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Abstract

A standard assumption in the literature of learning theory is the samples which are drawn inde-
pendently from an identical distribution with a uniform bounded output. This excludes the com-
mon case with Gaussian distribution. In this paper we extend these assumptions to a general case.
To be precise, samples are drawn from a sequence of unbounded and non-identical probability
distributions. By drift error analysis and Bennett inequality for the unbounded random variables,
we derive a satisfactory learning rate for the ERM algorithm.
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1. Introduction

In learning theory we study the problem of looking for a function or its approximation which reflects the
relationship between the input and the output via samples. It can be considered as a mathematical analysis of
artificial intelligence or machine learning. Since the exact distributions of the samples are usually unknown, we
can only construct algorithms based on an empirical sample set. A typical setting of learning theory in mathe-
matics can be like this: the input space X is a compact metric space, and the output space ¥ < R for regression.
(When Y ={+1,—1}, it can be regarded as a binary classification problem.) Then Z: =X xY is the whole
sample space. We assume a distribution p on Z, which can be decomposed to two parts: marginal distribution
Py onXand conditional distribution p(y|x) givensome xe X . This implies

“This work is supported by NSF of China (Grant No. 11326096, 11401247), Foundation for Distinguished Young Talents in Higher Educa-
tion of Guangdong, China (No. 2013LYM 0089), Doctor Grants of Huizhou University (Grant No. C511.0206) and NSF of Guangdong
Province in China (No. 2015A030313674).

*Corresponding author.

How to cite this paper: Nie, W.L. and Wang, C. (2016) Error Analysis of ERM Algorithm with Unbounded and Non-ldentical
Sampling. Journal of Applied Mathematics and Physics, 4, 156-168. http://dx.doi.org/10.4236/jamp.2016.41019



http://www.scirp.org/journal/jamp
http://dx.doi.org/10.4236/jamp.2016.41019
http://dx.doi.org/10.4236/jamp.2016.41019
http://www.scirp.org
http://creativecommons.org/licenses/by/4.0/

W. L. Nie, C. Wang

[£(2)ap=] [i2(x.y)do(v1x)dos

for any integrable function g(z) [1].
To evaluate the efficiency of a function f: X — Y we can choose the generalization error:

2
E(N)=[(1 (x).r)dp=[,(f(x)=r) dp.
Here ¢( f (x), y) is a loss function which measures the difference between the prediction f (x) via f and
the actual output y. It can be hinge loss in SVM (support vector machine) or pinball loss in quantile learning and

etc.. In this paper we focus on the classical least square loss ¢( f(x), y)=( f(x)- y)2 for simplicity. [2]

shows that

() =€(7,)+ (91, () doe o
From this we can see the regression function
1, (x)=[ydp(r]x)

is our goal minimizing the generalization error. The empirical risk minimization (ERM) algorithm aims to find a
function which approximates the goal function f, well. While p is always unknown beforehand, a sample

set z={z}" ={(x.», )}Z] € Z" is accessible. Then ERM algorithm can be described as

R 2
ﬂ=argrfglg;§(f(xf)—yi) :

where function space H is the hypothesis space which will be chosen to be a compact subset of C(X).
Then the error produced by ERM algorithm is £( f,). We expect it is close to the optimal one E( f p),

which means the excess generalization error &£ ( £, ) =& ( f p) should be small, while the sample size m tends to
infinity.

Dependent sampling has considered in some literature such as [3] for concentration inequality and [4] [5] for
learning. More recently, in [6] and [7], the authors studied learning with non-identical sampling and dependent
sampling, and obtained satisfactory learning rates.

