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Abstract

This paper presents a system representation that can be applied to the description of the interac-
tion between systems connected through common boundaries. The systems consist of partial dif-
ferential equations that are first order with respect to time, but spatially higher order. The repre-
sentation is derived from the instantaneous multisymplectic Hamiltonian formalism; therefore, it
possesses the physical consistency with respect to energy. In the interconnection, particular pairs
of control inputs and observing outputs, called port variables, defined on the boundaries are used.
The port variables are systematically introduced from the representation.
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1. Introduction

Energy is one of the most important concepts for describing physical systems. In analytical mechanics, an ener-
gy in the systems can be interpreted as a Hamiltonian. Hamiltonian systems can be characterized by symplectic
structures [1] derived from the skew symmetry that cotangent bundles possess. Hamiltonian systems and their
symplectic structures have been widely applied not only in physics, but in engineering, particularly, control
theory [2] [3]. Specifically, in an electrical circuit, an energy is defined as the time integral of the product of
currents and voltages. Energy flows between each circuit also balance if there is no dissipative element. Fur-
thermore, the sum of currents balances between inflows and outflows at any node, and the directed sum of vol-
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tages around any closed loop is zero according to Kirchhoff law. Indeed, such properties have been generalized
to various physical systems in terms of port-Hamiltonian systems [2] originated in bondgraph theory [4]. The
above particular pairs with the physical dimension of power are called port variables, and the energy balances
can be regarded as passivity [2]. A system is passive if and only if a finite amount of energy can be extracted
from the system. In other words, energy changes in interactions can be observed by the port variables, and a
supplied energy is less than a stored energy if a system is passive. Passivity-based controls via port-Hamiltonian
system representations have been frequently used in control designs [3].

This paper proposes the port-Hamiltonian representation of systems of higher order partial differential equa-
tions defined on a domain with a boundary. The representation can be formally formulated from the viewpoint
of the multisymplectic formalism [5] [6] under the assumption of first order with respect to time, but possibly
higher order with respect to spatial variables. The port representation for Hamiltonian systems with boundary
energy flows was initiated by the distributed port-Hamiltonian system in [7]. The systems satisfy a power bal-
ance defined on the boundary; therefore, it can describe the interaction between the systems connected through
common boundaries. Thus, passivity-based controls in this formulation can be enhanced as boundary energy
controls. Various aspects of the distributed port-Hamiltonian systems have been studied, e.g., the implicit repre-
sentation of distributed port-Hamiltonian systems [8], and the relationship between field equations and distri-
buted port-Hamiltonian systems [9]-[11]. The higher order representation of the distributed port-Hamiltonian
systems has been proposed in, e.g., [12] [13]; however, they are not related with the multisymplectic formalism.

Thus, we first relate higher order partial differential equations with the implicit Hamiltonian systems [14].
Next, we describe the implicit representation as a Dirac structure defined over the multisymplectic manifold in
analogy with the first order formalizations [15]-[17]. Dirac structures [18] [19] are a unified concept of sym-
plectic and Poisson structures. Then, we derive the Stokes variational differential from the fact that higher order
derivatives yield variations of boundary port variables through integration by parts and Stokes theorem. Finally,
we shows that the boundary energy balance and the Stokes-Dirac structure [7] [20] that is an extended Dirac
structure for distributed port-Hamiltonian systems can be defined in the proposed higher order field port Hamil-
tonian systems with boundary energy flows.

This paper is organized as follows: In Section 2, we make a brief summary of port-Hamiltonian systems and
explain the motivation of this study. Section 3 introduces mathematical preliminaries from some references.
Section 4 presents the following three concepts under the assumption of time-spatial splitting: 1) an implicit
Hamiltonian representation using the dual structure derived from the multisymplectic instantaneous formalism, 2)
Stokes variational differential derived from the integration by parts formula, and 3) the implicit higher order
field port Hamiltonian representation with boundary. Section 5 introduces the formal port representation for
higher order partial differential equations from the implicit Hamiltonian representation. We call it higher order
field port Hamiltonian systems with boundary energy flows. Finally, Section 6 illustrates two modeling examples.

2. Summary of Port-Hamiltonian Representations

This section explains the concept of port-Hamiltonian systems by means of a simple example of coupled multi-
physical models, and the motivation of this work.

