. Those values will be relative to the system we are
working with. We will assign +1 for spin up, and values —1 for spin down in a spin one half system. +1, 0, -1
for a spin one system, and +3, +1 for a spin 3/2 system. The magnetism number will be achieved by virtue of
the magnetism operator S.

Definition 1.1. For any state |(//> in a N-particle system we define S to be the operator such that
S|y)=60—y where @ isthe total spinup, » Total spin down.
| D>efinition 1.2. For any two states |y;), |1//j> with S|y;)=i, S|1//j>:j we say |y,) is preferred to

v iff i<j.

Definition 1.3. For any N-particle system. |y;) will be the idealized ground state iff S|y;)=-N

Definition 1.4. let ¥ be defined as the set W, ={|y;):S|v;)=n}

Definition 1.5. The cardinality of the set ¥, denoted |W¥,| is the total number of states with magnetism
number n.

This leads us to the following proposition.

Proposition 1.6. There can only be one idealized Ground state;
thatis |¥_ |=1

Poof. The only way to get magnetism number —N for an N-particle system, is to have all the particles in
that system be spin down. Since particles are indistinguishable by assumption 3, there is only one state that gives
magnetism number —N , thus |¥_ |=1

Definition 1.7. let |y/p> denote a preferred state to ¥, then

¥, ={lvy):Slw,)=p<S|w). ¥lwi))
is the set of all states that are preferred to a state with magnetism number i.

1.3. Markov Chains

Definition 1.8. A system with a finite or countably infinite number of states with the property that given a
present state, past states have no influence on the future is known as a Markov chain
Definition 1.9. Markov chains have the property that for a random variable X, ,
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P(X :Xn+1|x0 :XO’”"xn :Xn): P(Xn+l :Xn+1|xn :Xn)

n+l

where x,,---,X,,, are in the state space .This property is known as the Markov property.

Definition 1.10. Let x,y be in the state space. The conditional probabilities P(X,,, =y|X, =x) are
known as transition probabilities of the the Markov chain. The function p(x,y)=P(X,,,=Yy|X,=x) for
any x,y inthe sample space is known as the transition function.

From the transition function p(x,y) we construct a square matrix of the form

p(0,0) - p(0.n)
P=|
p(n,0) - p(n0)

P is known as the transition matrix for the Markov chain. We will now apply the concepts of a Markov
chain directly to our model.

2. Markov Chains and Our Model

We will use Markov chains to model the transition states for spin 1/2, spin 1, or spin 3/2 particles. For our model
of N-spin particles the state space ¥ will be composed of all ¥, with different magnetism numbers.

We begin by defining the probability function for our model.

Definition 2.1. Let P(¥,) be the probability of being on a state |y;) such that S|y;)=n. This
probability function is defined as

[#]
AN

P(¥,)=

where N is total number of particles in the system,
and A={2,3,4} forspin1/2, spin 1, spin 3/2 particles respectively.

Since our Markov chain has the property of only transferring to preferred states, our transition probabilities
are defined by the following transition function.

0 ifi> ]
P(W, W)= kZ)D(\Ilk) ifi=j

P(W,) ifi<]

This transition function shows how transition probabilities are absorbed when we move to a preferred state
from a less desired state. This probability absorption allows us to construct upper triangular square transition
matrices of the following form.

Our understanding of the transition function and the transition matrix of our model leads to the following 2
propositions .

Proposition 2.2. P(‘I’p |‘Pn) =1-P(¥,|Y¥,)

Poof. Staring with P(‘I’p | ‘Pn)+ p(\pr | \Pn)zl, we can quickly see that

P(W, W, )=1-P(¥|¥,)
Now P(‘P“p |‘Pn) will be the probability of all of the states that are not preferredto ¥ . Thus
P(W51¥,)=2P(¥)=P(¥,|V¥,)
k=n

Giving us the desired result.
Proposition 2.3. For the idealized ground state P(‘I’p |‘Pn)= 0
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Poof. By proposition 4.2
P(¥,|¥,)=1-P(¥,|¥,)=1-1=0

We will now look at Markov chains and the spin 1/2 particle.