In this paper we concentrate on the non-identical setting that each sample z, is drawn according to a

® ) can also be decomposed to marginal distribution pg) and

different distribution p'’ on Z. And each p

conditional distribution p([)(y|x). Assume they are elements of (CS(X )) and (CS(Y )) respectively,
where C°(X) and C°(Y) are Holder spaces with 0<s<1. Holder spaces C*(X) is the set of

continuous functions with finite norm

171 () =[] (30 + 7] (%),
where
1 () =sup )7
o e x#x' |x—x's

We assume a polynomial convergence condition for both sequences { p§;‘>} and { ot (vl x)} , i.e., there
i1 i1

exist b>0,C,>0,p, €C*(X) and p(y|x)eC*(Y), such that
[/ (x)apl) =] 7 (x)dpi| <G|/

[.2(2)dp" (v12)-[ 2 (»)dp(¥12)| < Ci "]l (¥), VgeC (¥),ieN. 3)

()

L(X), vfeC(X).ieN. )
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Power index b measures quantitatively differences between the non-identical setting and the i.i.d. case. The

distributions are more similar as b is larger, and when b =oo it is indeed i.i.d. sampling, i.e. pg) =p, and

P (y|x)=p(y|x) forany ieN.The following example is taken from [8].
Example 1. Let {h(i)} be a sequence of bounded functions on X such that supxex‘h(i) (x)‘ <C". Then the

sequence {Pg?}i:l . defined by dp\) =dp, +h" (x)dp, satisfies (2) forany 0<s<1.

On the other hand, most literature assume the output space is uniformly bounded, that is, | y| <M for some
positive constant M and almost surely with respect to p . A typical kernel dependent result for the least-squares
regularization algorithm under this assumption is [9]. There the authors get a learning rate close to 1 under some
capacity condition for the hypothesis space. However, the most common distribution-Gaussian distribution is
not bounded. This requirement is from the bounded condition in Bernstein inequality and limits the application
of algorithms. In [10]-[13], some unbounded conditions for the output space are discussed in different forms,
which extends the classical bounded condition. Here we will follow the latter one which is more generalized and
simple in expression, and this is the second novelty of this paper. We assume the moment incremental condition
for the output space, an extension of that we proposed in [11]:

]E‘(|y|[\X)=jy|y|?dp(y|x)SC€!M€, V2</eN, 4)
and
BO(] 1x) =, 1] dp” (vIx) < Com’, VieN2<reN. 5)

We can see the Gaussian distribution satisfies this setting.
Example 2. Let B>0 and B,>0. If for each xe X,|fp (x)| < B and the condition distribution p(-|x)

is a normal distribution with variance o’ bounded by B, , then (4) is satisfied with M = max{\/EBO,B} and

C=4.

Next we need to introduce the covering number and interpolation space.

Definition 1. The covering number N(T,?]) for a subset F of C(X) and 1 >0 is defined to be the
minimal integer N such that there exist N balls with radius n covering F .

Let the hypothesis space H — C(X ), be a compact Banach space with inclusion 7:H — C(X ) bounded
and compact. We follow the assumption [14] [15] that there exist some constants »>0 and C, >0, such that
the hypothesis space satisfies the capacity condition

log N (B.n)<Cn™, Vn>0, (6)

where B, = { feH:|f], < 1}. Capacity condition describes the amount of functions in the hypothesis space.

The sample error will decrease but approximation error will increase when covering number of H is larger (or
simply say H is larger). So how to choose an appropriate hypothesis space is the key problem of ERM algorithm.
We will demonstrate this in our main theorem.

Definition 2. The interpolation space (Li,x JH )9 is a function space consists of f e LZP)( with norm

K(f.1)

171l = sup =5 < +o2,
’ >0 t
where K (f,t) is the K-functional defined as
K(f)=intlle=1l; +elel, | e>o.
geH Px
Interpolation space is used to characterize the position of the regression function, and it is related with the

approximation error. Now we can state our main result as follow.
Theorem 1. If H < C(X) with bounded inclusion I:H — C(X), and satisfies (6) with r, C, >0,
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Sy e(Lf)X,H)g for some 0< @6 <1, the sample distribution satisfies (2), (3) for some b>0,C, >0 and
0<s<1, () and (5). For any 1< peN, choose the hypothesis space H to be the ball of H centered at 0

. . B 4/(r+£] _ (p-D)/p _y(14r)
with radius R =(y(m)) , where y(m)= max{(vb (m)) ,m } and

m?’,  0<b<l
v, (m)= k)’im, b=1.
m™, b>1

Moreover, we assume all functions in H and f , are Holder continuous of order s, i.e., there is a constant
C, >0, such that

() =1 ()

| —=<C, ‘v’feHU{fp},x;tyeX. @)
xX=y

Then for any 0< & <1, with confidence at least 1-¢5, we have

20

E(£,)-£(1,) = Cr(m)=7 log=.

