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Abstract

In the present paper, geometry of the Boolean space B" in terms of Hausdorff distances between
subsets and subset sums is investigated. The main results are the algebraic and analytical expres-
sions for representing of classical figures in B” and the functions of distances between them. In
particular, equations in sets are considered and their interpretations in combinatory terms are
given.
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1. Distance between Subsets B

Let B={0,1}, B"={0,1}" and B" be the set of all words of finite length in the alphabet B. For X,Y e 2%
we take:
p(X,Y)=minp(u,v).

ueX
veY

It is clear that p(X,Y) is the Hausdorff distance between the subsets X,Y and 0<p(u,v)<n, and
p(u,v)=[u+v| is the Hamming distance between the points: u=(uu,---u,),v=(vV,-v,)eB", where
u+v=((u®v,)(u, ®v,)--(u, ®v,)), and @ isthe addition operation with respect to mod 2.

The Hausdorff distance has essential role in many problems of discrete analysis [1] and thus has certain inter-
est. On the other hand, there only are a few essential results concerning distances between the subsets B", and
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their investigation offers significant difficulties.
First, we present the following simple properties of the Hausdorff distance:

1) p(X.Y)=p(Y,X);
2) p(X,Y)=022XNY 2D;
3)Eciu X < X', Yc<VY', 10 p(X,Y):p(X’,Y');

4) p(X,Y)=p(X+aY+a),for acB".
Let us note that, generally speaking, the Hausdorff distance does not satisfy the triangle inequality:

P(XY)<p(X,Z)+p(Z,Y), 1)

which is demonstrated in the following picture:

But inequality (1) holds true if |Z|=1.

Distance between Spheres in B

Let S (x) be a sphere of radius p with the center at x € B" , We take, for an arbitrary subset, M < B":

Sp(M)=U S5 (x)

xeM

Thus, we have the following two equvalent interpretations for S} (M ):

1) S;(M) isthe setof all pointsin B" which are at the distance < p from the set M;

2) S, (M) s the set of all points in B", covered by the spheres of the radius p with the centers at points of
the set M.

Examples.

1) S (Sl“ (a))=S; (a), for an arbitrary point: aeB";

2) S; (B”) =B", for an arbitrary p>0;

3)If S;(M)=B" and S;,(M)=B", then pis the radius of the covering of the set B" [2].

Theorem 1. p(S}(M,),S; (M,))=max{0, p(M;,M,)—p—aj.

Proof. We consider two cases.
a) p+Qg>n. Then,

Sp(M)NSG(M,) =2
and, consequently,
p(Sg(Ml),S;(MZ)):O.

b) p+a<n. Let xeS;(M,),yeS;(M,). We present them in the form:
X=X +X%, where X eM,[x][<p;
y=Y,+Y,, where y,eM,|[y,[<a.

From here we have:

P(XY)=p (X + X0 Yo+ Y, ) =X + X + Yy + Y-
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As [|% + X, + Yy + Yo = X + Vi =%, + Yo|, consequently we have:
min -+ + Y+ vl = min (= + val)

= min eyl max g + v

Then, taking into account that:

max ||, +Y,|=p+d,p+q<n,
[xal<p.ly2l<a

we have:

p(S; (Ml)’Sn(MZ)):p(Ml' M,)-p-a.
The theorem is proved.
Let:

R(r,r)= r!(]‘aXp(X,Y).
=i
Y |=r,

Taking into account that the sphere of the radius p with the center at (OO-~-O) and the sphere of the radius g

with the center at (11~--1) contain, respectively, as many points as:

)
050

The value of the function R(r,,r,) for definite values of r,,r, was calculated in [1].

Theorem 2. If g> p, then:
PN} &(n
(L)
t=0 t t=q t

we get the following corollary.
Corrollary. If q> p, then:

The general form of the standard generating function for the distance between the subsets X,Y < B" has the

following form:

M
Y|=q

The summation in (2) is over all pairs of the subsets (X,Y) with |X|=p,[Y|=g.
Let us consider a few examples.