3. Spin 1/2 Particles
3.1. Two Spin One Half Particles

For a two spin one half particles, the only possibilities of spin configuration of the fermions look like this

¢ 10 sl =2
e M, U sly)=0
o W, s|y)=-2

Thus {¥, W, ¥_,} make up the state space of the two fermion system with our underlying 3 assumptions.
Giving us the following probability transition table

v, ¥, ¥,
w, |1 L1

4 2 4

w o 3 1

4 4

Y,/ 0 O 1

With transition matrix

/4 12 1/4

P=| 0 3/4 1/4

O 0 1

1 - .
For example we would read P (¥, |¥,) =5 and P(W¥,|¥,)=0; itis our assumption 2 that makes all of

our probability matrices upper triangular. Which for our model denotes that system is probabilistically ap-
proaching the idealized ground state. Since read P(¥_,|W¥_,)=1 then ¥_, is an absorbing state, physically
it shows that it is the idealized ground state.

3.2. Three Spin One Half Particles

For a system of three spin one half particles, the only possibilities of spin configuration of the fermions look like
this
o M1.8y)=3
o MIATINTS|y) =1
o WNNIAIMN S|p)=-1
o L, Sly)=-3

Thus {‘I’s,\Pl,‘{l,‘P%} make up the state space ¥ of the three fermion system with our underlying 3
assumptions.

Although we can clearly see what the probability of landing in each state is, we can use basic counting argu-
ments to show our results mathematically. Thus

- ee{of) ) =
SGRHbIOE
EEEEHEOE
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- (-

Giving us the following probability transition table

Y, ¥, ¥, Y,

v | 3 3 1

8 8 8 8

v |o & 3 1

2 8 8

v o £ 1

8 8

Y,| 0 O 0 1

With transition marix

—1/8 3/8 3/8 18

0 12 3/8 1/8
P:

0 0 7/8 1/8

10 0 0 1

Example 3.1. Given the transition matrix for the three spin one half particle system, above, we can calculate

the probablity of moving to a preferred state.

. P(‘Pp|‘l’3)=%
. P((‘Pp|\1’1):%
. P(‘Pp|‘l’_l)=%

o P(¥,|¥,)=0

With our understanding of the three spin one half particle case and counting arguments, we can develop a ge-

neralization for any N spin one half particle system.

3.3. N-Spin One Half Particle System

Now given our understanding of the probabilities we can build the probability transition matrix for any N-fer-
mion system. If n=2m with meZ_, our transition matrix looks like this

(& (7

0

0 0

e

Bl

1

And with n=2m+1 st meZ_, we getthe probability transition matrix

Bt

0

s

1 2m+17]
2

1



R. Suarez, G. G. Wood

Leading us to the following definition.
Definition 3.2. For any N-fermion system we can calculate P (¥, |¥,) where ¥ _ is not the idealized
ground state. Let k € Z_, be the number of spin up or spin down particles for magnetism number m. Then

LATAEEID

Definition 3.3. For any N-fermion system we can calculate P(‘{’p |‘I’m) where W is not the idealized

ground state.
P(¥,1¥,) =1‘(GJN io(kl\—l'ﬁ

With these result we can calculate the probability of our system moving to a better state, given any N-fer-
mions and ¥, . We now turn our attention to systems of spin one particles.
4. Spin One Particles
For the spin one particles we will assign {+1,-1,0} for T4, — respectively. The assumptions to the model
will not change. The goal is examine N-spin one systems, and to see how their transition matrices look.
4.1. System of Two Spin One Particles

A system with two spin one particles has the following states:

o T, Sly)=2,

e o o o o o o
<«
%
w

Thus for a system of two spin one particles, the state space ¥ has possible states ¥,. ¥,, ¥,. ¥_,,
¥ _,, which give us the following transition table
v, ¥, ¥, ¥, VY,
. |8 Y4 y4 14 1B
0 38 14 1/4 1/8
o | 0 0 58 1/4 1/8
0
0

