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Abstract 
The electrostatic and Börn-Mayer repulsive potentials method was used to calculate the higher 
order elastic constants and pressure derivatives of alkaline-earth oxide CaO in a wide tempera-
ture range (100 - 1000 K). The calculations have been made starting from primary physical pa-
rameters viz. nearest-neighbour distance and hardness parameter assuming long- and short- 
range potentials. The different results of the calculations are compared with experimental data 
and discussed. 
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1. Introduction 
Nowadays, calculations for the anharmonic properties have reached a sufficient degree of sophistication to re-
produce satisfactorily experimental data and to obtain interesting properties in the cases in which experimental 
measurements are fully lacking. Among these properties, elastic constants represent a good test for estimating 
the quality of a theoretical approach. As a matter of fact, they require computation, point by point, of the hyper- 
surface of the total energy for applicable lattice deformations and numerical calculation of the second deriva-
tives of the energy with respect to strain components. The electrostatic and Börn-Mayer repulsive potentials 
method [1] implemented in the crystal allows this type of calculation as the cyanides, chalcogenides, alkali hal-
ides, alkaline oxides and sulphides examples shown in [2]-[7]. A good agreement obtained for the temperature 
dependence of anharmonic properties, encouraged the author to extend this model for the study of the tempera-
ture dependence of higher order elastic constants and pressure derivatives for divalent materials. This study ex-
tends the previous one on MgO [6] to the alkaline-earth oxide CaO and can be motivated as follows: 1) The 
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three oxides (MgO, CaO, SrO) have the same cubic rock-salt type structure (space group: Fm3m) and represent 
a family of similar fully ionic compounds. 2) Very accurate experimental values of elastic constants are avail-
able and they are obtained by high accuracy techniques and can be considered as references to test the quality of 
theoretical approaches. The study of alkaline-earth oxides is of great interest for many other reasons. These ox-
ides have long been considered a typical case for understanding bonding in ionic oxides and are also one of the 
most fundamental materials for industrial science. These oxides are a major constituent of the earth’s lower 
mantle (between 600 and 2900 km in depth). Therefore studies on elastic, thermal and structural properties for 
such compounds have great importance. 

2. Formulation 
The elastic energy density for a crystal of a cubic symmetry can be expanded up to quartic terms as shown be-
low: 

[ ] [ ] [ ]0 2 3 4   1 2! 1 3! 1 4! ,ijkl ij kl ijklmn ij kl mn ijklmnpq ij kl mn pqU U U U C x x C x x x C x x x x= + + = + +           (1) 

where ijklC , ijklmnC  and ijklmnpqC  are the SOECs, TOECs and FOECs in tensorial form; ijx  are the Lagran-
gian strain components; IJC , IJKC  and IJKLC  are the SOECs, TOECs and FOECs in Brügger’s definition and 
Voigt notations. The SOECs, TOECs and FOECs are as given below: 
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An elastic constant consists of two parts as follows 
0 vib 0 vib 0 vib

IJ IJ IJ IJK IJK IJK IJKL IJKL IJKL;    ;    .C C C C C C C C C= + = + = +                     (3) 

The first part is the strain derivative of the internal energy oU  and is known as “static” elastic constant and 
the second part is the strain derivative of the vibrational free energy vibU  and is called “vibrational” elastic 
constant. The superscript “0” has been introduced to emphasize that the static elastic constants correspond to 0 K. 
By adding the vibrational elastic constants to the static elastic constants, one may get SOECs and TOECs at any 
temperature for fcc crystals. The general expressions for these properties have been reported in [1] [5] and 
therefore are not repeated in this paper. 

3. Evaluation 
The brief introduction of formulation is given in the preceding Section 2. The whole evaluation is based on the 
assumption that the crystal structure of the material does not change when temperature varies up to their melting 
point. Using the concept of nearest-neighbour distance and hardness parameter, the elastic constants and pres-
sure derivatives for CaO are evaluated at different temperatures (from 100 - 1000 K) using the formulation and 
shown in Figures 1-7. The comparison has also been made for some elastic properties for CaO crystal with 
available theoretical and experimental data [8]-[10] and presented in Table 1.  

4. Results and Discussions 
In order to understand the thermodynamic and thermo-elastic behaviour of solids at high temperatures, it is nec-
essary to have reliable values of elastic constants corresponding to such temperatures. The elasticity offers more 
information than the volume in interpreting the temperature dependence of equation of state because the com-
pressibility is defined by the derivative of volume. The elastic constants also provide a ground for examining of 
earth’s deep interior. Besides being of considerable theoretical interest there is still no complete general theory 
that should be used for precise calculation of elasticity. The problem becomes more difficult if we consider the 
case of minerals of geophysical interest [11]. Therefore we have to develop semi empirical and phenomenological 
model formulations for predicting the values of elastic constants for solids at higher temperatures. There have  
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                         Figure 1. Temperature variation of SOECs (1011 dyne/cm2).    
 