Here C is a constant independent with m and & .
Remark 1. In [6], the authors pointed out that if we choose the hypothesis space to be the reproducing kernel

Hilbert space (RKHS) H, on X cR", and the kernel K € C’ (XXX) , then our assumption (7) will hold

true. In particular, if the kernel is chosen to be Gaussian kernel K_, then (7) holds for any 0<s<1. [16]

discussed this in detail.

In all, we extend the polynomial convergence condition on the conditional distribution sequense and
accordingly, set the moment inremental condition for the sequence in the least squares ERM algorithm. By error
decomposition, truncate technique and unbounded concentration inequality, we can finally obtain the total error
bound Theorem 1.

Compared with the non-identical settings in [6] and [17], our setting is more general since the conditional
distribution sequence { p([) ( V| x)}.>l is also a polynomially convergence sequence, but not identical as in their

settings. This together with unbounded y lead to the main difficulty for the error analysis in this paper.
For the classical i.i.d. and bounded conditions, [9] indicates that X < R" and kernel K e C” while

f, € Hy , the rate of least square regularization algorithm is O, ((1/ m)H) for any e>0. [17] shows that

under some conditions on kernel, object function f,, exponential convergence condition for distribution
sequence and choose some special parameters, the optimal rate of online learning algorithm is close to

o, ((l/m)l/4). In [6], the best case occurs when X — R" and kernel K € C”. The rate of least square

regularization algorithm can be close to O, ((1/ m)m). However, our result implicates that while b>1, @

tends to 1 and 7,5 tends to 0, since p can be any integer, the learning rate can be arbitrarily close to O, (1/ m) ,
which is the same as in i.i.d. case [9], and better than the former results with non-identical settings. With this
result, we can extend the application of learning algorithm to more situations and still keep the best learning rate.
The explicit expression of C in the theorem can be found through the proof of the theorem below.

2. Error Decomposition

Our aim, the error £(f,)-¢& ( f p) is hard to bound directly, we need a transitional function for analyzing. By

the compactness of H and continuity of functional &£, we can denote
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Ju —argmlng(f)

feH
Then the generalization error can be written as
e(f)-e(1,)={e(r)-(r}+{e(h)-€ (1))

The first term on the right hand side is the sample error, and the second term 4, = £( f,,) - € ( f p) is called

approximation error which is independent with samples. [18] analyzed the approximation error by approxi-
mation theory. In the following we mainly study the sample error bound.

Now we break the sample error to some parts which can be bounded using truncate technique and unbounded
concentration inequality. We refer the error decomposition £(f,)—£&( f;,) to [6]. Denote

then f, =argmin,_, &, (/) and we have

z

E(f)-E(f)

=&(f, ) 57( T+ E(L)-E () +E () - E() SE(L)=E (L) +E (i) - E(f)
=(E(5) =& ()= (& ()= E (1)) +(E(f) =€, (f)) = (E () = . (i)
) + =&,

, (el
=[( fp) (6. (£)-€ )J [CAVARTATA) E CAVARTATA)]
+[( & (5))- (& (=& () [« [(& (B =& ()~ () -€(1,) |

In the following, we call the first and fourth brackets drift errors, and the left sample errors. We will bound
the two types of errors respectively in the following sections, and finally obtain the total error bounds.

