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Abstract 
We construct and investigate non conformal anisotropic Bianchi type VII0 solutions in 5 dimen-
sions. The solutions are asymptotically flat with a singularity. We also construct anisotropic solu-
tions of Einstein-Maxwell gravity using a procedure similar to Majumdar-Papapetrou solutions 
with various profiles of charged dust and explore ways to hide the singularity behind the horizon. 
We further embed it in one higher dimension to get an asymptotically anti de Sitter space and ap-
proximate two point correlator of operators with higher conformal dimensions by calculating 
geodesic lengths. We find a peculiar power law decay of the correlator as a function of separation. 
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1. Introduction 
Inception of general relativity has led to great insights into cosmology as well as many open problems. General 
relativity encodes the interaction of matter or radiation with space time in a charming manner. Its various solu-
tions have been studied in the past and many of them point to interesting properties about general relativity and 
cosmology. Among them, spherically symmetric solutions have received much attention so far because of their 
enhanced symmetries, simplicity and relevance in cosmology. However, many anisotropic solutions do exist in 
nature and such situations in general offer a far richer set of intricacies. Anisotropic, but homogenous solutions 
of Einstein equations were classified by Bianchi many decades ago. But, finding such solutions has always been 
challenging and has led to some results previously. Recently, anisotropic space times have gathered a renewed 
interest from a different direction. Many solutions of general relativity are much sought for the study of field 
theory using AdS/CFT correspondence as well as attractor mechanism [1]-[3]. Recently, asymptotic AdS (an-
ti-de Sitter), anisotropic solutions were constructed and studied to investigate properties of certain anisotropic 

http://www.scirp.org/journal/jmp
http://dx.doi.org/10.4236/jmp.2016.75046
http://dx.doi.org/10.4236/jmp.2016.75046
http://www.scirp.org
http://creativecommons.org/licenses/by/4.0/


M. Mahato, A. P. Singh   
 

 
446 

condensed matter systems using AdS/CFT correspondence. For example, see [4]-[15]. 
In this context, asymptotically AdS, Bianchi VII class of solutions are also important as they were related us-

ing AdS/CFT correspondence to spatially modulated superconductors where the Cooper pair is not a s-wave, but 
a p-wave. The numerical solutions were constructed and their properties were further studied [16]-[19]. This 
motivated us to the idea that similar anisotropic solutions with asymptotically flat or de Sitter property can also 
be constructed. We take up the investigation of such solutions and their properties in this manuscript. 

In this manuscript, we begin with constructing a simple, static but anisotropic solution of pure general relativ-
ity which is also asymptotically flat. Such simple cases usually lead to singular solutions. We report certain sim-
ple, analytic Bianchi VII0 solutions containing singularity. To address the problem of singularity, we include ad-
ditional Maxwell and matter fields in one higher dimension and attempt to construct Majumdar-Papapetrou like 
solutions with anisotropic property preserved [20]-[23]. We seek to construct solutions with a regular horizon 
hiding any naked singularity and we report one such case, though it is sourced by a fictitious matter density. 

We embark on a study to explore the effect of anisotropy in such spacetimes, their properties and dual field 
theories. We construct a 5 dimensional asymptotically locally anti de Sitter solution by adding a radial direction 
whose boundary metric is our anisotropic, 4 dimensional solution. Various foliations of such space away from 
the singularity can have well defined field theory on the boundary. Similar setups also provide a good platform 
to study the singularity and have inspired many to demystify cosmological singularities such as big bang. For 
example, see [24]-[30]. We use AdS/CFT correspondence to study two point correlators of higher dimensional 
operators living on the boundary. For such operators, the correlator gets most significant contribution from the 
length of the geodesics and this approach was recently used to study cosmological anisotropic singularites. We 
partially solve geodesic equations to evaluate the correlator and discuss its properties. Here the boundary is an 
anisotropically curved space which can impart peculiar properties to correlators.  