2.1. Port Representation for Lumped Parameter Energy Conserving Physical Systems

Let us consider the following model of the direct current motor consisting of an electrical circuit and an arma-
ture:

LY Ricu—Ke, 192480 nNi, o)
dt dt
where i=i(t)=dqg/dt is the current that is the time derivative of the electric charge q=q(t) ,

o =0(t)=do/dt is the velocity of the angle &=0(t), and u is the input voltage. In (1), the following con-
stants are defined: the inductance L, the resistance R, the back electromotive force constant K, the inertia mo-
ment J, the viscous friction constant B, and the torque constant N. When the dissipative elements and the input
are null, i.e, R=B=0 and u=0, the system (1) is energy conserving, and it can be formulated as the fol-
lowing standard Hamiltonian system:



G. Nishida

t oH . OH oH , OH

¢ :__1 :_1 :__7 9:_7 2

where we have defined the Hamiltonian and the momenta as follows:
H=dp, +0p, - L, c:%Lq%%Jéz—Kﬂqmﬁq, (3)

oL . oL .
Py =g =LAl Py =7 5=00-n “)

with K =x,—-x;, and N =« +x, forcertain x; and x,.
We shall augment the Hamiltonian system (2) as the following port-Hamiltonian system with the dissipations
—Rg and —Bé and the input u:

e el e ol

f p B 1 P P (5)
-B -1jje e
TR el
f, 1 0] e,
where we have defined the following variables called port variables:
dp; dq oM oH
fp:_q, fq:_’ P=_"" =g, qa_ """ _ 0,
P T B apy -oa aq ©)
- t
fzpzdﬁ, fzqzd_Q, ezpza_Hz , egza_Hz,czq,
dt dt op, 06

and, in particular, f/ and €] for i={p,q} and j={1,2} are called flows and efforts, respectively. Here,
we can see that the electrical and mechanical subsystems are coupled by the interconnection of the effort va-
riables: g and 6.

Then, the summation consisting of the products of the pairs of the port variables is equivalent to the time de-
rivative of the Hamiltonian, i.e., the total energy change of the system. Indeed, we can directly calculate the fol-
lowing power balance:

d_H_fpp f99 + fPeP 4 fO q——R'Z—Béz q (7)

dt—le1+1el+2ez+zez— q +uy”,
where we have used the relation y® =g =eP. The relation (7) means that the dissipations —Rg4® and —B&?
stabilize the system by decreasing the energy, and the product uy® of the input and the output may affects the
dissipation rate. Ifurthermore the Hamiltonian can be controlled if we can find a suitable input satisfying
H(L)-H(t)= J uy’dt for the desired Hamiltonian (H+H) in the time interval [ty,t,]. A finite amount of
energy changes in’interactions can be precisely observed by the product of an input-output pair if the system is
passive. Hence, these controls are called passivity-based controls.

2.2. Distributed Port-Hamiltonian Systems

In the case of distributed parameter systems, the representation is called a distributed port-Hamiltonian system,
and has the following formal structure:

p
{pro (—1)rd:|{ep} H | o
fq - d 0 eq ! eb - _ P g
(2
called the Stokes-Dirac structure defined on the system domain S with the boundary 0S (see [7] for details),
where d is the exterior differential operator, we have defined
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0 0
fP=-"Pe0r(s), 1=-Tten'(s), fheh(@s),
9)
eP — oH eQ""(S), e'= oH e QV(S), e en"(aS)
50: 5a

for a Hamiltonian functional 7 =jSH, 0~ is the space of differential k-forms, &/5¢; is the variational

derivative with respect to the differential form ¢;, r=pg+1, and p+qg=n+1. Then, the power balance (7)
is extended to the following relation described by differential forms:
d»
" = (fore,+fone,)=| e, e, (10)
The boundary integral term in (10) is generated from the domain integral term by Stokes theorem:
jsdw = Lsa) for an n-form de in the n-dimensional domain S . Hence, the passivity-based controls can be

enhanced as boundary energy controls by regarding e, and e, asa input-output pair, i.e., boundary port va-
riables.

2.3. Motivation

As we have seen above, the port-Hamiltonian representations are important for the control of, e.g., nonlinear
systems, distributed parameter systems, higher order systems and multi-physical systems from which it is diffi-
cult to obtain analytical solutions in a closed form. This paper derives a formal port-Hamiltonian representation
of a given partial differential equation including higher order derivatives in terms of the multisymplectic for-
malism.