3. Drift Errors

Firstly we consider the drift error involving f,, in this section.To avoid handling two polynomial convergence
sequences simultaneously, we break the drift errors to two parts. Meanwhile, a truncate technique is used to deal
with the unbounded assumption. Since # is a subset of C(X), functions in 7 is uniformly bounded. Then
we have

Proposition 1. Assume | f,|.(X)<B forsome B>0,forany 1<peN,

p-1

(& ()=, (fp))—(e(fH)—e(fp))s(MJ [(c +1)B” +(2CM +3pC,M +44/2C +4C, ) B

m
+(4C +6CC, p+8C) M + 642CCM |

Proof. From the definition of £, and &, we know that
()= )~ (E =80 ) =S (£ (017 (0=2( £ (X)=1,(0))5)d (0~
:%éUxJ‘y(f;(X)_fpz(X)_z(fn(X)_fp(X))J’)d(p(i)(y|x)—p(y\x))dp§;)
[ R0 () =20 ()= 1, (X)) ao (v )4 (o - )]

Since f,; (X)<B*, [ (X)= (Iyydp(y \ x))2 < jyyzdp(y | x)<2CM*, we can bound the first term inside the
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bracket as follow.
[ (520072 X)—Z(fH(X)—fp(X))y)d( O (y1%)-p(r1x))dp)
<[ La(o G117 () (e (v19)- (1)
+2|f,(X)- 1, (X) (p<">(y|x)—p(y|x))ﬂdp;>

S(B2 +2CM2)Cbi‘b +2(B+CM)_[X‘Iyyd(p(i)(y|x)—p(y|x))

dpﬁﬁ) .

But forany K>1 and 1< p e N, there holds
(o (v12)=p (1) [ d (P (2 12)= (1)) +

J (2 (1) 1)

1 P (i) —b
SFI\%K y| d(p (y\x)—p(yIX))+‘y‘y‘SK (1) G
2C 'M? -y 2C 'M?
£ +| K +sup p-» Cit<—2 +3KC,i™".
K"D_1 yiv’|y—y'5 K'p_1
From (3.12) in [6], we have
Lo 0<h<l
" 1-b
di"<w,(m)={1+logm, b=1,
i=1
L, b>1
-1

Then we can bound the sum of the first term as

L3 A0 -£2(0 =201, =1, (0))a (0 (1) (3 15)) ot

20 1M
£<32+2CM2)CbM+2(B+CM) L+3ch—wb(m) ,
m Kp 1 m

Choose K to be (m/w, (m))l/p pM , we have
LS (0012 ()25 () £,(0) (" (1) (1))l

S[Wb’im)) » [Csz +(2C+3pCp)MB+(4C2 +6CCbp)M2].

For the second term, notice || /g]|.. " S ||f||C(X) ||g||cs(x) +||f||CS(X) ||g||C(X), and "fp"cs(x) <2CM +C, so

[ (B (X) =13 (%) =2( 5, (%)= 1, (X)) y)dp (v 1 x)a( ) = )
<|f i @0a(y Px\ 1,2 (0a(p 0 42|, (e ()= 1, () o (1 ) (o) o |

[l

<| B’ +SUP;7:()|} Cbi_b + 2||fﬂ "cY(X) "fﬂ”c(x) Cbi_b +2”(f” (X)_f/’ (X))fﬂ (X)HCS(X) Cbi_b

x#x' |x—x'
s _Bz +2B8C, + 2(||f7" B fP "c‘(X) "fp "C(X) + "fH _f/’ "c(x) ”f/’ ||CS(X) ):| C”i_b

<[ B> +4(V2C +C,)B+8CM* + 6\/2CCSM} C,i.

Therefore
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LS L (007020001, (4))ap s 103 )

< M (m )[32+4(@+c )B+8CM2+6«/fCM}

Combining the two bounds, we have

(&, (£)=&.(£,))- () -€(1,))

p-1

< We (m) ? I:(Cb +1)32 +(2CM+3pCbM+4x/E+4CS)B
m

+(4C* +6CC,p +8C)M* +642CC,M |.