2. Conventions and Notations 
Three dimensional homogenous spaces have been classified by Bianchi into different classes [31]. Since homo-
genous spaces exhibit identical metric properties at all points in space, such spaces have translational symme-
tries. They contain 3 Killing vectors denoted here as  

,a aX e
x

α
α

∂
=

∂
                                     (1) 

where 1, 2, 3.a =  Due to lack of isotropy in general, these generators of translation are not always compatible 
with each other. Their Lie algebra can be represented as  

[ ], ,c
a b ab cX X C X=                                    (2) 

where c
abC  are called structure constants which are antisymmetric in lower indices,  

,c c
ab baC C= −                                       (3) 

and they also satisfy Jacobi identity,  

0.e d e d e d
ab ec bc ea ca ebC C C C C C+ + =                                (4) 

Taking into consideration the choices under scale transformation, local coordinate frame and signs, it was 
shown by Bianchi that there are 9 different possible classes. We hereby explicitly write the Killing vectors cor-
responding to Bianchi type VII,  

( ) ( )
( ) ( )

1 1

2 1 2 1 3

3 1 2 1 3

,
cos sin ,

sin cos .

X
X kx kx

X kx kx

= ∂

= ∂ + ∂

= − ∂ + ∂

                              (5) 

Here, k is a constant. It is usually fixed to be 1 by using diffeomorphism i.e. by reparameterizing kx to be new 
variable x and similar changes. We keep it explicit here by considering it as a small positive number. It is some-
times helpful to check the analogous isotropic case by taking the limit 0k → . The commutation relations be-
tween the generators can be checked to be non vanishing. The dual one forms of these vectors are  



M. Mahato, A. P. Singh 
 

 
447 

( ) ( )
( ) ( )

1

2

3

cos d sin d ,

sin d cos d ,
d .

kx y kx z

kx y kx z
x

ω

ω
ω

= +

= − +

=

                              (6) 

If the metric is to have Bianchi VII symmetry, then the one forms dy  and dz  are restricted to appear in the 
above combinations only. We will use these one forms in subsequent sections to construct the metric ansatz.  

3. Anisotropic Solution of Pure Gravity Action 
We attempt to construct here a simple anisotropic solution of pure gravity. For anisotropy, 3 spatial directions 
along the 3 non commutative Killing vectors are necessary. We add one extra radial direction r and make an an-
satz that the metric coefficients of the various one forms are functions of r only. The action S for this section is  

( )4d .S x g R= ∫                                     (7) 

Here, R is the Ricci scalar and g denotes determinant of the metric. The signature of our metric is chosen to be 
(+, +, +, +). We choose it to be all plus to keep the analysis simple. Our aim is to study unique properties due to 
anisotropy and an amenable choice of signs is desired. We will see later that time coordinate can be embedded 
in such spaces by introducing higher dimensions. We choose our ansatz for the metric to be  

( ) ( ) ( ) ( ) ( )2 2 2 2 22 2 2 2 2
1 2 3d d e e e ,M r N r M r N r Z rs r ω ω ω+ −= + + +                       (8) 

where ( )M r , ( )N r  and ( )Z r  are chosen to be functions of r only. The one forms used above are defined in 
Equation (6). 

Thus, we are looking for static, anisotropic Bianchi 0VII  solutions. We choose to work in a non-coordinate 
basis with the following vielbeins. The metric in such basis is diagonal. Our vielbeins are 

( ) ( )

( ) ( )

( )

1

2

3

e d ,

e e ,

e e ,

e e .

r

M r N ra

M r N rb

Z rc

r

ω

ω

ω

+

−

=

=

=

=

 

The Einstein equations of motion can be conveniently written in terms of a variable G which denotes 
2M Z+ . They are  

0,M M G′′ ′ ′+ =                                             (9) 
2 2e sinh 4 0,ZN N G k N−′′ ′ ′+ − =                               (10) 

( )2 2 22 e sinh 2 0,ZZ Z G k N−′′ ′ ′+ + =                             (11) 

( )2 2 2 22 e sinh 2 0,ZG G k N−′′ ′+ + =                             (12) 

including a constraint which arises from (rr) component of Einstein equation,  

( ) ( )2 2 2 2 2 2 22 2 2 e sinh 2 0.ZG M N Z k N−′ ′ ′ ′− + + + =                      (13) 

Here, superscript prime denotes derivative with respect to r. The first equation suggests that a good radial va-
riable will be u defined as  

d e d .Gu r−=                                      (14) 
Such a choice simplifies the set of dynamical equations to  