In this paper, we assume that a given system of partial differential equations is determined by variational
problems. Such a system must be regarded as an energy conserving physical system [15] through Legendre
transformations that map Lagrangian systems to Hamiltonian systems. This assumption comes from the fact that
any system can be decomposed into a variational subsystem that can be determined by variational calculus and a
non-variational subsystem that cannot be introduced from any Lagrangian on a contractible manifold [21]. For
example, as we seen in (1), the dissipative terms —Rq and —B@ cannot be derived from any Lagrangian or
Hamiltonian. On the other hand, Lagrangians of the first subsystem can be explicitly calculated by homotopy
operators in terms of the exactness of vertical differential forms in variational bi-complex [22] [23]. Hence, we
consider only the variational subsystems in this study.

3. Mathematical Preliminary

Mathematical notations used in this paper basically conform to those of the references [22] [24] [25].

3.1. Multi index for Higher Order Derivatives

Let X be an (m+1)-dimensional manifold. Let Q be a fiber manifold on X, and consider the r-th order jet bun-
dle JrQ over Q. We denote the local coordinates of X, Q, and J'Q, respectively, by x', (x',qa

(x qI ) where 0<i<m,and 1<a<l|.The multi index I describes all variables of the repeat_ed combination
of x' that mean higher order derivatives with respect to the variable, e.g., q Iy 62qa/8x ox! We the order
of I by |1], and it is used as 0<|I|< r that means all derivatives up to the r-th order. Let x° be the time
coordinate for te R and let x° be the spatial coordinates for 1<s<m. In some case, we use the abbrevia-
tionsuchas ¢ =07} =qg.

Example 1. Let m=1, I=1, and r=2. We define the local coordinates of X by (xo,x1)=gt,y), and
those of Q by (x°,x1;q1)=(t, y;q). Then, the local coordinates of the jet bundle J?Q are (x ,xl;q,l)=
(t, y;q,qt,qy,qn,qty,qyy) for all 0£|I|£ 2. Note that q is described as a function of t, y; however, each ele-
ment of q, is regarded as independent variables on the bundle. By using the summation convention, for exam-
ple, we can interpret such as (0£/oq, )dq, =(0£/aq, )dq, +(6£/8qy)dqy for |I|=1.
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3.2. Time-Spatial Splitting of State Space

Variational problems can be formalized as follows.
Definition 1. Consider the (m +1, 0) form L£:=Ldx e Q™° (J rQ) as a Lagrangian density of a function-

al Iyﬁdx . We define the variational derivative d£ of the Lagrangian density as the (m +l,1) -form
d,Cdx = S—Ladqf‘ Adxe 2(37Q) (11)
q

that determines the stationary condition d,£ =0 of the variational problem, where 0 §|I|s r,and d, isthe
vertical differential operator (see Sections B and C). In the following discussions, the variational derivative d.C
is lifted on J* Q.

Let us consider the following control system as a main objective.

Assumption 1. A given system is defined on a contractible domain S with a boundary 8S, and it can be
derived from a Lagrangian density in functional forms including derivatives that are first order with respect to
the time coordinate and up to (r —1) -th order with respect to spatial coordinates.

Under this assumption, the multi index | up to r-th order used for describing r-th order Lagrangians can be

definedas | = {K, Kt} , where the multi index K is of spatial coordinates for 0 < |K| <r-1.
Example 2. In the case of m=2, I=1 and r=2, let (x°,x1,x2;q1)=(t,y,z;q) be a local coordinates
of Q on X. Then, by defining K ={,y,z} and | ={K,Kt}={D,y,zt,yt zt}, the local coordinates of J°Q

can be described as (xo,xl, xz;qf)= (t,y,z;q, ) . Without Assumption 1, | may include tt,yy,zz.

Furthermore, the following second assumption is important when we use the multisymplectic instantaneous
formalism (see Section E).

Definition 2. Let us consider the time-spatial split domain Y =7 xS c RxX consisting of a time interval
7 cR and a spatial domain ScX. Then, a system defined on ) at an instantaneous time te7 is de-
finedon S.