0 0 7/8 18
0o 0 o0 1

With the following transition matrix

(/8 14 14 14 18

0 3/8 14 1/4 18
P=| 0 0 58 1/4 18
0 0 0 7/8 18
o 0 0 0 1

4.2. System of Three Spin One Particles

For a system of three spin one particles the possible states are given by the macro-states ¥,, ¥,. ¥,, ¥,.
Y.,, ¥,, ¥_,.Whose micro-state configuration looks like this.
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o TIT.S|y)=3
o Mo 151,51 sly)=2,
o To o ™I MNT T T IS lw)=1,
o Too NN Tl T, M et sly) =0,
o oo WTIN, o, T, s|y)=-1,
o ol sllsly)=-2
W, S|y)=-3,

Thus in terms of probabilities:

P(\Pfa):P(lpa)zz_lf
P(\P_z)=P(\}lz)=i,
27
P(‘I{l):P( 1)23’
27

7

P(‘Fo)zﬁ

These probabilities give us the following transition table.

v, ¥, Y, ¥, ¥, V¥, ¥,
Y, |1/27 3/27 6/27 7/27 6/27 3/27 1/27
¥, | 0 4/27 6/21 7/271 6/27 3/27 127
Y, | 0 0 10/27 7/271 6/271 3/27 127
Y, | O 0 0 17/27 /27 3/21 127
Y,| O 0 0 0 23/27 321 1/27
Y,| O 0 0 0 0 26/27 1/27
Y,| O 0 0 0 0 0 1

With the following transition matrix.
[1/27 3/27 6/21 7/27 6/27 327 127
0 4/27 /27 7/27 6/27 3/27 127
0 10/27 7/271 6/27 3/271 127
0 0 17/27 /27 3/27 1/27|L.
0 0 0 23/27 3271 1/27
0 0 0 0 26/27 1/27
| 0 0 0 0 0 0 1 |

Notice that listing out all appropriate micro states gets a bit cumbersome, but unlike the spin 1/2 particles, the
spin one particles have 3 possible spins. So to calculate their probabilities with the aid multinomial probability

o O O o

formula.
P(x)= " APy ... P
Xllxz,“.,xn 1 72 n
Now with this formula we are able to calculate the probability of the macro states for a 4 spin one particle
system.

4.3. 4 Spin One Particle System

For a spin one system with 4 particles we find macro states ¥, such that ne {O,il,J_rZ,J_r3,J_r4}. We do this
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by calculating their degenerate states via the multinomial formula. Giving us the following results:

p(\y [ j_i}:i
81/ 4'0!0!] 81
1\[ 4! 4
:(Ej_smo-} 81
1] 4! 41 10
:[ﬁj 212101 310'11} 81
=il[ sl
81 l'3'0| 211111 81
1 4! 19
(_1)[2'001 o0l 1121 | 81
1\ 4 41 16
:(EJ 0!311! 1'1'2'} 81
JURNEN T R
81/ 012121 110!3!| 81
1] 4! 4
¥.a) :Lﬁj omsl} 81
°(1)~( g3 ot 51
Giving us the following Transition table
v, ¥, ¥, ¥, ¥, VY, V¥, V¥, V¥,
¥, |1/81 4/81 10/81 16/81 19/81 16/81 10/81 4/81 1/81
¥, | 0 5/81 10/81 16/81 19/81 16/81 10/81 4/81 1/81
Y, | O 0 15/81 16/81 19/81 16/81 10/81 4/81 1/81
Y, | O 0 0 31/81 19/81 16/81 10/81 4/81 1/81
Y, | O 0 0 0 50/81 16/81 10/81 4/81 1/81
Y, 0 0 0 0 0 66/81 10/81 4/81 1/81
Y,| 0 0 0 0 0 0 76/81 4/81 1/81
Y,| O 0 0 0 0 0 0 80/81 1/81
Y,| 0 0 0 0 0 0 0 0 1
Along with the following transition matrix
[1/81 4/81 10/81 16/81 19/81 16/81 10/81 4/81 1/81]
0 5/81 10/81 16/81 19/81 16/81 10/81 4/81 1/81
0 0 15/81 16/81 19/81 16/81 10/81 4/81 1/81
0 0 0 31/81 19/81 16/81 10/81 4/81 1/81
P=| 0 0 0 0 50/81 16/81 10/81 4/81 1/81
0 0 0 0 0 66/81 10/81 4/81 1/81
0 0 0 0 0 0 76/81 4/81 1/81
0 0 0 0 0 0 0 80/81 1/81
| 0 0 0 0 0 0 0 0 1 ]
We now generalize our results with the following formulas
Definition 4.1. For any N-spin one particle system and a given macro state ¥ s.t. m<N the following