2 4

2 4 2

2 4 2

0,

e sinh 4 0,

2 e sinh 2 0,

2 e sinh 2 0.

uu
M

uu
M

uu
M

uu

M

N k N

Z k N

G k N

=

− =

+ =

+ =

                               (15) 
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The constraint equation now becomes  

( ) ( )2 2 2 2 2 4 22 2 2 e sinh 2 0.M
u u u uG M N Z k N− + + + =                       (16) 

We then proceed to express the function M as  
,M a bu= +  

where a and b are constants. The next amenable equation to solve is that for N. In general, this equation is non 
linear in u and requires numerical methods. However, it simplifies for a special case of 0b = , i.e. variable M is 
a constant. We will see later that such choice still preserves many properties related to anisotropy. The equation 
for N then reduces to  

( )2 sinh 4 0,uuN m N− =                                 (17) 

where 2e am k=  is a constant. Inverting this differential equation results in  

( )2
3 sinh 4 0,NN

N

u
m N

u
+ =                                 (18) 

which if integrated once, leads to  

( )( )
2 2

1

2 .
cosh 4Nm u

c N
=

+
                               (19) 

Here, 1c  is an integration constant. The above equation can be solved in terms of Jacobi amplitudes in gen-
eral. However, it offers simple solution for two cases, 1) 1 1c = −  and 2) 1 1c = . We next proceed to explore 
the case of 1 1c = −  in more detail. We can then write the above equation as1 

( ) ( )1 or sinh 2 .
sinh 2N umu N m N

N
±

= = −                         (20) 

Its general solution is  

( )2
0e tanh .N mu u− = +                                  (21) 

It can also be written as  

( ) ( )02sinh 2 sinh 2 1 0.mu u N + + =                             (22) 

The equation for Z can be written as  

( )
2

2
0

2 .
sinh 2uu

mZ
mu u

= −
 + 

                              (23) 

It has the general solution  

( )0 1 0
1 ln sinh 2 .
2

Z Z Z u mu u = + + +                            (24) 

Since 2G M Z= +  differs from Z by a constant, it also gets determined. The constraint relation, Equation 
(16) is also satisfied for the given choice of m. Furthermore, one can absorb the parameters 0u  and 1Z  by re-
defining coordinate u. Similarly, 0Z  can be accounted by redefining 3x . By redefining the constant a, the me-
tric can be written in a form  

( )( ) ( ) ( )2 2 2 2 2 2 2
3 1 2

1d e sinh 2 d tanh .
tanh

us aku a u aku
aku

ω ω ω= + + +                (25) 

This metric is Ricci flat, i.e. 0Rµν =  but contains a naked singularity at 0u = . Here, the Kretschmann ten-

 

 

1For positive sign in Equation (20), one needs 0mu ≤  for sensible solutions. Since we will choose parameter u to vary from 0 to infinity, 
we neglect this case. For 1 1c = , one can get solutions in terms of tangent function instead of tanh, but it leads to finite metric only for a re-
stricted range of u. 
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sor diverges as 6u− . We assert this metric to be the simplest Bianchi VII metric. We hope that the naked singu-
larity can still be put in a physical context if we excite some other field whose energy density itself becomes in-
finity at 0u = , thus accounting for the strong curvature there. Or, it may be possible to add extra fields in such 
a way that this singularity can be hidden behind a horizon. Indeed, in reference [18], the numerically constructed 
5 dimensional Bianchi VII black brane space has a horizon. We explore some other possibilities in the next sec-
tion.  

4. Anisotropic Solution of Einstein Maxwell Action 
We now attempt to construct anisotropic solutions of 5 dimensional Einstein Maxwell action along with matter 
density. Our action in this section is  

( )5 1d 1 .
4 2

S x g R F F A J g u uµν µ µν
µν µ µ ν

ρ = − − + − +  ∫                    (26) 

Here, notation g denotes the determinant of the metric which we choose to have one negative signature along 
time direction. Ricci scalar is denoted by R. The electromagnetic potential and field strength are denoted by Aµ  
and Fµν , respectively. We also incorporate source for electromagnetic field denoted as Jµ  as well as a matter 
density denoted by ρ  with a four velocity profile uµ . The matter term in action is conspired to give the cor-
rect energy momentum tensor for a pressureless dust i.e. T u uµν µ νρ= . The Maxwell equation is  