And this is indeed the proposition.
For the drift error involving f,, we have the same result since f, € H as well, i.e.,
Proposition 2. Assume <B forsome B>0,forany 1< peN, wehave

zllc(x)

(£(2)-€(1))- (& (£)-&.(1,))

p-1

s[#j (G, +1)B>+(2CM +3pC,M +442C +4C, | B

+(4C +6CC,p+8C)M* + 6\/ECSM].

4. Sample Error Estimate

We devote this section to the analysis of the sample errors. For the sample error term involving  f;,, we will use
the Bennett inequality as in [11] and [19], which is initially introduced in [20]. Since two polynomial
convergence conditions are posed on the marginal and conditional distribution sequences we have to modify the

Bennett inequality to fit our setting. Denote Eg = J dp and E, g ——Zz =1" (z) for an integrable
function g, the lemma can be stated as follow.
1 .
Lemma 1. Assume ]E|g—Eg|[ SEEIM"ZV holds for (=2,3,--- and some constants M,v>0 , then we

have

2
Prob {E g-FBg>el <expl-—nrs L
rob, {88 ~Bg 2 &} e"p{ 2(v+Mg)}

For our non-identical setting, we can have a similar result from the same idea of proof. By denoting
EYg = Izg(z)dp(i) and E, g= iZz =1" jzg (z)dp(i) , the following lemma holds.
. . 0
Lemma 2. Assume E|g - Egr' < %Z!MHV and EV ‘g - E(l)g‘ < %K!MHV for some constants M,v >0

and any i€ N0 =23,.-- then we have

2
Prob (B g-F g>gl<expi——102 L
10b, n {Bug = Fng > e} e"p{ 2(v+Mg)}

Now we can bound the sample error term &, ( fH) =&, ( fH) by applying this lemma.

Proposition 3. Under the moment incremental condition (4), (5) and notations above, with probability at
least 1-5/3, we have
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2(C+2)M, log%+%A

(6.0 (1) -5, ()2 (1,)

where M, = 6(B + (C + 3)M )2 and 4,, is the approximation error.
Proof. Let

H >
m

£(2) = (1 () =) (1, () =2) = (£ (¥) =7, (2)) (S (x)+ 1, () = 29) . then
(& (h)=&(1,)~ (& ()~ (/,)) =E.g~E,g

[ ydp(yx) <E|y||x W <\2CM , we have

Blg, ~Bey| < 2"‘E(Igwlf‘ +|EgH|€) <2"'Elg, |

2] )1, 0 |fH - 0p

<2"'(B+CM)' j £ (x) |jy(B+J_M+2|y|) dp(y|x)dpy

Since |fp |

S2(+1 (B+CM)/72 (E(fH)_g(fP))J‘YB/ Bf+(2C)5Mf+2[ |y|/)dP(J/|x)
‘

<o (B+CM)H -4, .3”(3f +(2C)2 M' +2”C£!M‘j

<201-6' (B+(C+3)M)" 7 (C+1) 4, s%mM;ZvB

forany ¢=1,2,---, where | and v, =4(C+1)M A, . In the same way, we have the following bounds

E® ‘gﬁ _ E(i)gH

,
< %Z!M;;‘ZVB, i,0=1,2,

as well. Then from Lemma 2 above, we have

2
PrObzeZ {Eng _EmgH > E} < exp{—z(vni—g]\/[g)}
B B

Set the right hand side to be /3, we can solve that

B,g, -E,g, <¢ 1 M, logé+\/M§10g2£+2mvB logi
m o o o

4(C+1)M 4
m o o
2(C+2)M
m o 2

Therefore with confidence at least 1— /3, there holds

2(C+2)M 3 1
E,g, —E, g, < Qlog—+—Aﬁ.
m 2
This proves the proposition.
For the sample error term involving f,, analysis will be more involved since we need a concentration
inequality for a set of functions. Firstly we have to introduce the ratio inequality [9].
2

