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Abstract 
 
In this paper we consider a sequence of Markov dependent bivariate trials whose each component results in  

an outcome success (0) and failure (1) i.e. we have a sequence , 0n

n

X
n

Y

     
   
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         

valued Markov dependent bivariate trials. By using the method of conditional probability generating func- 

tions (pgfs), we derive the pgf of joint distribution of  1 1 2 2
0 1 0 1

0 1 0 1

, , , ,
, ; ,

n k n k n k n k
X X Y Y  where for ,  de- 0,1i  1, i

i

n k
X

notes the number of occurrences of i-runs of length  in the first component and 2, in k
 denotes the number 

of occurrences of i-runs of length k in the second component of Markov dependent bivariate trials. Further 
we consider two patterns 

1
ik iY

2
i  

1  and 2  o lengths 1k  and 2k  respectively and obtain the pgf of joint dis-
tribution of  1 2, ,X   g method of conditional probability generating functions where 

f 
,n nY  usin  1 2, ,n nX Y   

 number of occurrences of pattern denotes the  1 2   of length  1 2k  in the second) n components 
of bivariate trials. An algorithm is developed to evaluate the exact probability distributions of the vector 
random variables from their derived probability generating functions. Further some waiting time distribu-
tions are studied using the joint distribution of runs. 

k  first (
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1. Introduction 
 
The distributions of several run statistics are used in 
various areas such as reliability theory, testing of statis-
tical hypothesis, DNA sequencing, psychology [1], start 
up demonstration tests [2] etc. There are various count-
ing schemes of runs. Some of the most popular counting 
schemes of runs are non-overlapping success runs of 
length  [3], overlapping success runs of length  [4], 
success runs of length at least , - overlapping suc-
cess runs of length  [5], success runs of exact length 

 [6]. 

k k
k 

k
k

The probability distribution of various run statistics 
associated with the above counting schemes have been 
studied extensively in the literature in different situations 
such as independent Bernoulli trials (BT), non-identical 
BT, Markov dependent BT (MBT), higher order MBT, 
binary sequence of order , multi-state trials etc. But 
very little work is found on the distribution theory of run 
statistics in case of bivariate trials which has applications 

in different areas such as start up demonstration tests 
with regard to simultaneous start ups of two equipment, 
reliability theory of two dimensional consecutive 

k

 ,k r  
out of  1,k n : F -Lattice system etc as specified by 
[7]. [7] have studied the distribution of sooner and later 
waiting time problems for runs in Markov dependent 
bivariate trials by giving system of linear equations of 
the conditional pgfs of the waiting times. The distribution 
of number of occurrences of runs in the two components 
of bivariate sequence of trials and their joint distributions 
are still unknown to the literature.  

Consider a sequence  , 0nX n 


a a

 of -valued trials 
where  is set of all possible outcomes of trials under 
study. The simple pattern  is composed of specified 
sequence of  states i.e. 1 2 k

S
S

k a    where 

1 2, ,a a ka S . The number of occurrences of patterns 
can be counted according to the non-overlapping or 
overlapping counting scheme. The non-overlapping cou- 
nting scheme starts recounting of the pattern immediately 
after the occurrence of the pattern while the overlapping 
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counting scheme of patterns allows an overlap of pre- 
specified fixed length in the successive occurrences of 
patterns.  

Recently the study of distributions of different statis-
tics based on patterns has become a focus area for many 
researchers due to its wide applicability area. Distribu-
tion of , the waiting time for the  occurrence 
of pattern  of length  in the sequence of multistate 
trials is studied by [1,8,9]. [10] considered the sequence 

1 2  generated by Polya’s urn scheme and study 
the waiting time distribution of  for . 

, ,r kW 



,

thr

r 

k

,X X

, ,r k

Joint distribution of number of occurrences of pattern 

1  of length 1k  and pattern 2  of length 2  in n  
Markov dependent multi-state trials is studied by [11]. 
[12] considered a sequence 

W  1

 k

, 1, 2,iX i    of -   
dimensional i.i.d. Random column vectors whose entries 
are -valued i.i.d. random variables and obtain the 
waiting time distribution of two dimensional patterns 
with general shape. The general method, which is an 
extension of method of conditional pgfs, is used to study 
these distributions by [12].  

m

 0,1

Even though the distribution of waiting time of the 
pattern of general shape in the sequence of multi-variate 
trials with i.i.d. components has been done, the joint   
distribution of number of occurrences of patterns 

 in the sequence of  component of 
the -variate trials 

, 1, 2, ,i i  
m

m thi

1 2, , , nX X X  is still unknown. 
Here we derive the pgf of joint distribution of number of 
occurrences of runs in both the components of the 
bivariate trials and generalize this study to the distribu-
tion of number of occurrences of patterns in both com-
ponents of the bivariate trials. 