hold.
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where D, isthe degeneracies for ¥

max{N-m-1,0} N!
D = - 2<N<4
m ; (m+i)Y(N —m—2i)ti!
If n-even m-even, or n-odd m-odd
max{N-m-2,0} N!
D, = ———  ___:12<N<4
= mI(N-m-i)ti!
If N-even m-odd, or N-odd m-even
And for the zero case we get the following.
N-m-2 N!
D, = ——12<N<4
’ zﬂ iI(N - 2i)ti!

Definition 4.2. Let ¥ be a macro state, for any N spin one particle system, then the probability of moving
to a preferred state is

i<m

P(‘Ppl\Pm):l—lI%jN ZDJ

Now with this result we can calculate the probability of our system moving to a preferred state, given N-spin
one particlesand ¥ .
We now turn our attention to a system of spin 3/2 particles.

5. Spin 3/2 Particles
Now we turn our attention to spin 3/2 particles. We will de-note all the possible states a particle can take with
the set M :{—,—,—,— .

To give the spin 3/2 particles integer coefficients we simply represent them in the set M~ = {3,1, -1, —3} .
Once again we will hold the assumptions as the spin 1/2, and spin 1 cases to find the Probability transition
matrix between macro states.

5.1. Two Spin 3 /2 Particle System

A two spin 3/2 particle system has the following states

o +3,43 S|¥)=6
e +3,+1 S|¥)=4
o +3,-1 S|¥)=2
e +3,-3 S|¥)=0
e +1, +3 S|¥)=4
o +1,+1 S|¥)=2
e +1,-1 S|¥)=0
e +1,-3 S|¥)=-2
e -1, +3 S|¥)=
e -1, +1 S|¥)=0
e —1,-1 S|¥)=-2
e -1 -3 S|¥)=-4
e —3,+3 S|¥)=0
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e —3,-3 S|¥)=-6
The two particle system gives us the following states W ={¥,¥,,¥,, ¥, ¥ ,, ¥, ¥} with the pro-
babilities ;

Giving us the following probability transition table
‘I’G \I’4 le \Po \P,z lP74 lI176
¥, |16 1/8 3/16 1/4 3/16 1/8 1/16
¥, | 0O 316 3/16 1/4 3/16 1/8 1/16
v
v

,| 0 0 616 14 316 18 1/16
.| 0 0 0 58 316 18 116
¥,/ 0 0 0 0 1316 18 1/16
¥,l0 0 0 0 0 1516 1/16
¥, /0o o o 0o o 0 1

With the following transition matrix
(116 1/8 3/16 1/4 3/16 1/8 1/16]
0 3/16 3/16 1/4 3/16 1/8 116
0 6/16 /4 3/16 1/8 1/16
0 58 316 1/8 1/16
0 0 1316 1/8 1/16
0 0 0 15/16 1/16
0 0 0 0 1 ]

o O O o o
o O O o

5.2. Three Spin 3 /2 Particle System

For a system of three spin 3/2 particles we calculate the state space in the same manner as we did in the two spin
3/2 particle system. Giving us the following state space W ={W¥,,¥,.Ws, W3, W, ¥ ¥ 5,V 5, ¥, ¥ 4}
With the following probabilities:

P(¥.)=P(¥) =2,
P(Y )= P(¥,)= o
P(¥.0)=P(¥e) =
P(¥)=P(¥:) =7,

This results in the following transition table
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Y, ¥, ¥, ¥, ¥, ¥, Vv, ¥, ¥, ¥,
¥, |1/64 3/64 6/64 10/64 12/64 12/64 10/64 6/64 3/64 1/64
¥, | 0 4/64 6/64 10/64 12/64 12/64 10/64 6/64 3/64 1/64
W, | 0 0 10/64 10/64 12/64 12/64 10/64 6/64 3/64 1/64
w.| 0 0 0 20/64 12/64 12/64 10/64 6/64 3/64 1/64
¥, |0 0o o0 0 32/64 12/64 10/64 6/64 3/64 1/64
v, 0 o o0 0 0 44/64 10/64 6/64 3/64 1/64
¥, 0 o0 0 0 0 0 54/64 6/64 3/64 1/64
¥.l 0 0 0 0 0 0 0 60/64 3/64 1/64
v.lo 0 0 0 0 0 0 0 63/64 1/64
v, 0 0 o0 0 0 0 0 0 0o 1

With the following transition matrix

[1/64 3/64 6/64 10/64 12/64 12/64 10/64 6/64 3/64 1/64]
0 4/64 6/64 10/64 12/64 12/64 10/64 6/64 3/64 1/64
0 10/64 10/64 12/64 12/64 10/64 6/64 3/64 1/64
0 20/64 12/64 12/64 10/64 6/64 3/64 1/64
0 32/64 12/64 10/64 6/64 3/64 1/64
0 44/64 10/64 6/64 3/64 1/64
0 54/64 6/64 3/64 1/64
0 0 60/64 3/64 1/64
0 0 0 63/64 1/64
0 0 0 0 1|

O O O O o o o o
o O O O o o o
O O O o o o

0
0
0
0
0

o O o o

5.3. Four Spin 3/2 Particle System

With the aid of the multinomial formula we are able to calculate the probabilities of the state space
l}I:{‘PHZ’\P\P+10"P+8'\P+6'\Pi4’\yi2’\{10}

« P(¥,,)= ( 4! JL
=2/ 956\ 41010101) 256

1 41 4
e PV, )=—|—"-——|=———
(¥a) 256(3'1'0'0') 256

1[ a ) 10
256 3'0'1'0I 2121010! 256

. 1 ( Al jzﬂ
=256\ 310001 2'1'1'0' T Tizi0101) 256
41 | I
. P(v.) L( 4 4 jzi
256\ 21012101 * 2101 T 11211101 T 01410101) ~ 256
| | |
. P(v,) L( 41 44 ):ﬂ
256\ 21011111 1l1|2|0| TTzi0m oot )~ 256
| | | |
. P(w,)- 41 4 A M M
256 2!0!0!2l 01212101 ' 1Ll 11013101 o13tom1) ~ 256

Which gives us the following degeneracy transition table, with ¢ being the degeneracies for state P,
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W Wi s W Wi Wy o WY, vl Wl wh v, vl
vo |1 4 10 20 31 40 44 40 31 20 10 4 1
Y, | 0 5 10 20 31 40 44 40 31 20 10 4 1
wi 0 0 15 20 31 40 44 40 31 20 10 4 1
w0 O O 35 31 40 44 40 31 20 10 4 1
il 0 O O O 66 40 44 40 31 20 10 4 1
vYS 10 O O O O 106 4 40 31 20 10 4 1
¥ /0 0 O 0 O 0 150 40 31 20 10 4 1
v [0 0O O O O 0 O 19 31 20 10 4 1
¥,/ 0 0 0 O O O O 0 221 20 10 4 1
Y%/l 0o o0 0 0 O 0O 0 0 0 24 10 4 1
vy /0 0O O O O O O 0 O 0 251 4 1
vyilo0o 0o 0 O O O O O O 0 0 255 1
v,/0 0 0 0 O O O O O O 0 0 25
And the transition matrix
P-_L1p
256
With D being the following matrix