1) p=q=1.

In this case, we have:

x,yeB" k=0

Fu(z)= 3 2 =;;Z,,(x,y) =;i[:jzk —2"(1+2).

@

Thus, F,(z)=2"(1+z)", which is the well-known function of distribution of distances between the points

in the space B" with the metrics of Hamming.

2) p=1,and q is an arbitrary positive integer which does not exeed 2".
In this case:

Fl,q (Z) = ZXEB" Zp(XYY) = ZxZM:q Zp(X'Y).

IY|=a
As:

@

®)
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p(xY)=p(x+aY +a),
for arbitrary points a,x e B" and any subset Y < B", then we get from (3):
Fa(2)=2" 32",
Ivl=a

Then:
p(O,Y):mxin{p(O,x):||x||,XEB”}. 4)

Consequently, the distance between the zero point and an arbitrary subset Y equals the minimal weight of the
points which are in Y.

Hence, p(0,Y)>k, if there are not points with |x|<k—1 in Y. The numbers of subsets Y with |Y|=g
and the condition p(O,Y ) >k are found by the following formula:

lq(k)z(Z”—S'?_lJ, %)

q

r(n
where SP=Z{J
i=0

n
where S = Z( . j is the cardinality of the sphere with the radius r in B".

i—o \ !
From (5), we get the following statement:

Lemmal. If A° (q, k) is the number of the subsets of cardinality g (in B") having the distance kto the zero
point, then:

/Io(q,k):/lq(k)—ﬂq(kJrl).
2n—1
For k=0:47(q,0)= :
w0
Theorem 3. The following formula holds true:

. 2n—l ; n 2n_sn_1 2n_Sn
Fo(2)=2 {q—J” ;zk[[ N H ) kﬂ ®)

(z)=2" Zz”(o'v).
IY|=a

Proof. By definition:
F

19

From this and Lemma 1, taking into account (3) and (4), we get:

n

e

v q-1 kL

n-1 n n_gn n_gn
:2n[2 J_"_znzzk [2 Skl]_{z Sk} .
q-1 k=L q q
The theorem is proved.

If @, (z) is the generating function of the random value ¢ = p(a,Y) uniformly distributed on the pairs
(a,Y),where |Y|=q, then the following holds true.
Corollary 1. The following formula holds true:

0, (2)-q+ (Zl)ézk Kz —qsk”_lj_[zn ;si‘ﬂ.
q
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Corollary 2. The following holds true:

sl
q

Corollary 3. The formula for F,(z) follows from (6).
Proof. From (6) we get for p = 1:

F,(z)=2" +2"k§n_£zk [(2-s0,) (2 -s0)]=2"+ 2“k§n_£zk (:J _ 2"+ 2)",

Corollary 4. For g = 2, the following formula holds true:

n Jn
:E_ﬁ+o(l)'

Proof. By definition and from Corollary 2, we derive:

Mg

gl
2

Then, using the following formulas:

no(n "o(n nin-1

k| [=n2"" k| |S), =n Sy .,

i) st
Let us “compress” the sum:

By definition, we have:

> R o i oo ) X 2

Furthermore, if:

()

®)
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then:
n -1\ D e (1+u)" & (n-1\&
R= .I: 1 n+r-1 — .I: r
k_l(k_ljg‘:coue {( +u) u } coe { o kz_;[k—l)g;‘u }
(1+u)n nn—1)uyk —y"t
= f —
1 n n _ 1 "o —
= coef (;r—u)z n-1 u* b —coef (1+u) > n-1 .
v U™ -u) gk -1 v | (1-u) k-1
Further:
(I+u)u &(n-1) ( )” o
f = coef 1
coe { ™1 u)é k-1 coue u" —u)( )
1+u)™" | &f2n-1) of(2n-1)
coue {u”*l(l—u) ; n—r ,Z;‘ r
And:

From here it follows that R =22"2

Then:
no(n n
k 2ml_ogn -1
2@{ (i) }

2
no(n no(n no(n n(2n
=™ ln_2p k( Js”_ - k[ j - k( j:n22”—2n8——[ J—nZ”l
é k)Tt kZ:; k kZ:; k 20 n
2n 2n-1 n n 2n n-1 n+1 n 2n n-1
—n2 —2n{(2 -2 )—R}—— —n2"t=n2™ —2nR- 7 | —n2
n 2\ n

2

2n

Doz PR ghont,
2 2\ n

Taking this and (8) into account, we get:

And the generating function:

Fp,q (Z) = Z 27

i
Y|=q

can be expressed by the following parameters:
2) if M < B", then the family of all subsets of cardinality p, having distances >r from M is expressed as

[B" \S7, (M)
p
Hence, the set B"\S, (M ) does not contain such points; consequently, for an arbitrary subset

j. Indeed, S[,(M) contains all the points of B", having distances <r-1 from the set M.

% G(B \S7, (M )J the expression p(X,M)=r holds true.

p
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The cardinality of this family is:

[ B"\S",(M )|] _ {2” —|Sf1(M )|J
p P |

2) The number of all m-element subsets having the distance r from M is:

(2” ~[sr, (M )|J_[2” ~[sr(m )|]
p p '

Summarizing all the previous, we get the following statement.
Theorem 4. The following expression is true:

gl R

2.Sum of Setsin B"
Let X,Y eB"; we take:
X+Y={u+vueX,veY}

The operation “+” is defined in the family 2% of all subsets of B", and (2%, “+) is a monoid with the
neutral element 0=0" [3] [4].
Besides, the following inequality holds true:

max {| X |,|Y [} < [X +Y|<|X]]Y|.

Here both limits are reachable.

The properties of “+” are as follows:

1) X+0=X;

2) X=Y—>X+u=Y+u forall ueB";
3) (X +Y)+Z=X+(Y +2Z)-associativity;
4) X +Y =Y + X -communacativity;

5) (XUY)+Z=(X+Z)U(Y +2Z) -distributivity;
6) (XNY +Z=EX+Z§DEY+Z;;

7) (X\Y)+Z=(X+Z)\(Y+2).

Examples.

If X is a subspace in B", then:

1) X+X=X;

2) X+Y =X, if YcX.
Let the following holds true:
[X+Y[=minfx+y].
yeY
Then p(X,Y)=|X+Y|.
Thus, there is certain analogy between the norm of the sum of points and the distance between those points, as

well as between the norm of the sum of the sets and the distance between those sets.
In the general form, the following statement connecting the operations “U” u+, is true:

(XUY)+UUV)=(X+U)U(X+V)UY +U)U(Y +V).

2.1. Sum of Facets in B" and the Distance between Them

A facet or interval in B" is the set of points J = {a <x< b}, where the partial order x <y is defined in the

classic way [5] [6]:
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x<yax <y,i=Ln, for x=(%% %), y=(Y Yo Yo)-

Every interval J can be written in the form of a word of the length n, in the alphabet A= {0,1, c}, the letters
of which are ordered linearly: 0<1l<c.

Examples.

If n=4 and J :{(010 0)<x<(0 111)}, then every point of J can be presented by the word (0lcc),
which means the following: all the points which are obtained from the word (Olcc) by the substitution either
0 or 1 for a letter of the given word, are contained in the interval J. Consequently, the cardinality of the interval
Jis 2% =4, for the given case, i.e. |J|= 4. Hence, each interval J has its corresponding code word i(J) in
the alphabet A. The number of letters ¢ in the code i(J) is the dimension of the interval J, i.e. is dimJ. And
the following formula is obvious:

|J| _ 2dimJ-
If the operation “*” is introduced on the alphabet A:

1 ¢
1 ¢
0 ¢

0
1
c

c c

“ o L O|o

then the sum J, +J, oftheintervals J, and J, isthe Minkowski sum:

I+, ={u+vuel,vel,}.