Lemma 3. Denote g(z) = (f(x)—y) —(fp (x)—y)2 for f eM, which satisfies E|g —Egr' < %E!MHV
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; N | ,
and E(‘)‘g—E(‘)g‘ SE(!M“ZV for some constants M,v>0 and i,0=2,3,---, then we have

me
PrObzeZm {Ezg —]Elmg > 8(8 "rEg)} < exp{—m}

Proof. Let ¢ to be \/g(g +& ( f ) -& ( f p)) in the Lemma 2, from the proof of the last proposition, we can
conclude that

Prob _, {Ezg -E, g2 \/5<5 + E(f) - 5(fp ))}

me(z+&(1)-£(1,))
2[a(crm, (£()-£(7,))+ Ma(e+£(1)-€(1,))]

<expy-—

<ex _L
=1 oM, (ac+5) [

Note that £(f)—-& ( f, p) =Eg and the lemma is proved.
Then we have the following result.

Lemma 4. For a set of functions { fl}fi1 c'H with N eN, construct functions
g (z)= —((f, (x)—y)2 —(fp (x)—y)z) Jor i=1,2,---,N , with confidence at least 1-5/3, we have

2M,(4C+5), 3N 1

E,g,-E,g < log7+EA7_, Vi=1,2,--,N

where A[:E(f,.)—é’(fp) forany i=1,2,---,N.

Proof. Since f; isan element of H, from Lemma 3 we have

Eg -E g me
Prob . Ze8i mSiy [el<explo—— ,
< { Je+Eg, } p{ 2MB(4C+5)}

then there holds

Prob supMZ\/g < Nexp ——me L
27 Leisn (Je + Eg, 2M, (4C + 5)

Set the right hand side to be §/3 and we have with probability at least 1—5/3,

1
Eg-E o< Eg.) < —Eg.
28 m&i \lg(g"' g,) 5"'2 8;

2M,(4C+5
S—B( )1og%+%Ai, i=1,2,---,N.

Here 4 =£(f;)- €(fp) =Eg, . And this proves the lemma.
Now by a covering number argument we can bound the sample error term involving f, .
Proposition 4. If H=B,(H):= {f eH:|f], < R} for some R>0, where H satisfies the capacity

condition, for any 0< & <1, with confidence at least 1—25/3, there holds

(& (£)-&.(1))-(&.(£)-4(4,))

< log%(SB+(13C+l6)M +2M, (4C+5)(C,R’ +1))+%(5(ﬁ)—5(/p)).
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Proof. Denote N =N (H,n) where 7 is to be determined, then we can find an 7 -net { f; },A; of H,and

there exist a function f;, j € {1,2,-~~,N} , we have

(& (% )5 )

(& )+(m (£)-(& ()& )+ (&(r)-E(0)
=(& ()-8 (1)) + (Erg, ~Bug )+ (&(/))- 5z(fz))
For the first term, since J.ydp )(y|x)<2CM forall i=1,2,---,m, we have
AR (L)
-3 210 0= 1) (3) 1, () =25)ap (v1x) !
s%i (B+\/EM) 2n(B+2CM).

And for the third term,

E(f)-6(%)=

we need to bound
3=yl = (B ~EDi) + B},
Let g(z)=|y| and then
Elg-Eg|, <2"'E|| <2c0(2m) :%E!(ZM)H (16cM?), 0=1,2,-

From Lemma 1 we have

2
Prob _ {B g-FBg>sl <expl— me .
rob, {8 ~Tig = o} eXp{ 2(16CM2+2M5)}

Set the right hand side to be §/3 and with confidence at least 1—5/3 we have

LN 4M . 3 [32CeM?* | 3 3
Elg_Eg‘;§|y|‘fz|y|dP35§710g5+ - 10g5£4(1+m)log5.
And this means,
1 m 3 3
;;Iylsjy|y|dp(y|x)+4M(1+\/E)1oggSM(SC+9)1og§

with probability at least 1—5/3.
The second term can be bounded by 4 above. That is, with confidence at least 1— /3, we have