Assumption 2. A Lagrangian density £ e.Q"”l’O(JrQ) restricted to S can be described as
Ldx® € Q™ (J’Q)L atatime te7 in Y=7xS, where we denote the spatial (horizontal) volume form

dx' A---adX™ by dx°.
Note that, we treat variables including time derivatives, e.g., g, in a bundle restricted to the spatial domain
S inthis setting.

4. Implicit Hamiltonian Representation Induced from Distributions

In this section, we present a symplectic structure for distributions determined by partial differential equations in
terms of the implicit Hamiltonian representation [14]. A distribution is a subbundle of a tangent bundle that is
defined by a system dynamics, external constraints, and internal constraints generated by degenerate Lagran-
gians. On the other hand, a field Hamiltonian system is defined by the covariant Hamiltonian in the multisym-
plectic formalism [6]. However, the covariant Hamiltonian does not correspond to the typical Hamiltonian that
are constant with respect to time evolution, e.g., for particle systems, but the instantaneous Hamiltonian derived
from the time-spatial splitting.

4.1. Distributions

Definition 3. Consider a system of Pfaff equations P = {coa =0|l<a< I} on an n-dimensional manifold M,
where o, for each a is a differential 1-form. Then, the submanifold N of M is called an integral manifold of
P if i.o, =0 forany vector £ onthe tangentspace T N ateachpoint peN,where 1<a<l.
Definition 4. Let M be an n-dimensional manifold M. A morphism associating an r-dimensional subspace A
of the tangent space T ,M with each point pe M is called an r-th order distribution. The distribution is

called regular if the dimension r is invariant.
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The integrability of P can be rephrased by distributions. That is, the r-dimensional distribution A is de-
fined by A, ={§ eT,M|i.o,=0,1<a< I} for each point pe M, where r=n-1.

4.2. Symplectic Structure Restricted to Distributions

The relationship between Lagrangian and Hamiltonian systems is given by Legendre transformations (see (65)
in Section D). For classical field equations, the Legendre transformations (or Lagrangians) are not regular in
general, and thus, they are not one-to-one. However, the Legendre transformation can reasonably work under the
following weaker condition.

Proposition 1. [5] Let P be an embedded closed subbundle of z"*. Then, the Legendre transformation
o,:3"'Q—Z"" is called almost regular if o, is a submersion (i.e., To, is surjective) with respect to
the image P". In this case, there exists a vector field & on J* M suchthat To,-&=v for any vector
field v on P,

Proposition 2. [5] The following conditions are equivalent:

1) ¢eT(Q) satisfies the Euler-Lagrange equations,

2) " pe F(J 2r’lQ) satisfies the Cartan equations,

3)If o, isalmostregular, d=0,°j" "ge F(Pr’l) satisfies the Hamilton-De Donder equations,

where T is the space of all sections, and j*'¢ is the (2r—1)—thjetofthe section ¢ .

Remark 1. Note that ¢ = 7z§"l o p is not always the extremum of the original variational problem, i.e., Eu-
ler-Lagrange equations even if a certain p e F(J 2r’1Q) is a Cartan equation, where ﬂgr‘l :J7Q > Q isthe
natural projection. This correspondence is valid only if o, isregular [5]. Hence, we start from Euler-Lagrange
equations in this paper.

Under the assumption of first order Lagrangians with respect to time, the covariant Legendre transformation
o,:J 21Q — Z™ in (85) is restricted the following instantaneous Legendre transformation:

prt = 2£ if Kt =,

ath (12)
prt =% _p pks i 1<ki|<r,

s

where 0 S|K| <r-1 is the multi index with respect to spatial variables, and D, = Z
divergence. The term —D, pi®
(65), because Lagrangian is first order with respect to time.

From the above preliminaries, we shall relate a distribution A, of Euler-Lagrange equations with a distribu-
tion Ay of Hamiltonian systems on the multisymplectic manifold z™* through the relations i) — ii) — iii)
in Proposition 2. Indeed, the following Hamiltonian representation for A_,, can be defined.