.F Jµν µ
ν∇ =                                     (27) 

The metric fluctuations of the action leads to following Einstein equations.  
1 1 1 .
2 12 3

R F F g F F u u gρ ρσ
µν µρ ν µν ρσ µ ν µνρ ρ= − + +

 
We further attempt to find solutions of these set of equations using a method employed earlier to find genera-

lizations of Majumdar-Papapetrou metrics [22] [23]. We note that the Majumdar-Papapetrou metrics are 4 di-
mensional extremal solutions of Einstein-Maxwell equations of the type  

( )
( )

( )22 2 2 2 2
1 2 32

1d d d d d ,s V t x x x
V

= − + + +x
x

                        (28) 

along with an electromagnetic flux of the kind ( )1F d V −= . The function V is required by Einstein equations to 
be a harmonic function of the 3 dimensional flat subspace. When searching for solutions in ( )1m +  dimensions, 
we generalize the metric ansatz to be of type  

2 2 2
2

1d d d d 1,2, , .ij
i jns V t h x x i m

V
= − + =                          (29) 

The metric ijh  depends on spatial coordinates only. It leads to the following Ricci tensor,  

( )
( ) ( )

( ) ( ) ( ) ( )

( )

21 2 2 2

2 2

2 2 2

2 ,

2 2

2
.

n n
tt h

hh
ij ij i j ij

i j

mR V V V V
n

Vmn m m VR R V V h
nV Vn V n

m n
V

nV

+ −
= ∇ − ∇

 ∇+ − − ∇  = − ∂ ∂ + −  
   

− −
+ ∇ ∇

                 (30) 

The indices ,i j  denote spatial coordinates only. Here, notation ( )
2
h∇  denotes Laplacian defined over the 

internal space with metric ijh . The Ricci tensor component tiR  is found to be vanishing. When we write the 
corresponding energy momentum tensor Tµν  and try to satisfy Einstein equations, we notice that there is no 
analog of any term like i jV∇ ∇  in the expression of Tµν . Such a term, if kept, will require us to solve compli-
cated non-linear equations. One chooses a relation between parameters m and n, so as to make such term vanish 
i.e. 2n m= − . Returning to our interest of 5 dimensional metrics, we find that we should take 4m =  and 

2n = . Thus, our metric ansatz becomes  
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( ) ( )
22 2 1d d d dij

i i j
i

s V x t h x x
V x

= − +                            (31) 

We next evaluate the components of the Einstein tensor and they are found to be  

( )

( ) ( )

2 2 3
00

2 2

3 9 1 ,
2 4 2

3 3 1 .
22 4

ij
h i j h

kl
ij i j ij k l ijh ij h

G V V Vh V V V R

G R V V h h V V h R
V V

= ∇ − ∂ ∂ +

= − ∂ ∂ + ∂ ∂ −
                    (32) 

We choose our internal subspace to be the anisotropic Ricci flat space that we obtained in last section i.e. Eq-
uation (25). Thus, Ricci tensor ( )hR  and Ricci scalar ( )h ijR  vanishes. The Einstein tensor in our case thus re-
duces to  

2 2
00

2 2

3 9 ,
2 4

3 3 .
2 4

ij
h i j

kl
ij i j ij k l

G V V Vh V V

G V V h h V V
V V

= ∇ − ∂ ∂

= − ∂ ∂ + ∂ ∂
                          (33) 

Next, we make an ansatz for the electromagnetic potential Aµ . We assume it to be along the time direction  
0 .A Aµ µδ=                                      (34) 

We also make an ansatz for the four velocity of the matter density. We assume matter to be at rest i.e.  
0 .u Vµ µδ=                                       (35) 

Such a choice also ensures that 1u uµ
µ = − . The energy momentum tensor component from electromagnetic 

field is given in terms of field strength tensor F A Aµν µ ν ν µ= ∂ − ∂  as  
1 1 .