Examples.

1) If J,=2(01c),J,=2(100), then A(J,+J,)=(11c), ie J,+J,={(110),(111)}, which corres-
ponds to the definition of the sum J, + J,.

2)If Jy=A(cc---c),then J, +J,=J,=B" foreveryinterval J,.

The distance between the intervals J, and J,, having the codes A(J;) and A(J,)-taking into account
the introduced definitions-are calculated in the following way.

Let 4 (J) be the number of occurrences of letter 1 in the code of the interval J.

Statement 1. p(J;,J,)=4 (3, +J,).

Thus, the distance between the intervals J, and J, is the number of occurrences of letter 1 in the code of
their sum.

Examples.

1) Let A(J;)=(011clc),4(J,)=(11c0cO).

Then A(J;+J,)=(10cccc) and p(J;,J,)=1.
JP

n

Let 3P ={J,} be the family of all p-dimensional intervals of B". Then

-

Let us consider the direct product J” xJ?! and introduce uniform distribution on it with the generating func-
tion:

Theorem 5. The following formula is true:

q n-q
R (2)= 11 (u+2) (up32+1) du,
( nj e 27 e u
p
where r <1.
Let us consider the matrix “}aij” the rows of which are the codes 4(J;),4(J,),-++,A(J,,) of the intervals

from the family {J;,3,,---,J,,}.
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Lemma 2. The following expression is true:
n
3 (3,0,)= 3K,
i<j i1
where kk! is the number of zeros and, respectively, units in the i-th column of the matrix |le||
Proof. According to the definition:

>p(3,3))= 25 )

if of #af and of #c,af =¢;
otherwise,
and 2(J;)=(a & o) isthe code of the interval J,.
It follows from (9):

where ¢ = {1‘
i 0,

>p(33;)= 28 (10)
i k=11i,j
The internal sum in (10) equals the number of such pairs (aik,a;‘) in which one of ai" —S is unit and the
other is zero, i.e. is k'k’. The Lemma is proved.
Example.

1) Let S (3) be the family of all edges in  B®. We consider the matrix of their codes:
c 00

0
1
1

o o o
= o .

s -

~ - O O -

O O o O
POk O -

O O O O

- - O O -
_ Ok O -

n
The total number of the edges in B® is (lj 2" /., =12. Each column of the matrix has the length 12, and

all letters of the alphabet {0,1,c} occur in equal number, 4 times. Therefore, k’ =k =4, i=12,3.
From here, we get:

3
Y p(3.d))=Y4x4=48.
Ji.Jjes(3) i=1

2) In the general form, if S (n) is the family of all edges in B", each column contains 2" letters ¢ and

n-1 n-1
k® =k = -2 (n —1)2”’2. From here, we get:

> p(3.3;)=(n-12"*n=(n-1)" n2"*. (11)
)

3;.3;€8(n
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Thus, the sum of the pairwise distances between the intervals in B" is calculated by formula (11).

2.2. The Sum of Spheres in B»

In the general form, the following statement holds true.
Lemma 3. The following formula is true:

St(M)=M +5S!(0).

Proof. By definition:

Sp(M)=U s{(x)= U {x+57(0)} =M +5;(0).

xeM

Thus, the above introduced parameter S;(M) of the setMis rather easily expressed in the terms of the oper-
ation “+”.

Lemmad. S°(S "(M)) st (M) if p+g<n.

Proof. If VGS”(S;( )) then either v is at the distance <p from S;(M) or there is a point
aeS;(M) suchthat p(v,a)<p.

Then from ae Sy (M), itfollowsthat p(a,z)<q,forall zeM .