Definition 5. Consider the (r —1) -th multisymplectic manifold z™* with the local coordinates
(xi;qﬁ, pf‘, p) under Assumption 1. Then, the local coordinates of VZ'™* can be written as

" D, is the spatial total
—&ﬁ

in the second equation of (12) is introduced from p™ =0 in -D, pa’f“ of

(xi Hob pﬁ‘,&qﬁ , 5p§t, p) , because this results from the addition of the local coordinates of z"* and the

coordinates (5q§ 0 pff‘) generated by the differential operator & with respect to qg, p:f‘ , and we have used
the relations: 693 =D,g: =qg,, ops =D,ps'. On the other hand, the local coordinates of V'Z™ are
(Xi;q,i,p:t,—épf',c?q,i,p), because it is given by the pairing of —d®eV’Z"™' and arbitrary vector

£eVZ' thatis defined by I (—d@)) between the vertical tangent and cotangent bundles [1]. Note that there

is no adjoint variable of p defining an affine structure [5] (p. 214).
Now, we can consider the following induced symplectic structure induced from distributions.

Proposition 3. Let o, :J*?Q - Z"" be the almost regular Legendre transformation and let Aq <VQ
be a regular distribution on Q that is restricted to S . We restrict the multisymplectic (m + 2) -form Q over

Z"" (see Section D) to AZH, i.e., we define a skew symmetric bilinear form by Q, = Q|A . Then, there
z

r-1 XAZr—l
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exists the following subbundle D, cVZ"™ @V Z"™" foreach zez'™* and a fixed p:

]IDA(z):{(vz,aez)eVZZ”1><V;Zr’1 v, €A, (2),@,(W,) =Q, (2)(v,,W, ), VW, eAZH(z)}, (13)

-1
where we have defined A ., =Vo, o(V;z(f"l) Ay cVZ'™, Vo, is the vertical tangent map of o, and

(Vngr‘l)fl A, cVI*'Q s the distribution lifted along the vertical tangent map Vz;' " :V1*™'Q —»VQ of

the canonical projection z;"':J°7"Q - Q.

Proof. According to Proposition 2, there exists a vector field &eTJ*'Q for any vector field v e A
Thus, there exists also ¢ =@, ,&, where @,, , :TJ*Q —VJ*'Q is the natural projection. Hence, the relation
in (13) is resulted from the nature of the symplectic structure. Indeed, for a given v, € A r1( )c:V Z™ there
always exists the corresponding (m +1, 1) -form «, €V, Z"" that determines a Hamlltonlan vector field. [

Let us introduce Dirac structures on vector spaces form the references [2] [18] [19].

Definition 6. A Dirac structure on a vector space A is a subspace D < A® A" such that D =D", where A’
is the dual space of A, D* is the orthogonal space of I with respect to the symmetric pairing <( )> on
A® A" such that <<(v,a),(\7,§)>>=(a,\7>+(§,v) for ((v.a),(V.@))e A®A", and (-) is the natural
pairing between A" and A.

Corollary 1. D, in (13) is the (almost) Dirac structure.

Proof. If we fix the coordinate p of z"*, i.e., the covariant Hamiltonian, then Equation (13) is the typical
form of induced Dirac structures [15]. [

5. Distirubted Port-Hamiltonian Systems with Higher Order Boundary Energy
Flows

In this section, we derive a formal structure of distributed port-Hamiltonian systems with boundary energy flows
including higher order derivatives from the previously discussed implicit Hamiltonian representation. The ener-
gy flows passing through boundaries of system domains are used for boundary interconnections, or passivity-
based boundary controls.

5.1. Boundary Terms Generated by Integration by Parts

In higher order variational problems, the zero boundary condition is usually assumed for simplification or some
other reason. Then, boundary terms generated by Stokes theorem after applying integration by parts are elimi-
nated. Actually, these boundary terms are related with the boundary energy flows.

Let us recall such a calculation that yields the boundary term in variational calculus. We first define the fol-
lowing notation for simplification.

Definition 7. From the Legendre transformation o, in (65), we can derive the following variable:

=p,+D,p,, (14)

where 0<|l[<r, 0<i<m, D, isthe total differential operator (61), and we have set p) =0 for [I|=r.
Now, we consider the Lagrangian density functional jy/;dx. The variational derivative of the Lagrangian

density functional can be transformed by the integration by parts formula as follows:

j ;Q. dg?, Adx = J.p;('qul/\dX J' (P ) n k- J.D BX dgg A dx, (15)

where 0 £|K| <r-1. By Stokes theorem [22], for any 0<i<m, the first term in the right side of (15) can be
transformed into

J'yDi (P dgz ) dx = J'yr);f‘dq; Al X, (16)

where D is the total divergence thatactsas »." D, and i_,dx isthe volume (m,1)-formon AY . For the
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integrands in (15) and (16), consider the operation of differential forms that separate a coefficient from a vertical
basis. For example, ﬁ:idqﬁi Adx can be decomposed into f);<i and dgqg; . This operation is defined as follows.

