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Abstract

Making use of a multiplier transformation, which is defined by means of the Hadamard product (or convolu-
tion), we introduce some new subclasses of analytic functions and investigate their inclusion relationships

and argument properties.
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1. Introduction

Let A, denote the class of functions f normalized by
f(z) =z +zak+pzk+p (p eN:= {1,2’3’...}) (1.1)
k=1

which are analytic and p -valent in the open unit disk
U= {z iz € (Cand|z| < 1}

If f and g are analytic in U, we say that f is
subordinate to g, and write

f<g or f(z)-<g(z) (zel)

if there exists a Schwarz function @(z), analytic in U
with @(0)=0 and |a)(z)|<1 in zeU, such that
f(z)=¢ a)(z)) for zeU.

We denote by S () and C,(7) the subclasses of
A, consisting of all analytic functions which are,
respectively, p -valent starlike of order 7 (0<7<p)
in U and p-valent convex of order 7 (0<n<p)
in U.

Let M be the class of analytic functions ¢ with
¢(0)=1, which are convex and univalent in U and

satisfy the following inequality:
Re{(p(z)} >0 (zel)

Making use of the aforementioned principle of
subordination between analytic functions, we define each
of the following subclasses of 4,

S, (m:9)

= Re{f:feAp and#(%(zz))—n]-< (p(z)} (1.2)
O0<n<p;zeU;peM)

K, (m:9)

= : ! +Zf”(z)— <oz
.—Re{f.feApandp_n(l f’(z) 77} ¢’( )}

O<np<pzeU,peM)

(1.3)
For meN,;:={0,1,2,---}, we define the multiplier
transformation J"’(p,/t,l) of functions fed, by

C, (77,,6’;;0,1//):: Re{f:fe/lp and3g eS; (ry;q))s.t.

1 [Zf'(z)—/f}w(z)}

p-B g(2) (14

O<n,p<p;zeU;py eM)
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m ¥4 < l ﬂ“k X k+p
I (pAd) £(2) =2 +z(+7j w0

k=1

(I>0;420;z€U)

Put

_ &1+ kY ey
¢pil kz:( ) (16)

(meN;I>0;120;z€U)

The operators ¢, ,, and ¢, are the multiplier
transformations introduced and studied earlier by Sarangi
and Uralegaddi [16] and Uralegaddi and Somanatha ([1]
and [2]), respectively. Correspending to the function

¢, ,,(z) defined by (1.6), we introduce a function
.y (z) given by the Hadamard product (or convolu-
tion):
G (2)* b1 (2)=—— (u>-p)
(1-2)
Then, analogous to J"(p,4,/), we have define a
new multiplier transformation

1 (paud): 4, > 4,
as follows:
Li(pa) f(2) =840 (2)* f () (A7)
We note that
I° (p.1.1) f(2)= f(z) and 1,(1,1,2) f(2)=zf"(2)

It is easily verifed from the above definition of the
operator 1 (p,A,1), that

Z(IZ' (p,/l,l)f(z))’ (18)
=(u+p)Ly, (P A0) f(2)=uly (p. A1) f(2)

and

2z(1 (pAl) £ (2))
=1y (p A1) f(2)=(Ap=1) 1" (p. A1) £ (2)

The definition (1.6) of the multiplier transformation
#,,, is motivated essentially by the Choi-Saigo-
Srivastava operator [3] for analytic functions, which
includes a simpler integral operator studied earlier by
Noor [7] and others (cf. [4-6]).

Next, by using the operator 7} ( p,/t,l) defined by
(1.7), we introduce the following subclasses of analytic
functions:

(1.9)
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Syt (o)
={f:fed, and I}(p,A1)f(z)eS, (n:0)
(peM; A, Lu>0meZ;0<n<1)
(1.10)
Kyt (me)
:{f:feAp and IZ’(p,A,l)f(z)er(n;go)} (1.11)
(peM;A,Lu>0meN;0<n<1)
and
ot (- Bip.v)
={f:feAp and I} (p,/l,l)f(z)eC(n,ﬁ;(p,l//)}
(o eM;A,L,u>0meN;0<n,f<1)
(1.12)
We also note that
[(2)e K2 (mo) = o' (2) € S (m:0)

In particular, we set

(1.13)

sm (77;%) =S"4 (1:4,B) (-1<B<A<1)
(1.14)
and

K'”"’( r;’zj K"\ (7;4,B) (—1<B<A<1)

(1.15)

In the present paper, we investigate some inclusion

relationships and argument properties associated with

such multivalent functions in the class A, as those be-

longing to the subclasses S (m7:¢), K%', (n;¢) and

' (n,Bio.y) defined by (1.10), (1.11) and (1.12),
respectively.