From here we get
p(v.z)<p(v,a)+p(az)<p+q
or:
veS) (M).

p+q
Hence, S;(S;(M))gsgm(M).
Andif veS) (M), thenthereisapoint zeM suchthat p(v,z)<p+q.
Hence, p(v,S; (z))< p and, consequently, veS;(S;(M)), that is, S, (M)c<Sp(Sy(M)), and the

proof is completed.
Theorem 6. The following expression is true:

Sp(M,)+5¢(M,)=5;

p+q

(M1+M2) (12)
Proof. We have from Lemma 4:
Spq (M +M,)=Sp(SI(M,+M,)).

p+q
Then, we have from Lemma 3:
S;+q(M1+M2):S;(O)+S:(M1+ M2)=S;(0)+S: (0)+ M, + M,
=(S5(0)+M,)+(Sq (0)+M,) =S (M,)+57 (M,).

And the proof is over.
Formula (12) defines the rule of “addition” for arbitrary spheres in the space B".

2.3. Sum of Layers in Bn

Let By ={xeB"|x|= p} be the p-th layer of the n-dimensional cube, or be the sphere of the radius p with the
center at zero [7] [8].

According to definition, B + B” is the sum of the layers in B" or it is the sum of the points with the
weights p and g. As ||x||—||y|| < ||x+ y| <|IX[+]ly] . then all points from (B” +B’ ) have weights from the in-
terval {p-q,p+q}.

Then, the following statement is true.

Lemma 5. The following expression holds true:

(B; + Bc?): U B;+2r

|p—q|+2r<min{2n—( p+q),( p+q)}

Proof. First, let us note the following.
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If xeB)+By, and |[x|=m, then B} < B} +B{'. Consequently, every layer B is invariant with respect
to the operation of the symmetric group S, and, for g eSS, , we have:

g(x+y)=9g(x)+g(y),where x,yeB".
In standard terms, the symmetric group S, operateson B", and every layer is a transitive set or an orbit of
action of the group S, .

If xeB,+By, then x=y+z, where yeB],zeB]. Therefore, for each permutation geS, we have:
9(x)=g(y+z)=g(y)+9(z), andwe get:

{g(x)} =By u By <B;+B;.

Taking this into account, to describe the set B; + Bq”, it is sufficient to describe only the weights of the
points which are included into this sum. The minimal weight of these is d = | p- q| .

We discuss the following outline:

2 =111100
7, =110000
z, = 011000
z, = 001100
z, = 000110
7, = 000011

||z + zl|| = 2,||z + zz|| = 2,||z + z3|| = 2,||z + 24|| = 4,||z + 25|| =6.

Here n=6,p=4,q=2 and the “block” of the first 2 units is shifted by a unit in each consecutive word.
Thus, we get all weights: |z +z]:2,4,6.
In the general case, the situation is absolutely analogous, and the weights are arranged as follows:

p_qv p_q+27 p_q+4,”',
for p>aq.
Here the condition for z holds true:
p-g+2r<min{p+q,2n—(p+q)}.

Examples.

1) B'+B =By UB;;

2) B +B) =B]UB]UB;;

3) B)+B;=B'UB; UB;.

Theorem 7. The following expression is true:

By +5q (M) =S (M)\S; (M),

where 1, =min(p+q,n),l,=max(0,p-q)-1.
Proof. From Lemmas 3 and 5, we have:

B;+S;(M):BS+QBi”+M :Q(BB+B{‘)+M

p+q
= \U ‘Bi” +M =87, (0)\8(;711‘ (0)+M =S, (M )\S‘”pfq‘ (M).
i< p—q
The proof is over.

2.4. Sum of Subspaces in B»

As usual, let L( X ) be the subspace generated by the vectors from the set X, or be the space “worn” on X.

©,
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Statement 2. L(X, +X,)=L(X,)+L(X,),
and:

dimL(X, +X,)=dimL(X,)+dimL(X,)—-dim(L(X,)NL(X,))
Statement 3. Let X + X < L(X).

And if:
(X))
X , 13
x|> = (13)
then the following equality is true:
X+ X =L(X).