2M, (4C+5
E,g. —Eg. Sylogﬂ+lfl

e m s 27

Since log N =log N (H,77) = log J\/(B1 (H),%j <C,(R/n)" by assumption, and
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A, =£(1)=€(£,)=£(1)-E()+£(1)E(1,) n(2B+20M)+ (1) £(1,)):

combining the three parts above, we have the following bound with confidence at least 1—25/3,
(& (£)-&.(1)-(&(h)-4(1))
My(4C+5) 3N

< 277(B+(SC+9)Mlog%j+277(B+(C+1)M)+2B—log7
m

+,,(B+CM)+%(€(JZ)—5(fp))

2M, (4C+5) 10gﬂ

Sn(SB+(13C+20)M10g%)+ — 5

L2CM,(4CHS)R

m

7 +5(E0)-€(1)
for balancing, we have

(& (£)-& (1) (E(£)-4(7,))

1

gm’ﬁlogi 5B+(13C+20)M +2M , (4C +5)(C.R" +1 e £)-E(f
=[[58+(13¢+20) (4c+3) Se(n)-€(s,

By choosing 7 =m /")

with confidence at least 1—25/3, this proves the proposition.

5. Approximation Error and Total Error

Combining the results above, we can derive the error bound for the generalization error £(f,)—& ( f p) .

Proposition 5. Under the moment condition for the distribution of the sample and capacity condition for the
hypothesis space H,forany 0<6 <1 and 1< p e N, with confidence at least 16, we have

£(%,)- () E(£,) () + 4

(/.
[Wb(m] 2(C, +1)B +2(2CM+3PCM+4\/f+4CS)B
m

+4(2C* +3CC,p+4C)M* +1242CC M]

+m 1+r% 2[5B+(13C+20)M +2M,, (4C+5)(C,R +1)]

+Mi+3‘4}1’
5
where M, =6(B+(C+3)M)’.

What is left to be determined in the proposition is the approximation error A4,,. By the choice of hypothesis
space we can get our main result.
Proof of Theorem 1. Let

m?’, 0<b<l,
v, (m) = lo}im , b=1,
m, b>1,

and ;/(m) = max {(vb (m))(p_l)/p ,mil/ (H')} , assume B >1 without loss of generality, and R >1, Proposition 5
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indicates that
3 ,
E()-E(f,)=E(f)-E(fr)+ 4y < y(m)logngR Cproppur 34,

holds with confidence at least 1-5 forany 1< peN, where C,,, , isa constantindependentonmor &.
For the approximation error A4,,, we can bound it by Theorem 3.1 of [18]. Since the hypothesis space

H=B;(H),and fPE(Lix’H)O,w with 0 <@ <1, we have

20

=0, <{ ] (1)

The upper bound B is now chosen to be ||7||R since ||f].(X)<||Z]-|l/], <[/ R . then with confidence at
least 1-5,

2

20 2
£01)-£(7,) <7 (mpoe T B, +387 (1], )7

By choosing

we have

2

E(1)-€(1,) < ()= 102 G,y W #3115, )

2
holds with confidence at least 1—&. Denote C = Cosrpton =Cosrpu ||1||2 +3(||fp "000)1-9 , then the theorem

is obtained.

6. Summary and Future Work

We investigate the least squares ERM algorithm with non-identical and unbounded sample, i.e., polynomial
convergence for { pﬁ;)} and { p(i) (vl x)} and moment inremental condition for the latter ones. Analogue
i>1 >1

error decomposition as classical analysis for least sqaures regularization [9] [11] is conducted. Truncate techni-
que is introduced for handling unbounded setting, and Bennett concentration inequality is used for the sample
error. By the above analysis we finally get the error bound and learning rate.

However, our work only considers the ERM algorithm. It is neccesary for us to extend this to the regulari-
zation algorithms which are more widely used in practice. A more recent relative reference can be found in [21].
Another interesting topic in future study is dependent sampling [7].
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