  
(a)                                                          (b) 

 
(c) 

Figure 2. Temperature variation of TOECs (1011 dyne/cm2).                                                     
 

  
(a)                                                          (b) 

 
(c) 

Figure 3. Temperature variation of FOECs. (3) In 1014 dyne/cm2; (b) In 1013 dyne/cm2; (c) In 1012 dyne/cm2.             
 

 
Figure 4. Temperature variation of Partial Contractions (in 1014 dyne/cm2).                                          
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Figure 5. Temperature variation of FOPDs of SOECs.                     

 

 
Figure 6. Temperature variation of SOPDs (in 10−11 dyne/cm2).              

 

 
Figure 7. Temperature variation of FOPDs of TOECs.                     

 
Table 1. Comparison data of elastic properties (in 1010 Newton/meter2) for CaO at room temperature. Experimental values 
are given within bold parantheses (compiled from Ref. [8]-[10]).                                                    

C111 C112 C123 C144 C166 C456 ds/dp dk/dp dC44/dp Ref. 

−26.27 
−30.23 
−25.16 
−26.8 

−5.17 
−0.76 
−5.35 
−1.36 

1.83 
0.95 
1.58 
1.58 

1.92 
1.21 
1.81 
1.87 

−5.24 
2.39 
−6.73 
−2.72 

1.91 
1.34 
1.98 
2.01 

2.08 
3.4 

1.85 (0.6) 
3.01 (4.1) 

4.01 
3.26 (6.0) 
3.96 (3.4) 
3.18 (4.8) 

0.64 
0.42 (0.6) 

1.23 
0.17 (0.2) 

Present 
[8] 
[9] 
[10] 

 
been continuous efforts to study the temperature dependence of elastic constants and related properties of ionic 
solids. In past years, the physical properties of CaO have been studied [12] [13]. However, none of the work re-
ported in the literature so far is centred on the study of anharmonic properties of CaO. Thus, in the present work, 
we have studied the anharmonic properties of this alkaline-earth compound. The results obtained in this investi-
gation can be used for further study of the material. Our whole theoretical approach can be applied to the 
evaluation of related parameters to study the anharmonic and micro-structural properties of CaO. The experi-
mental data for elastic parameters for many solids have been reported in literature which is considered to be most 
precise. Here the elastic properties of CaO are computed. For CaO the value of melting temperature is 2853 K.  

For a cubic solid, there are three independent second order elastic constants viz. C11, C12 and C44. The tem-
perature variation of SOECs for CaO is shown in Figure 1. The elastic constants of solids in general decrease with 
temperature and such a decrease has been explained by many available theories. But in the NaCl-like structure the 
elastic constant C12 of some alkali halides (for example KCl, KBr etc.) is increasing with temperature. This 
phenomenon is known as the anomalous temperature dependence of C12 in these solids. In the present work, the 
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temperature dependence of C12 is found to explain the observed anomalous temperature dependence of C12 in 
crystals with NaCl-structure. Results are presented for CaO. We see that an anomalous temperature dependence of 
C12 does occur in this material. It is interesting to note from Figure 1 that the values of C11 is decreasing with 
increase in temperature, while the value of another elastic constant C44 is nearly constant with increase in tem-
perature. On the other hand, the value of C12 is increasing with increase in temperature. The values of C44 are 
generally lower than the values of C12. The abnormal behavior of the temperature dependence of the elastic con-
stant C12 is related to the existence of many body potential and non-central potentials in solids, which are re-
sponsible for the breakdown of the cauchy relation C12 = C44. The variation of C11 with temperature is found to 
be large as compared with C12 and C44. The constant C11 represents elasticity in length. A longitudinal strain 
produces a change in volume without change in shape. The volume change is closely related to the temperature 
and thus produces a large change in C11. On the other hand, the constant C12 and C44 are related to the elasticity 
in shape which is a shear constant. A transverse strain or shearing causes a change in shape without a change in 
volume. Therefore, C12 and C44 are less sensitive to the temperature. Thus, study of the temperature dependence 
of C11 may provide a more critical test of the theory.  