Definition 8. For an (m+1,1)-form d,Cdx = ﬁfidqﬁidXeQm“’l(er‘lQ), we define the integration by
parts operator as the following local expression:
ik e ]
yxay;(x U AR ,)

i k-1 a 2r-1 ~Ki j+l i k-1 a 2r-1 ~Ki j+l
= (x v Oy oo =Dy Py ,...),(x s I ,) ,

- om( JZHQ)L <" er‘lQ)Ly, i.e., the style {(A),(B)} means

I(Kif)(dL): 2™ (3 Zr*1Q)\y - Q"H(3*Q)

(17)

where we denoted _Qm+1,1( J zr_lQ)

Yxoy
the set of the transformed local coordinates (A) on Y and (B) on 0), respectively. Here, untransformed
coordinates under |Ki| -th order are omitted in (17), and their numbers can be explicitly calculated by k =|K],
0<k<r-1 and j=r-k.

Remark 2. For a Lagrangian density L£dx® e .Qm’l(er'lQ) restricted to the spatial domain S in the time-

spatial split space, the operation (17) can be also well defined. In this case, the boundary terms generated by
Stokes theorem with respect to the time derivative D, () in the total divergence are eliminated, because there
is no boundary of a point in the time axis.

The repeated application of the integration by parts operator can yield all variations of boundary terms ap-

peared in variational calculus.
Proposition 4. For some I, where 1<v< | | | , the v-th degree integration by parts operators is defined by

(@) = (1 ~v+1)e--e1((1] 1)1 (1) (d2) (19)
that can be expressed as the coordinate transformation
PN =0 if |Ki|=r,
L = oL -Dp4 if 0<|K|<r. (19)

o
Proof. From the direct calculation of T (| | |)(d£) , We obtain the following representation on

oMl (J Zr—lQ)

that is derived from that on Qm*l'l(er’lQ)‘ ;
y

Yyxoy

\

{(ans,g(—oi )! ﬁ;,o,--.,o],{xi;qﬁ,i(—oi )" 8y (D) Bl B DI ﬁ;,oj} (20)

The first bracket of (20) includes the nonzero part of the Euler-Lagrange equation; therefore, this operation is
equivalent to the variational differential. The last r elements in the second bracket correspond to paKa in (19) for
0<|K|<r. O

5.2. Stokes Variational Differential

The symplectic structure induced from distributions does not have any information on boundary energy flows.
In this section, we define a variational differential operator with boundary terms generated by integration by
parts and Stokes theorem, called the Stokes variational differential. The Stokes variational differential can be
used in the induced symplectic structure for relating a given Lagrangian with port-Hamiltonian representations.

Proposition 5. For an r-th order Lagrangian density Lie[)”‘”‘o(JrQ) that is first order with respect to
time and (r—l) -th order with respect to spatial coordinates, the following variational differential operation
can be defined:

VL= 2y T (DA (£aL)), ) @m0 (37Q), »viz (21)

SxaS '
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where ., V' JN'Q >V Z™ (given as Q) ox.'). We call o' the Stokes variational differential on

g
S with 4S.
Before the proof of Proposition 5, we should prepare the following bundle maps. We first consider the map
between VZ'* and V'Z™' over z"*.
Lemma 1. We can define the following bundle map QZ :
Q@ NZTh V2T,
(xa8, pi, a8, s, p) > (X'sa%, pi' o Pl 505, p)-
Proof. This can be proven by the direct calculation with respect to the symplectic form (see Definition 5). [

Lemma 2. By using the Legendre transformation o, :J*™'Q — Z"™*, we can define the following bundle
map under the first order assumption:

K‘;l:v*JlJl’le_)Verl;

(22)

i.~a a i.~a a (23)
(X 08,008, pi,ops ) > (X a8, opL oag, pit, p),
where 1<|Kt|<r, and pis defined by o, .
Proof. There exists the following bundle map K)raq under the assumption:
K WITQ 5V VITQ;
(24)