(1 4 10 20 31 40 44 40 31 20 10 4 1

0 510 20 31 40 44 40 31 20 10 4 1

0 0 15 20 31 40 44 40 31 20 10 4 1

0 0 0 35 31 40 44 40 31 20 10 4 1

00 0O 0O 66 40 44 40 31 20 10 4 1

00 0 O O 106 44 40 31 20 10 4 1

D=0 0 0 0 0O 0 150 40 31 20 10 4 1

000 0O O O O 19 31 20 10 4 1

000 0 0O O O 0 221 20 10 4 1

000 0 0O O O 0 0 241 10 4 1

000 0O O O 0 O 251 4 1

000 0O O O O O O 0 0 255 1

000 0O O O O O 0 O 0 25

With D being the degeneracy matrix. Notice that we can construct any transition probability matrix from just
understanding degeneracy matrix D. Thus given our systems it suffices to understand degeneracies in order to
construct their transition probabilities.

6. Degeneracy Matrix Algorithm

As we saw in the previous section we can find all the transition probabilities from any j spin-N particle system

under assumptions:

e T — 0, thus eliminating the effects of entropy .S —>0
. |(//> states gravitate towards more preferred states of lower magnetism number due to our model being an

anti-paramagnet

e Particlesin |y) are indistinguishable.
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With Probability transition matrix P

1
P:WD

To construct D let d be the degeneracy vector, composed from all the degeneracies form all the ¥, states

|d,=(a,,a,,.a,)|

m

With a, =number of degeneracies from state ¥, and zizoai =A"

We will now use the degeneracy vector to construct the degeneracy matrix.

6.1. Algorithm for Constructing D
For simplicity we will construct D from our degeneracy vector which we will denote d, =(a,;,a,,,*,a,,) St
D = A"
Thus it follows that D =(d,,d,,---,d,, )"
thus we can rewrite D =4a; with

0, i> ]
i

a; = Zam: i=]j
n=1
T i<]j

Using d, =(ay,a,,-,a,) asthe base for constructing D. We can construct the entire degeneracy matrix D
from our degeneracy vector d, Now with this generalized algorithm we can construct any degeneracy matrix D,
which allows us to construct any probability transition matrix P.

6.2. Degeneracy Vector (d1) for Spin One Particles forn=5,6,7,8,9,10

From the preceding section, we see that we can construct the probability transition matrix of a system solely by
means of the degeneracy vector. Now here are the degeneracy vectors forn=5, 6, 7, 8, 9, 10.

e forn=5
d, =(1,5,15,30,45,51,45,30,15,5,1)
e forn=6
d, =(1,6,21,50,90,126,141,126,90,50, 21,6,1)
o forn=7
d, =(1,7,28,77,161, 266,357,393,357, 266,161, 77,28,7,1)
e forn=8
d, =(1,8,36,112, 266,504, 784,1016,1107,1016, 784,504, 266,112, 36,8,1)
e forn=9
d, =(1,9,45,156,414,882,1554, 2304, 2907, 3139, 2907, 2304,1554, 882, 414,156, 45,9, 1)
e forn=10

d, = <1,10, 55,210, 615,1452, 2850, 4740, 6765, 8350,8953,8350, 6765, 4740, 2850,1452, 615, 210, 55,10,1)

6.3. Degeneracy Vector (d1) for Spin 3/2 Particles forn=5,6,7,8
e forn=5
d, = (1,5,15,35, 65,101,135,155,155,135,101, 65, 35,15,5,1)



R. Suarez, G. G. Wood

e forn=6
d, = (1, 6,21,56,120, 216,336, 456,546,580, 546, 456, 336,216,120, 56, 21, 6,1)

e forn=7
d, = (1, 7,28,84,203,413,728,1128.1554,1918,2128,2128,1918,1128,728, 413, 203,84, 28, 7,1)