The higher order elastic constants are strongly related to other anharmonic properties; such as thermal expan-
sion, thermo elastic constants and thermal conductivity. The knowledge of TOEC may provide further critical data 
for testing the machines for non-destructive-testing. Furthermore, we expected to obtain additional data for the 
discussion of the influence of asymmetric ions on non-linear elastic properties, in particular for crystals of rock 
salt type. Third order elastic constants play an important role in solid-state physics. They allow an evaluation of 
first order anharmonic terms of the inter-atomic potential or of generalized Grüneisen parameters, which enter the 
theories of all anharmonic phenomena, such as the interaction of acoustic and thermal phonons and the equation of 
state. The present study of the temperature variation of TOECs could prove useful in studies of various anhar-
monic properties of ionic solids in general. The TOECs play an important role when it comes to explain anhar-
monic phenomena in solids (interactions of ultrasonic vibration with thermal phonons, harmonic generators, 
equation of state etc.). As a result of the anharmonicity of the crystal lattice vibrations, the elastic constants vary 
with temperature. The Temperature variations of TOECs for CaO are shown in Figures 2(a)-(c). Among the 
calculated third order elastic constants of these materials, C111’s are the largest in their absolute values and an 
order of magnitude larger than the SOEC. Magnitude of other ijkC ’s are markedly smaller than those of C111. In 
Table 1, third order elastic constants are compared with available theoretical and experimental data. It is obvious 
from this Table that there is good agreement between the calculated values from this study and the previously 
reported values for CaO. This close agreement shows the validity of present approach. 

Third and fourth order elastic constants are required to study many anharmonic properties of crystals and 
therefore their accurate evaluation is essential. Recently attempts have been made to calculate anharmonic prop-
erties of various crystals. Only few of them are taken account the temperature dependence of these properties. The 
thermal contribution to elastic constants is very significant. The experimental data reveal that in going from 100 K 
to higher temperatures, the values of second order elastic constants are changed considerably even for highly ionic 
solids. We have already discussed the temperature variation of second and third order elastic constants of CaO. 
Since the contribution from third and fourth order coupling parameters to many anharmonic properties are of the 
same order of magnitude, the knowledge of FOECs is equally important as that of TOECs. Calculated results of 
fourth order elastic constants at different temperatures are reported in Figures 3(a)-(c). Due to non-availability of 
experimental data, the comparison is not made. The Partial Contractions for CaO are shown in Figure 4. 

Recent extension of ultrasonic techniques to high pressure and high frequencies renewed interest in the higher 
order coefficients of non-linear elasticity. Much theoretical work has been done on the temperature dependence of 
the elastic constants of materials. An investigation into the higher order elastic constants and their pressure de-
rivatives provides useful information on the inter-atomic forces, inter-ionic potentials and on anharmonic prop-
erties of crystalline solids. This is why recently [14]-[17] there have been several attempts to determine the elastic 
constants of higher order using theoretical as well as experimental techniques. Calculated results of first and 
second order pressure derivatives of second order elastic constants at different temperatures are reported in Figure 5 
and Figure 6. An important aspect of the present investigation is the calculation of second order pressure de-
rivatives of SOECs at different temperatures (Figure 6). The FOPDs of the TOECs of CaO are presented in 
Figure 7. In Table 1, pressure derivatives are compared with available theoretical and experimental data. It is 
obvious from this Table that there is good agreement between the calculated values from this study and the pre-
viously reported values for CaO. 
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These data are valuable for the interpretation of the anomalous elastic behaviour of CaO and similar systems. 
The new data may offer an additional possibility to improve the theoretical models developed recently for the 
interpretation of the behaviour of elastic constants in elevated temperature segment. The present method can 
therefore be used to predict successfully the values of elastic constants for solids at higher temperatures. It is 
necessary to mention here that the linear relationship between elastic constants and temperature holds well only 
above the Debye temperature, i.e. in high temperature region. Thus, this study is valid from higher temperature (or 
room temperature) to the melting temperature for CaO. The negative slops of the curves from Figures 1-7 reflect 
that decrement in the elastic constants is sharper than the increment in the temperature. It is appropriate to mention 
here that a similar variation is also observed for elastic properties by previous workers [18]-[20]. Therefore, we 
may say that the model suggested by Kailash et al. also holds well for other fcc ionic materials, confirming the 
validity of generalisation method used by us. Thus, the results of the elastic properties of this alkaline-earth oxide 
computed with the help of the present theory are satisfactory and are comparable to the results obtained by various 
first-principle studies. Hence, the present theory may be useful for analyzing elastic behaviours under high tem-
perature of other cubic structure solids. We have thus presented a simple method to study the elastic properties of 
solids under varying conditions of temperatures. The results obtained are encouraging. Due to the simplicity of 
the method, it can be applied to the more complicated solids, like minerals of geophysical importance and ap-
plications. 
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