Proof. We assume the contrary, thatis, yeL(X)\(X +X).
Then, we have:

X+ycL(X) and (X+y)NX=0.
Hence, X U(X +y)< L(X). Consequently, |X|+|X +y|=|L(X)|. Thatis, 2|X|<|L(X)|.

This contradicts the initial condition and the proof is over.
The following example shows that condition (12) is not necessary.

Example.
LetX = {(0000),(1000),(0100),(0010),(0001),(1111)}. Then X +X =L(X), although
[X|=6<2-8.

3. Equations in Sets

The “simplest” equation by sets is the following:
X+Y=A (14)

where X.,Y,Ae2%.

Equation (14) always has the trivial solution: X = {x} ,Y=A+X, where xeB".

The significance of Equation (14) is explained by the following circumstances.

1) The standard problems of covering and partitioning in the Boolean space B" [6] can be formulated as prob-
lems of describing the set of solutions of Equation (14).

2) For certain additional conditions, the solution of Equation (14) forms a perfect pair (perfect code) in the
additive channel of communication [9].

3) The set of all solutions of Equation (14) coincides with the class of equivalence of the additive channel of
communication [3].

Examples.

1) If A=B", we can take (S;(O),S;(O)),p>g as the solution (X,Y) for Equation (14).

2) If Ais a subspace of B", then Equation (14) has the following solution: X =AY c A.

The following statements are true:

Statement 4. If the equations X +Y = A, X +Y =C are solvable, then the equation X +Y =A+C alsois
solvable.

Proof. Let the pairs (X,,Y,),(X,,Y;) be the solutions of the equations X +Y =A and X +Y =C, re-
spectively. Then for the pairs (X, + X;),(Y, +Y,)) we have
(Xo+ X))+ (Yo +Y;)=(Xo+Yy)+ (X, +Y,)=A+C, aswas required to be proved.

Statement 5. For |p—g|+2r <min{p+aq,n}, the equation:

X+Y=JB
r=0

|p—ql+2r

has the solution X = B;,Y = Bq".
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Statement6. For 0<p<n and M < B", theequation X +Y = Sg (M) has the following solution:
X = S;(Ml),Y = ng (Mz) ,
where p,+p,=p,M,+M, =M.
Statement 7. For0 < p,q <n,M ¢ B", the equation X +Y =S (M)\S/(M) has the following solution:
X =Bp,Y =S, (M), where p=min(n,p,+p,),q=max(0,p,—p,)-1
Statement 8. The sets of solutions (X,Y) of the equations X +Y = A and
(X +M)+(Y+M,)=A+(M,+M,) coincide forall M;,M, cB".

Below, when discussing Equation (14), without violating generality, we may assume 0e X Y N A, if ne-
cessary.

n(n+1
Statement 9. The equation X + X = A has no solution for |A|> ( 5 ),A\{O} c B;.

Proof. If AcB) and X +X=A, for abeX we have a+beA and |a+b|=p or p(ab)=p.
Thus, X is an equidistant code [2], therefore, |X | <n+1. Consequently:
n(n+1
WS%,

n(n+1
From here it follows that the equation X + X = A has no solution for |A|> ( 5 ) ,if A\{0} = B].

Statement 10. The equation X + X = A (in “facets”, i.e. X, A are facets in B") is solvable iff the code of
the interval A does not contain the letter 1.
Let (XU,YO) be a solution of the equation X + X = A. As the following equality:

(XO UYO)+(XOUY0)= A
holds iff:
(X0+X0)gA u (Y0+Y0)gA,

then the following statement is true.
Statement 11. If (X,,Y,) is a solution of the equation X +Y = A, then (X, UY,) is a solution of the eg-
uation X +X =A, iff (X,+X,)c A and (Y, +Y,)c A.

Statement 12. If A is a subspace from B", then every subset X < A,|X| >@, is a solution of the equa-
tion X +X =A.

In an additive channel of communication [3] an equivalence class has a unique representation by transitive
sets of certain “generating” channels. The problem is to order these transitive sets by cardinalities of “generating”
channels.