In this paper we consider the sequence 


of -valued Markov dependent bivariate trials. In Sec-

trials. In Section 

. The Joint Distribution of Number of 
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, 0
n

n
Y

 
  

 nX   

S
tion 2, we obtain the pgf of joint distribution of number 
of occurrences of i -runs of length 1

ik  in first compo-
nents and i -runs of length 2

ik  in t  second compo-
nents of the bivariate trials  0,1i . We study this joint 
distribution of runs under th verlapping counting 
scheme of runs by using the method of conditional pgfs. 
Further in section 3, we study the joint distribution of 
number of occurrences of pattern 1  of length 1k  in 
the first component and number of o rrences of pattern 

2  of length 2k  in the second component of bivariate 
4, we develop an algorithm to evaluate 

the exact probability distributions of the random vari-
ables under study. As an application of the derived joint 
distributions, in Section 5, we obtain distributions of 
several waiting times associated with the runs and pat-
terns in bivariate trials. In Section 6 we present some 
numerical work based on distribution of runs and pat-
terns. Finally in Section 7, we discuss an application and 

generalization of the studied distributions. 
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2
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ed, 1 11, 2, ,i im k  , 2 21, 2, ,
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We define 1ca a   for 0,1a  . 
Now by ass 00 1uming π  , we have, 

        (2.1) 

Also we have,  

0,0;0,0
0 1 0, ; ,t t s t t 1 0 1 0 1, ; ,n ns s s  

  
1 2, ; ,i ji m j m
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0 0 1 0 1

2 2

, ; , 1 for 1, 2,..., ,

1, 2,..., and , 0,1

i i

j j

s s m k

m k i j

 

 
   (2.2) 

Conditioning on the first trial we have the following 
system of recurrent relation of conditional pgfs for 
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Conditioning on the next trial from each stage, we 
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Let  

1, ,  

 
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Let, 

1ca ai i  , i k11, 2, ,   
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   
   

2
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0, 1i j t  

1

,
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2
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1 2
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Now for each denotes the number of 
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follows. 
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c c
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    



 

 



   
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i c
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c c
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        
        

1 11 2 1 2

12

1 2 11 1

2 1

1 2 11 1

1

, 1, 1
, 1 2, , 1, ,

1, 1,

1 1 1t1, , 1,,

, 1 , 1

1 11, , 1,,

,

1

1

i j i j

j c
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i c
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c c
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1 2if 1;i k j k    
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c
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c

1 2if ;i k j k   

The above system of    1 22 2k k  
fs  

 recurrent re-
lations of conditional pg  ,i j

c t ,  , 0,1i j  ; 
   

1

,
,
i j

c t  ,  0,1j  ; 10,1, , ;i k    ,i j t , 
2,c 

 20,1; 1, 2, ,i j k    and    
1 2

,
, ,
i j

c t    

 1 21, 2, , ; 1, 2, ,i k j    k can be written as follows. 

 
   
 

1 1 2 2 12 1 2 1

1 1 2 2 12 1 2

if 2,3, ,

1 if 1
c

c

A B t B t B t t t c n
t

A B t B t B t t c


 

   
   


 

(3.3) 
where 1  is column vector with all its elements 1 and 

 
n

t  is column vector with its elements as follows. 

             
        

1

1 1 2

2 1 2

2 1 2 1 2 1 2

1,0 ,1 0,10,0 0,1 1,0 1,1
, , ,

1, 1,1 1,2 ,
, , , , , , ,

... k
c c c c c c c

k k k
c c c c

      

   

  

      




 

From (3.1) we get,  

   1 2 1 2, ' ,n n
t t p t t   

p  is first column of identity matrix of order where 
   1 22 2k k   . 

The recurrent us  1 2, ,,n nX Y   e of (3.3) gives the pgf of 
as follows. 

   1 1 2 2 12 1 2' 1
n

n t p A B t B t B t t          (3.4) 
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4. Exact distribution of  1 1 2 2
0

0 1 0 1

, , , ,
, ; ,

n k n k n k n k
X X Y Y

1 0 1

 
We note that the pgf of art

 

 , ,,n nX Y 

0 1;Y Y
1 2

pg ,

 is a p icular 

case of f of . Hence we de- 

velop an algorithm to the exact probability distri- 

bution of  

beapp ility distribution of 

rve that t

involves matrix polynomial  in 

  1 1 2 2
0 0 1

0 1

, , , ,
,

n k n k n k
X X

1n k

obtain 

 1 1 2 2
0 1 0 1

0 1 0

, , , ,
, ;

n k n k n k n k
X X Y

lied to obtain the exact probab

 1 2
 from its pgf.  