2. Inclusion Properties
Lemma 2.1: Let ¢ be convex univalent in U with

¢(0)=1 and Re{ﬂgp( )+v}>0 (B,veC).If p is
analyticin U with p( )—1 then
_7'(2)

z (Z z zeU
e ote) cev)
implies that p(z)<¢(z) (zeU).

Theorem 2.2: Let o M with

l
n-p+—
Izggl(Re{q)(z)}) > max Zi—'z,#
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then 847" (m) < 84 (m0) < S, (m:9) -
Proof. First of all, we show that
Set (myp) < St (mip) . Let f e S04 (m:90) and set

1 z([Z’(p,/l,l)f(z))’
AR e Ve ma B

where the function p(z) is analytic in U with
p(O):l.

Applying (2.1), we obtain

Im+ p’/lal f z

e sl 12

(a1 )

By logarithmically differentiating both sides of (2.2)
and multiplying the reseulting equation by z, we have

=(p-n)p(z)+n+u (22

(2.3)

Since Re{(p -n)o(z)+n+ ,u} >0, by applying Lem-
ma 2.1 to (2.3), it follows that p(z)<¢(z) in U, that
is, that ' (z)e Sy, (m:9).

To prove the second part of Theorem 2.1, let
f(z) eSS, (7;¢) and put

1A (e ad) £(2)
AR e N VT B

’

where the function q(z) is analytic in U with
q(0)=1.

In precisely the same manner, we can find the result
that ¢(z)<¢(z) in U, thatis, that
f(2)e S (1;9) under the hypothesis

/
Re{(p—n)(p(z)+77—p+z} >0
Theorem 2.3: Let ¢(z)e M with

z
n-p+—
min Re {p(2)}) > max Z%;ln?pﬂ

then K777 (ms0) = K77 (m0) = KIH (m:0)
Proof. Applying (1.11) and Theorem 2.2, we observe

that
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f(2)e Kt (me) & 2f'(2) € Sy10" (m9)
= zf'(2) e Syt (mp) = f(2) € K4 (m:00)
and
f(2)e Ky (me) < o' (2) € Syt (m:0)
= 2f'(2) e S5 (mp) = f(2) e K5 (m:0)

which evidently prove Theorem 2.3.

By setting
1+ Az
z)= -1<B<A4<L1;zeU
¢’( ) 1+ Bz ( )
in Theorems 2.2 and 2.3, we deduce the following
corollary.

Corollary 2.4: Suppose that

/
_ n-p+-
u>max 77—"__#’—}’

1-B n-p n-p

Then, for the function classes defined by (1.12) and
(1.13),

Syt (4, B) < )1 (5 4,B) < S5 (154, B)
and
Kyt (m 4, B) < K3t (1 4,B) < K7 (1:.4, B)
Theorem 2.5: Let ¢,y € M with
n-p+t

Tﬁiy(Re{(p(z)}) > max ZJ—F_;I’#

then
it (n, frpaw) < Cot (0, Bio.w)
cCr (. Bipaw)

Proof. We begin by proving that
(. Bipw ) < Ct (. Bp.w) , which s the first
inclusion relationship asserted by Theorem 2.5.

Let f(z)eCrt " (n.B;0.w). Then there exists a
function k(z)eS, (7:¢) such that

!

1| 210 (paad) f(2))
p-B k(z)

-p <l//(z) (zel)

Choose the function g(z) such that

I, (p. A1) g(2) = k(z) €S, (m:9)
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Then g(z)e S;,"ffl (m:9) = Syt (m:90) , and

1 {(1;’11( l’l)f(z))lﬂJ«//(z) (zeU)

p-pB Iw(p,/l,l)g(z)

(2.4)
Now let

Iy (p.A.0)g(2)

p(z)[z(fzwp,z,z)f(z)) ) ﬂ} s

where the function p(z) is analyticin U with

p(O) =1
Using (1.9), we find that

-B

p-p

() £(2)) ol Z[Z(Il"(p%l)f(Z))'+/”L”(p;ﬂ’l)f(z)j
“ (12 (p21)g(2)) + ] (p A1) g (2)

1 (,u+1)z(1l'f(p/1[ z) 2( " pﬂ,l
p=F (12 (poa) g (2)) +ull (p.Aud)g(z

fz) z ;’pﬂ,l

UJ
)

)/ (2))