e forn=8
d, = (1, 8,36,120,322,728,1428,2472,3823,5328,6728,7728,8092,

7728,6728,5328,3823,2472,1428,728,322,120, 36,8, 1>

7. Results from Numerical Simulations

Two systems are studied: a small system with 10 spin 1/2 particles giving 1024 possible states, and a larger
system with 20 spin 1/2 particles, with about a million possible states. The system begins in the least optimal
state, all spins pointing up, and at each move, a random trial state is generated. If the trial state is more optimal,
meaning it has fewer spins pointing up, it is accepted. It is highly probable the first move will be accepted. After
many moves, the likelihood of improvement diminishes. We consider three “times” to illustrate the relative
movement slowing at large time: after 9, 81 and 729 moves, so the moves are evenly spaced in log time. The
simulation is run one million times for the small system, and one hundred thousand times for the large system.
The results are displayed in Figure 1 and Figure 2, and are consistent with the calculation of predicted number
at each, as shown in Table 1 and Table 2, below.
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Figure 1. Histogram of number of states having various net spin as a function of time. Ten spin one half particles are
simulated one million times. The x-axis is the number of spins pointing up, at various times. The y-axis is the number of
replicas of the system where this was found, proportional to the probability. Three times are given, in different colors,
receding into the page, as: red (9 steps) green (81 time steps) and blue (729 time steps). The distribution is roughly Gaussian,
and the distribution moves toward lower numbers of spins pointing up over time, but slowly. Numeric values are given in
Table 1, along with computed values from the transition matrices from the formula above.

5 6

50000
40000

30000

20000
10000 — '1 |
4 5 6 7 8 9 10 11 1

0

0 2 2 3 2

Figure 2. Histogram of number of states having various net spin as a function of time. The x-axis is the number of spins
pointing up. The y-axis is the number of replicas of the system which have the given x-axis value of spins up, and so the
y-value is proportional to probability. Twenty spin one half particles are simulated over 729 Monte Carlo steps. One hundred
thousand replicas of the system are used. Three times are displayed: after nine steps (red), after 81 steps (green) and after 729
steps (blue). The system has just over one million possible states, and so unlike in figure one, above, 729 steps are not nearly
enough to get any significant fraction of the system into the optimal (x-axis value zero) state. However, despite the odds of
moving to the optimal state being somewhat worse then one in a million, after only 729 moves, the system is pretty close to
optimal: most likely the system has three or four spins pointing up out of 20. Beyond this time, progress is slow.
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Table 1. Results from one million replicas of a system of ten spin one half particles. Close agreement is found between
simulations and model calculations. Time steps (in the first column) are measured in monte carlo simulation steps. The
number of systems, out of a total of one million, in the ground state is given by Ny, and the number in the first excited state,
one spin up, given by N;. Columns denoted by sim are from simulated annealing computations, and columns denoted by
model are from the model. The simulation results are presented in the first two columns of figure one. Note that all numbers
of spins are given in thousands of spins.

Time N, (model) (x10°) N, (sim)(x10°) N, (model) (x10°) N, (sim)(x10°%)
9 8.75 9.50 91.7 931
81 76.1 76.6 506 511
729 509.5 510 490 489

Table 2. Results from one hundred thousand replicas of a system of twenty spin one half particles. Close agreement is found
between simulations and model calculations. Time steps (in the first column) are measured in monte carlo simulation steps.
The number of systems, out of a total of one hundred thousand, in the ground state is given by Ny, and the number in the first
excited state, one spin up, given by N;. Columns denoted by sim are from simulated annealing computations, and columns
denoted by model are from the model. The simulation results are presented in the first two columns of figure two. Note that
in contrast to Table 1, above, numbers of spins are not multiplied by 1000. This starkly illustrates the vast increase in the
number of available states of the system, and the very slow rate at which simulated annealing will converge to anywhere near
the ground state. In Table 1, above, 99% of the replicas were in the ground or first excited state after 729 moves, but in this
larger system, only 1.4% are in the two lowest states.

Time N, (model) N, (sim) N, (model) N, (sim)
9 0.86 2 17.2 16
81 7.72 12 154 156
729 69.4 76 1380 1348

8. Conclusion

For ideal anti-paramagnetic systems, an algorithm for generating a transition matrix is given, with the constraint
that the simulated annealing rule is followed; that only transitions to lower energy are allowed. This matrix is
confirmed by direct simulated annealing simulations.
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