1,Y  which can further

, ,,n nX Y 

Obse he pgf of joint distribution of 

 1 2 2
1 0 1

0 1 0 1

, , ,
, ; ,

n k n k n k
X X Y Y  as obtained in (2.5) in general  1

0,n k

 0 1 0 1, ; ,nP t t s s 0t , 1t , 0s  
and 1s  of order n where 

 0 1 0 1

1 1 1
2 12

0 0 0 0

, ; ,n

n

i i j j ij i j
i j i j

P t t s s

1
1A B t B s B t s

   

   
 

  
.  



Hen e joint probability distribution can be ob-
din

ce th
tained by expan g the polynom  respect to ial with

0t , 1t , 0s  and 1s . 
That is, 


 

2 2
0 1

1

0 1 0 1
0, ,

0 1 0 1 0 1 0 1

, ; ,

coefficient of in , ; ,

n k n k

y
n

P X x X x Y y Y y

t t s s t t s s

   


 

1 1
0 1

0 01

0 1, ,n k n k

x yx

1

i.e. 

    
 

0 1 0 1, , , ,

co cient of in , ; ,

n k n k n k n k

x yt s t t s s
    (4.1) 

1
0 , ;P X y1 2 2

1 0 1,

effi n

X x Y Y

edious since 
tive operation ting recurrent relations are 
fo

0 1 0 1

Exact formula to obtain the coefficient matrix is quiet 
t multiplication of matrices is not commuta-

. But the interes
und between these coefficient matrices. Let 

   ; y  be the coefficient matrix of 0 1 0 1, ; ,n nC x x y y C x
x yt s  in the expansion of ma l 
 1 0 1; ,nP t s s  and for n

trix polynomia
, let 0 , t 1

  ; , 0,1, , for 0,1n i iD x y x y n i   . The following  

Lemma gives the recurrent relations of the coefficient 
matrices of  ;nC x y  with  1 ;nC x y . 

Lemma 4.1 Let  ;nC x y  be the coefficient matrix 

of x yt s  in the expansion of the matrix polynomial 

 0 0 1, ; ,nP t t s s  Then 1  ;nC x y  satisfies the following 

re lation. current re

   
   

   

   

1

1
1

1 1 1
0

1

i

2
1 1 1

0

1 1
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1 1 1 1 1
0 0

; ;

; 0

; 0
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n ii i

n jj j
j

n iji j i j
i j
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C x e y e B I x e y



  

  


    
 



   

   

0e    




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

(4.2) 
with  1 0;0C A ,   1

1 1;0 iiC e B  ,   1
1 10; jjC e B   

and   12
1 1 1; iji jC e e B    for , 0,1i j  . Here ie  is the 

thi  row of the identity matrix of order 2. 
Proof Obviously for 1n  , we have, 
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  
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  
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2
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ij i iB x e y e i j    



0; 0y 

0,1j   

here O is the null m same order as that of A. 
For 2n  , observe that  2 ,C x y  satisfies (4.2). 
Assu at E  (4 ) is trume th quation e for some .2  2r r n  . 
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 
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Hence we get the required proof of the lemma. 
Theorem 4.1 The exact probability distribution o

is given by, 

f 

 1 2 2
1 0 1

0 1 0 1

, , ,
, ; ,

n k n k n k
X X Y Y  1

0,n k

 
 
1 1 2 2
0 1 0 1

0 1 0 1

, , , ,
( , ) ; ( , )

' , 1

n k n k n k n k

n

P X X x Y Y y

p C x y

 


,     (4.3) 

where  ,nC x y  is the coefficient matrix of x yt s  in 
expansion of matrix polynomial  and it 
satisfies (4.2)  

Proof The proof follows by applying the Lemma 4.1 
to matrix polynomial  involved in the 

pgf of distribution of  in (2.5). 
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(5.3) 
The above interpretation is useful for deriving differ-

ent waiting time distributions. 
Let 
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bution of sooner waiting time we define the following 
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1
0A  and 1

0D . The pro 5.8) can be wri  as 
follows. 
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Using the pgf of and interpretations in .9) 
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1
0

1

,n k
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01
1 1
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Similarly waiting time distributions of 

1
0m k . 
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j
r iW , 0,1i   

and 1, 2j   can be obtained. 
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6. Numerical Study 

s section we present the numerical study based on 
the joint distribution of patterns in the sequence of 
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dependent bivariate trials with  with transition 
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