4 4
fieldT F F g F Fρ ρσ
µν µρ ν µν ρσπ

 = − 
 

                           (36) 

The matter energy density contribution to energy momentum tensor is  

.matterT u uµν µ νρ=                                    (37) 

The non trivial components of Einstein equations are  

( ) ( )2 22 2 21 2 ,
3 3h h hV V V V V A Vρ∇ − ∇ = ∇ +  

( ){ } ( ){ }222
2 2 2 2

3
2 .

2 2 2 6
i j ij i j ij

h h

V V h A A h
V V V A V

V V V V
ρ

∂ ∂ ∂ ∂
− ∇ − ∇ = − ∇ +  

We notice that the term explicitly proportional to ijh  in Equation (38) is same as (tt) component Einstein 
equation as in (38). Canceling it, we get  

2 2

3
.

2 2
i j i jV V A A
V V

∂ ∂ ∂ ∂
=                                   (38) 

It can be solved easily if we take the function A proportional to function V. The equation fixes the relation to 
be 3A V= . Then the rest of Einstein equations simplifies to  

2
2

1 2 .
3h V V
ρ ∇ = − 

 
                                   (39) 

In terms of 1
V

λ = , the above equation can be written as  

2
2 2 .

3h
ρλλ∇ = −                                    (40) 
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We next make an ansatz for the source of the electromagnetic field. We take only the time component of Jµ  
to be non trivial. Along with the above choice for electromagnetic potential, the Maxwell equation takes a form  

2 .
3

t

h
Jλλ∇ = −                                     (41) 

This equation will be consistent with the Equation (40), if we choose  
2 .

3
tJ ρλ
=                                       (42) 

Thus we are left with a single equation viz. Equation (40), which is a non homogenous Laplacian equation. 
We now proceed to solve it for some suitable choices of matter density in the next section. 

5. Anisotropic Solutions with Chosen Source Profiles 
5.1. Polynomial Solutions 
In the previous section, the Einstein equations were reduced to a single non-homogenous harmonic equation 
which is sourced by the density profile of the matter field. The equation now left to solve is  

( )
2

2 1 2 .
3

ij
h i jhh

h
ρλλ λ∇ = ∂ ∂ = −                             (43) 

We choose our spatial subspace to be same as the anisotropic 4 dimensional subspace which was obtained in 
the section (3). Therefore,  

( )( ) ( ) ( )2 2 2 2 2 2
1 2

1d d e sinh 2 d d tanh .
tanh

i j u
ijh x x aku a u x aku

aku
ω ω= + + +              (44) 

The determinant of the metric is ( )2e sinh 2ua aku . We will henceforth denote 1x  simply by x. For simplicity, 
we assume the function λ  to be a function of u and x only. Then Equation (43) becomes,  

2
2 21 2 0

3
u

xa
ah
λ

λ ρλ
 ∂

+ ∂ + = 
 

                             (45) 

We next define polar coordinates cosau r φ=  and sinx r φ= . The equation appears in polar form as  

2 21 2
3r r h

r a
λ λ ρλ∂ + ∂ = −                                (46) 

where we have taken λ  to be independent of φ , i.e. we restrict ourselves to the lowest harmonic. Now the 
equation can be made amenable to analytical results by suitably choosing the profiles for the matter density. We 
next choose  

2

3
2 n

ac
r h

ρ
λ

=                                     (47) 

where, n is a positive integer greater than 2 and c is a constant. Such a form of energy density is physically rea-
sonable as it vanishes smoothly to zero when one proceeds towards infinity. Then Equation (46) becomes,  

2 1
r r n

c
r r

λ λ∂ + ∂ = −                                   (48) 

One can easily solve it to obtain  

( ) 2 12 2
log .

2 n

c c c r
n r

λ
−

= − + +
−

                             (49) 

We can restrict ourselves to polynomial form by choosing 1 0c = . This leads to  

( )2 2 2
.