-B

ERREATERINES)
q(z)= n{ o) )UJ (2.6)

where ¢(z)<¢(z) in U with the assumption that
peM .By(2.5),

(1 (paud) £(2))
Iy (p.A.0)g(2)

Differentiating both side of (2.7) with respect to z
and multiplying by z, we obtain

RO
p-B| L. (p.Al)e(z)

=(p-B)p(z)+B 27

D)
: J)g(Z) L (p.21)g(2)
( ,

"

Z(I;” (p,/i,l)f(z))

(2 (p.2:0) £ (2)) 2.8)

_ o1, (=P (2)
—(p—n)q(z) n-1 (p—ﬂ)p(2)+ﬂ

Hence
210 (pA0) f(2))
Iy (p.A0)g(z)
=(p=p)zp'(z)+((p-n)a(z)+n-1)
((p=B)p(2)+8)

Computing the above equations, we can obtain

"

z

~1)((p=B)p(2)+5)
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Since Re{(p—r])(p(z)+77 + ,u} >0, applying Lemma
1

(p-n)o(z)+n+u

that p(z)<y(z) inU,sothat f(z)e e (m.B:0.v).

2.1 with w(z)= , we can show

3. Argument Properties

Lemma 3.1: Let ¢ be convex univalentin U and @
be analytic in U with Re a)(z)}ZO. If p(z) is
analyticin U and p(0)=¢) O), then

p(z)+a)(z)zp'(2)—< ¢(z) (zel)

implies that p(z)<e(z) (zeU).
Lemma 3.2: Let p be analytic in U with
p(O):l and p(z)#O for all zeU. If there exist
two points z,,z, €U such that
Vs Vs
—S o =arg{p(z)} <arg{p(z)f <are{p(z)} =T

3.1)

for some o and a, (¢ ,a,>0) and for all z

(a + az)(l —|b|)cos(§tl)

(2l <|z[=[=D -
le,(zl) __l-(al +a, jm and Z2p,(22) _i(al ta, jm

p(z) 2 p(z) 2
(3.2)

where m21_|b| and b—itanﬁ(u)
1+|b| 4\ o +a,

Theorem3.3: Let fed,. 0<4,5,<1. 0<y<p.
If

T
——0, <arg -y |<=0
2 I:'H(p,/l,l)g(z) 27
for some g e S74)" (1, p; 4,B), then
I (p il '
T <arg Z(:(P )f(Z)) —y|<Zq,
2 I (p,/i,l)g(z) 2

where ¢, , «, are the solutions for the following
equations:

2
6 = +—tan”"
T

1+B

and

2[(1’7_77)(”‘4)+77+,uj(1+|b|)+(ozl +a2)(1—|b|)sin(72tt,j

(o + az)(l —|b|)cos(;tlJ

2
52 =a, +—tan
T

1+ B

b 1is given by (3.2), and

2
n=1(1)= —cosl{

T

(p-n)(4-B) J
(p—n)(1-4B)+(n+u)(1-B)
(3.3)

’

| Z(I/'f(p,ﬂ,l)f(z))_
pr| L(paDez) |

Then p(z) is analytic in U with p(0)=1. By
using (1.9), we obtain

(p=7)p(2)+7)(1 (P A1) (2))

=(u+p)I., (p. A1) f(2)—ul) (p, A1) f(z)

Proof. Let p(z)=

(3.4)

Copyright © 2011 SciRes.

2((]7_’7)(1+A)+77+,u}(1+|b|)+(0:l +a2)(1—|b|)sin(gtlj

Differentiating both sides of the above equation and
multiplying the resulting equation by z , we find that

(p=7)p' ()L (- 2:1)2(2))
+H(p=7)p@+7) (12 (242 (2))

= (u+ p) (I (P 2D) £ (2)) = (2 (p2uD) £ (2))

Since g(z)eS;’,’ﬁ,” (7,p;4,B), by Corollary 2.4, it

follows that g(z)e S)f, (7, p:4,B).

| =2 (pad)e(2))
p-n| I;(p.A1)g(2)

Next we let g(z)= -nl.

APM
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Then, using (1.9), we have

1y (p, A1) g(z
(4 p) s Ep 2 ligEZ;
u 27
From (3.4) and (3.5), we obtain

1|21 (p ) £(2))
p-y| ILi,(p.A1)g(z)

=(p-n)q(z)+n+u (3.5

’

-7

zp'(z)
p-n)q(z)+n+u

:p(z)+(

Furthermore, by using a known result, we have
g(z)- 4Bl A8

1-B*| 1-B°
Thus, from (3.6), we obtain

(p-n)q(z)+n+pu= peXP[%ﬁqﬁj

(3.6)

zp'(z) J

p-n)q(z)+n+u

arg[p(zl)—i-(

- T +arg| 1-i mm(pexp(MD_]
2 2 2

(« +a2)(1—|b|)cos[gt1]

T -
——Q; —tan

where, in terms of f, given by (3.3).