Let N(A)={(X,Y),X+Y =A}.

We introduce the following parameters:

_ - |AU{0}], if N(A)=@
m(A)=(Xm;L1(A)|X Uy|, m(A)=

(X,X)eN(A)| |

Such definition of m(A is justified, because it is not always that the equation X +Y =A has
tions (for instance, if |A|=3,[A|=5, orfor 0¢ A), though the equation X +Y = A always has a solution.
One can easily prove that:

m(A)<m(A)<|AU{0}. (15)
Statement 13. For the subspace A< B", the following is true:
m(A)=m(A).

O,
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Proof. It follows from (15) that it is sufficient to prove that the following equality is true:
m(A)=m(A).
Let (X,,Y,) beasolution of the equation X +Y = A, for which:
A) =X, UY,|. (16)

On the other hand, it follows from Statement 11 that (X,UY,) is a solution of the equation X +X = A
and, consequently, |X,UY,|>m(A). Taking this and (16) into account, we get:

m(A)>m(A).

Theorem 8. The following estimations are true:

1) m(A)zE((8|A|—7)§+1]{, for AcB":

k k
2) m(A)< 2u + 2H —2, forthe subspace Ac B", for dim A=k >3.
Proof. We have:

A=X+Y c(XUY)+(XUY).

From this and definition of addition of sets we get:

Al <[(X UY)+(X UY)||sw+1.

m(A)=> E((BW_ 7)3 +1){

To prove the 2nd estimation, we consider such subspaces L,L, c A for which the following is true:

LNL ={0},dimL1={g]dimL2 :};[

Consequently:

Let:

K=(1a)U(L ) UG )

where a el,, a,eL,,a #0,a, #0.
Let us prove that (X, X)e N(A).
We have:

X+ X =((L\a)U(L Vo) U ( + 2, ) +((L V&) U(L, \ay ) U (2, + ;)
=((LVa)+(La))U((L Va) + (L a))U (@ +2) + L\ay)
UL Va, + L, \,)U((L, Vay ) + (L, Vay ) ) U(( a1+a2 (L,\a,))
U((L)a +(a+2,))U((L) & +(a +a,))Uf
:((Li\a1)+(L1\a1))U((L2\a2) (L\a,))U ((Ll\ai) (L\a,))
U((& +2,)+(L\&))U((& +3,) + (L \ &, ).
As (Statement 12) (L, \a,)+(L\a)=L, (L, \a,)+(L,\a,)=L, weget:
X+X=LULUL\((L+a,)U(L,+a))U(a,+a,)+(L\a))U((a, +a,)+(L, \a,)).
Then, using:
(L\a)+(a+a,)=(L+a,)\a;L,\a, +(a +a,)=(L, +a,)\a,,
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we get:

X+ X = LUL U(LV((L+2,)U(L, +2))U((L 2\ e ) U((L +a)\a, ) = A

Hence, taking this and Statement 13 into account we get:

m(A)=m(A)<|X UX|=|(L1ULZ)\(aanz)U(ai+a2)|:|L1|+|L2|—3+1:ZH +2H -2.

The statement is proved.
Examples.
1) A=B*. We have:

2) A=B°.We have:

but actually:

3) A=B’. We have:

We consider the set:

X={0000000,0000100,0000110,00011012,0010001,0010111,
01000000100100,0110100,0110101,0111011, 0111100,
0111110,1000010,1001101,1001110,1010000,1011011,
1100101,1101100}.

We have: X+X=B7,u|X|=20. Hence, m(A)<m(A)<20.
4) A1:{000000,100000,010000,001000,000100,000010,000001}.

A, ={100000,010000,001000,000100,000010,000001}.

We have:

6<m(A)<7 and 6<m(A)<7.

Butactually m(A)=m(A,)=7.
Suggestion. Foreach A< B" the following is true:

m(A) < 2[ﬂ +2]§[ —2, where k=dimL(A)>3.
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