2 n

cc
n r

λ
−

= −
−

                                 (50) 
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We further proceed by making a particular choice of 3n = . Thus, we get  

2

1 .V
cc
r

=
−

                                     (51) 

Then, the metric now appears as  

2 2
22

2

1d d d d .ij
i j

cs t c h x x
rcc

r

 = − + − 
  − 

 

                         (52) 

But, this solution shows two essential singularity where Kretschmann tensor diverges. They are 0r =  and 
2r c c= . Thus there are two naked singularities in this solution. We next consider a fictitious matter whose den-

sity profile is negative by replacing the constant c with C− . This sends the second singularity at ( )2r c c=  to a 
negative value of r, thus out of the considered spacetime. Choosing constant 2 1c = , the metric now appears as  

2 2
2

1d d 1 d d .
1

ij
i j

Cs t h x x
rC

r

 = − + + 
  + 

 

                          (53) 

We find that the (tt) component of the metric for small values of r is  

2

1 2~ 1 .
1

tt
Cg
rC

r

= −
 + 
 

                                (54) 

Thus, this solution has a horizon near ~ 2r C , which also hides the essential singularity residing at 0u = . 
We expect this solution to be of extremal type as the same is true for all such previous generalizations of Ma-
jumdar-Papapetrou metrics.  

5.2. Sine Gordon Solution 
One can get here an equation of Sine Gordon type by a different choice of matter density. First, we choose a 
different radial coordinate  

log .rτ =  
Then the Equation (46) becomes  

2 2 22 e .
3

hτ
τ λ ρλ∂ = −                                  (55) 

Next, we choose matter density profile to be of form  
2

2 2

3 sin .
2e
a

hτ

δ λρ
λ

=                                    (56) 

The above equation then reduces to a Sine Gordon equation,  
2 2 sin 0.τ λ δ λ∂ + =                                   (57) 

It admits a solution  

( ) 4arctan tanh .
2

cδτλ τ  +  =     
                             (58) 

The resultant metric looks like  
2 2 2

2 1
2 2 22 2

1
2 2

d ed 4 tan d d .
ee16 tan

e

c
i j

ijcc

c

t rs h x x
rr

r

δ

δδ

δ

−
−

−−
−

−

 −
= − +  

+    −
  +  

                (59) 
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The range for coordinate r is restricted from e c δ−  to ∞ . This ensures that ttg  is finite everywhere except 
at one end e cr δ−= , where one encounters a singularity.  

6. Asymptotically Anti de Sitter Space 
We further explore the properties of the Ricci flat 4 dimensional metric obtained in section (3). We consider a 
massive (but not back-reacting) field living in this space. Recent advances in gauge/gravity correspondence al-
lows us to approximate its two point correlations for strong self coupling of the field. The correspondence states 
that the generating functional of the correlations of a 4 dimensional strongly coupled field theory defined on the 
boundary of a 5 dimensional asymptotically anti de Sitter space is same as the partition function of the latter 
theory of gravity. The boundary values of fields in the gravitational theory are coupled to sources of appropriate 
fields in field theory [32]-[35]. The method to calculate correlator in our 4 dimensional space will be to embed it 
in an anti de Sitter (AdS) space with one higher dimension such that it behaves as its boundary. The two point 
correlator of the massive field can be related to geodesics traveling in higher dimensional AdS space. We expect 
that these correlators will capture the effect of singularity in the same way as cosmological singularities are 
demonstrated to show such behavior in similar setups [24]-[30]. The embedding for our case is  

( ) ( ) ( ) ( )22 2 2 2 2 2 2
1 22

1 1d d d d tanh .
tanh

s t f u a u x aku
akut

ω ω
 

= + + + + 
  

              (60) 

We note that the above metric is an Einstein metric and its curvature invariants are  

( )
( ) ( ){ }

2 4 4
22 2

2 6

4 ,

80,

32 e40 3 sinh 2 3 cosh 2 .
sinh 2

u

R g

R R

k tR R a k aku ak aku
a kau

µν µν

µν
µν

µνρσ
µνρσ

−

=

=

 = + + +  

 

Thus, the metric shows a singularity at 0u = . Another interesting feature of this embedding is the limit 
u →∞ . In this limit, the metric becomes  

( ) ( )2 12 2 2 2 2 2 2
2

1 1d d e d d d d
2

ka us t a u x y z
t

+ = + + + +  
                     (61) 

with the following curvature properties.  