(p—n)(1-4) (p=n)(1-4)
< p<
1-B tn+tu<p 1_B tn+u
_tl <¢’<t1

We note that p is analytic in U with p(0)=1.
Let o= h(z) be the function which maps U onto the
angular domain

{a):—g@<arg(a))<g@} with £(0)=1
Applying Lemma 3.1 for this function ~ with
1
w(z)=
) (p-m)a(z)+n+u

we see that Re{p(z)} >0 (zeU ), and hence
p(z)#0 (zeU). By using Lemma 3.2, if there exist
two points z,,z, €U such that the condition (3.1) is
satisfied, then we obtain (3.2) under the constraint (3.2).
And we obtain

(o e )meos( 3(1-9)|

2p+(q +a2)m005(72[(1_¢)j

1

S_Eal_tanil 2(W+n+y](l+|b|)+(al+a2)(1—|b|)cos(§tlj :_551
and
ap(e . (al+a2)(1—|b|)cos(ntl) )
arg(”(22)+(p—n)cizi)zmyJZE“z”a“ z[w+n+ﬂ](l+|b|)+(alj%)(l|b|)m(;tl) R

which would obviously contradict the assertion of
Theorem 3.3. We thus complete the proof of Theorem
3.3.

If we let 6, =0, in Theorem 3.5, we easily obtain
the following consequence.

Corollary 3.4: Let fed,. 0<o<l. O<y<p.lf

(12 (pA0) £(2))
Iy (p.A1)g(2)

T
ar -y |<=6
g v 5

Copyright © 2011 SciRes.

for some g e S”4)" (1, p; 4,B), then

Al

’

(17 (p. A1) £(2))
Ly (p.Au1)g(z)

arg -y

T
<—a

where « is the solutions for the following equation:

APM



0. S. KWON 199

a(l—|b|)cos(;ctlj
((p_n)(HA)+77+y](l+|b|)+a(l—|b|)cos(§tlj

2
o= 0!+—tan_l
Y

1+B
b is given by (3.2), and for some g e S/, (1, p:4,B), then
(1" (p, A1) £(2)) ) ,
——6, <arg ( :( ) ( )) -y <E52 (3.7 - Z(IZ’ 1(p,/i,l)f(z))
I/t (p,/l,l)g(z) 2 — o <arg o e
2 L (p. A1) g(2)
Theorem 3.5: Let fed, 0<6,6,<1. 0<y<p.If .
: =%
z(I7 (p, A1) f(z
-0 <arg <:( M )) -7 <E§2 where ¢, , a, are the solutions for the following
L (pA0)e(2) 2 equations:
(al+a2)(l—|b|)cos(;ctlj
o = = -1
, = +—tan (p—r])(1+A) ] .
2 BT +77—p+; (1+|b|)+(a1+a2)(1—|b|)cos Etl
and
(o +a2)(1—|b|)cos(7ztt1]
5 = -1
, = Q, +—tan (p—r])(l—A) ; -
2 DT B A (1+[8]) + (e + ety )(1-]] ) cos Sh
b 1is given by (3.2), and '
I (p, Al
L =1(A) arg Z( 1% )f(Z)) —r|<Zs
1 -4 I (p,/l,l)g(z) 2
:Ecos_l (P—??)(A—B)
(p_;])(l_AB)+(;7_p+/11)(1_32) for some g eSZ’,’f,,(n,p;A,B) , then
(3.8) (1 (A1) £(2)) x
arg ~ -V <z-a
If we let 6, =0, in Theorem 3.5, we easily obtain I;, (p,/i,l)g(z) 2

the following consequence.
Corollary 3.6: Let feAd,. 0<6<1. 0<y<p.If where « is the solutions for the following equation:

) a(1—|b|)cos[72ctlj
0 =a+—tan

T ((p_ﬁ)(HA)H]—p+ij(1+|b|)+a(1—|b|)cos(§tlj

1

1+ B

Copyright © 2011 SciRes. APM
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b is given by (1.17), and
t=1(A)

(p-n)(4-B)
(p—?])(l—AB)+(77—p+/lJ(l_BZ)

(3.9)

=—cCos
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