( )

4 ,

80,

1 .
2

R g

R R

R g g g g

µν µν

µν
µν

µνρσ µρ νσ µσ νρ

=

=

= −

                              (62) 

This is Euclidean anti de Sitter space and it can be verified that the metric in Equation (61) is the same as AdS 
in Poincare coordinates after a change of variables. [Take ( ) ( )12 1 , e ka ua b ka bρ += + = ]. The metric also pos-
sesses a scaling symmetry,  

, , , .t t a a k x x
k
ωω ω ω→ → → →                          (63) 

Since the metric asymptotically becomes Euclidean anti de Sitter, it can be conjectured along the lines of 
AdS/CFT duality that it can be explored to learn about an Euclidean Yang Mills theory living in an anisotropic 
background in its strong coupling limit. Simplest quantity that can be calculated to probe the field theory is the 
two point correlation function for operators with high conformal dimensions. This correlation can be approx-
imately given in terms of the length of the geodesics with endpoints on the boundary [24]. 

We next calculate the geodesics connecting two endpoints on the boundary ( )0t =  at different u coordinates. 
In this section, λ  will denote the affine parameter along the geodesic. The geodesic equations can be obtained 
by extremizing a Lagrangian  
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( )
2 2 2

2 2
2

d d 1 d d d ,
d d d d d
x x t u xg f u a

t

µ ν

µν λ λ λ λ λ

        = = + + +       
         

 

 
where   denotes the expression  

( ) ( ) ( ){ } ( ) ( ) ( ){ }2 21 cos sin tanh sin cos .
tanh

kx y kx z aku kx y kx z
aku λ λ λ λ+ + − +

 
Here, yλ  denotes the rate of change of y along the affine parameter. The above Lagrangian is independent of 

y and z, so it results in two constants of motion as follows  

( )

d 0,
d

2 a constant .

y y

X
y

λ

λ

λ
 ∂ ∂

= = ∂ ∂ 
 ∂

= ∂ 

 


                              (64) 

If we write this expression explicitly in terms of constant of motion X, we get  

( )
( ) ( ) ( ){ }

( ) ( ) ( ){ }2 2

cos
cos sin

tanh

sin tanh sin cos 2 .

kx
kx y kx z

aku

kx aku kx y kx z Xt

λ λ

λ λ

+

− − + =

 

Similarly, one can obtain another constant of motion Y as  

( )
( ) ( ) ( ){ }

( ) ( ) ( ){ }2 2

sin
cos sin

tanh

cos tanh sin cos 2 .

kx
kx y kx z

aku

kx aku kx y kx z Yt

λ λ

λ λ

+

+ − + =

 

Simplifying the above two equations leads to  

( ) ( ) ( ) ( ) ( ){ }

( ) ( ){ } ( ) ( ){ }

2

2 2

1 cos sin } {cos sin ,
tanh

tanh sin cos sin cos .

kx y kx z kx X kx Y t
aku

aku kx y kx z kx X kx Y t

λ λ

λ λ

+ = +

− + = − +

               (65) 

If we denote the expression  

( ) ( ) ( ){ } ( ) ( ) ( ){ }2 21tanh cos sin sin cos ,
tanh

aku kx Y kx Z kx Y kx Z
aku

+ + − + =   

then the remaining geodesic equations can be written as  

( ) ( )

2

22 2
2 2 2 2

2 2

2
2

2

2 2 ,

2 ,

2 .

d t
d tt

fd a f u a u x t
d ut t

d f x t
d xt

λ

λ

λ

  = − 
 

′
  ∂

= + −  ∂ 
  ∂

= −  ∂ 





 









                        (66) 

With a little manipulation, we can find a conserved quantity along the geodesic as  

( )
2 2 2 2 2

2
4 4 a constant .

a f u f x
C

t t
λ λ+ + =                           (67) 

This constraint considerably simplifies the dynamical equation for variable t, which can now be solved to ob-
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tain  

( )
1 ,

cosh
t
D CDλ
=                                   (68) 

where D is another integration constant. We note that t becomes zero for both λ = ±∞ . Thus, as the affine pa-
rameter varies from −∞  to −∞ , the geodesic drops from boundary into bulk and again comes back to boun-
dary. We also notice that the relation also sets the maximum depth the geodesic from the boundary can reach.  

The maximum value of the scale invariant quantity t a  along the geodesic is * .Dt
a

=  We next calculate the  

length of the geodesic. To deal with divergences, we put a cutoff for the affine parameter. We choose it to vary 
between 1 δ−  to 1 δ , where δ  is chosen to be very small. This cut off is related to the ultra violet cutoff 
along the radial direction. According to Equation (63), if the cutoff along t is given in terms of a scale invariant 
quantity as t a =   for a very small real number  , then it is related to δ  according to Equation (68) as  

cosh CD D
aδ

  = 
  

. It can be inverted for very small   to give 2ln lnCD D
aδ

 = − 
 

 . The geodesic reaches 

boundary at both ends as δ  approaches 0. We then calculate the length of the geodesic hanging in the bulk as  

1

1

d d d .
d dbulk
x xg
µ ν

δ
µνδ

λ
λ λ−

= ∫                               (69) 

Using the identity Equation (67), we simplify it to  

( )1
*1

2d 2ln 2 2ln .bulk
CDCD t

δ

δ
λ

δ−
= = −∫                           (70) 

The latter part can be identified as the divergent contribution due to asymptotic AdS geometry and can be 
dropped during regularization. We next calculate the length of the geodesic on the boundary by using the boun-
dary metric.  

1 2
*1

2

2d tanh 2 tanh

2 2e .
2 2

bulk

bdy

L

C D CD CDt t
a a

D a a D
D a a D

δ

δ
λ

δ δ−

   = = =   
   

 −
 + 

∫





 

Thus, bdy  can be approximated to be *2t , i.e. twice the radial distance of the turning point from the boun-
dary. We calculate  

( )
( )

2 22 2 *
2 2

*

2 1 4 1
e .

4 12 1
bulk

bdy bdy

D a t
tD a

 +  +
    =       −−   



                         (71) 

Thus, the two point correlators for higher dimensional operators living on the boundary metric is expected to 
show a behavior [24]  

22
2

2

1
~ e .

1
bulk bdym

bdy
bdy

∆

− − ∆
 −
  + 



 
 


                           (72) 

Here the mass of the field (m) is also approximated to be same as conformal dimension ( ∆ ) for large values. 
The term above will be most dominating term of the correlator since higher mass will suppress the contribution 
of quantum fluctuations. The above result shows that the behaviour of the two point correlator is same as the 
case of a flat space for smaller values of the separation of the points i.e. bdy . We can neglect the effect of the 
second factor in such cases. The result is expected for a conformal field theory on a conformally flat spacetime. 
As the separation increases i.e. bdy  approaches 1, the second factor starts contributing significantly and the 
correlation function vanishes as a power law. We thus feel the effect of background anisotropic space for large 
separations. 
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7. Conclusion 
We have constructed an anisotropic 4 dimensional asymptotically flat Riemannian metric which is also Ricci flat. 
We later incorporated it in a 5 dimensional space time along with matter density and electromagnetic flux using 
a method similar to Majumdar-Papapetrou way of constructing extremal solutions. With certain choices of mat-
ter density profiles, we were able to construct explicit solutions. The singularity problem seems to be addressed 
for a case of a fictitious choice of matter density for which we arrived at a solution with a horizon hiding the 
singularity. Using our method, interesting anisotropic solutions in higher dimensions can be constructed by fur-
ther investigating different types of Lagrangians for their properties. Given the importance of anisotropic Bianc-
hi VII space-times for their relations with condensed matter systems, we proceeded to study their properties. We 
embedded the metric in 5 dimensions analogous to the flat space embedding in anti de Sitter space manifested in 
the Poincare metric. Apart from the 3 directions along the 3 non commutative Killing vectors, we have 2 other 
spatial directions; one, the u-direction along which the metric coefficients vary. The other is the radial direction 
towards the bulk of the AdS space. The subspace for a fixed u and its neighbourhood can be considered locally 
AdS where the bulk metric encodes the properties of the field theory lying on its boundary, which is itself aniso-
tropic. We examined the effect of anisotropy on the properties of the quantum field theory on such background 
by approximating the two point correlator of two operators with high conformal dimensions. For small separa-
tion between the operator positions, we saw a dependence similar to a conformal theory living on the flat space. 
The effect of curvature of the background is not reflected in this case. However for large separations, the two 
point correlator vanishes as a power law of the separation between the operator positions. We expect that the 
large distance behavior is unique to our case and encodes the effect of singularity into it. 
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