(a8, pit o0z, 5p ) > (X505, 008, o pst, pi).
This can be proven in analogy with the diffeomorphism in the lumped parameter case, i.e., Ky TT Q-
TTQ; (xa,p,80,6p) (%0,59,5p,p) ([16], p. 140, [26]). The inverse map of (24) can be extended as a
map on the affine bundle (23). Indeed, we have the bundle map between the bundle V*J'J"*Q and the origi-
nal bundle VJ*J"'Q of the tangent affine bundle VZ'™* =VJ*J"'Q . Because the local coordinates of

JYITQ are (Xi;qﬁ, paKi), in the case of first order with respect to time, the local coordinates of J“'J""Q
are (xi;qﬁ,p:‘), and those of J'J"™'Q are (Xi;qﬁ,qﬁt). Thus, under the assumption, we can regard
VIYI™Q and V'JN"'Q as, respectively, VWJ''Q and V'VI™'Q by identifying J'J™'Q and

viTQ. O
Next, we regard the derivative of Lagrangian density d£ as a differential (m +1,1) -formon J'J™'Q in
the above discussion by using J'Q — J*J"'Q.
Lemma 3. The standard variational derivative
dv Olr2r—1 - (QML0 (J rQ) N _Qm+1,1(J 2r—1Q);

25
de»—>6—€dq,a A dx =
aq

can be regarded as the following derivative under the assumption of first order Lagrangians with respect to time:
d, g, 1 2™ (INTQ) > VIINTIQ;

(26)
Ldx - ( pidgd + piidgg, ) AdX,
where we have defined the inclusions %, 1:3'Q < J*'Q; (Xi o ) = (Xi g ) , and
{4:37Q e INTQ (X508 ) (X a8 0 )
Proof. By 5 97 Q 307°Q; (X0 ) (X108 G ), and 45, 1 371Q 5 JNP7Q;
(xi;qﬁ,(ﬁi ) = (xi;qﬁK,qﬁKi ) we can rewrite (25) as
d, o3, : QM0 (3177Q) 5>V INPTQ; Ldx - (pLdag + pldag, ) Adx, 7)
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where we have used 2™"*(Y)=V"Y . Moreover, the inclusion 77", yields the dual map
Vi, VINTTPQ 5 VI,
(X3 0 3G PSP ) > (X a8, 50k, pi o pl ).

Under the assumption, we can specify by 1=t in the above equations. [J
Proof of Proposition 5: From Lemmas 1-3, we can see that the map 9" is well-defined. [

(28)

5.3. Local Expression of Induced Symplectic Structures

From the previous preparations, we can derive the relationship between the distribution A, and an instantane-
ous Hamiltonian system on z"* that is described by the induced symplectic structure D, using the Stokes
variational differential ?"L .

Definition 9. Let £ = Ldx e Q™"° (J rQ) be a Lagrangian density that is first order with respect to time,
and let A, cVQ be a regular distribution on Q. Consider the symplectic structure D, induced on Z"™* in

on S with 4S in (21). Let

(13), and the Stokes variational differential ?"£:.Q™*° (J’Q)L ->VZ

P, =VJ£(AJ2HQ)CVZH be the image of Ay, where we have defined A, =(V7z§”1)71 A, - Then, we
define the implicit higher order field Hamiltonian representationon S with 0S as
(%,2.9°L)eD,, (29)

where SEZH eP,.
Theorem 1. The local expression of the implicit higher order field port Hamiltonian representation on S
with 0S determined by (%ZH,D’E)EID)A is given as follows:
Dg: €A, ax=Dgi, (-1)"D, (DY - Bl ) e Ay,
Bl = oL K = oL (30)
g, od

where is the covarlant momentum, and we have defined the null space
F eV'Z™(a,v)=0vveP, cVZ' 1} On the boundary, there is the following (m,1) -form:

i 1 _ cl
D )* ~K_D\K\Jd al 31
(-D,) wiky P DAl (31)

where 1< j< |K| K is the multi index with respect to spatial coordinates, K is the multi index generated by

repeated permutations (see Section B), and we have defined the spatial total divergence D, Z. D

Proof. Let X, —(x O s pa ,D,q%, D, p p) be the vector field on VZ"*. For a vector field 362,,1, we
consider the following local expression of the symplectic form Q

Q((x‘,qi, pi u'e, p), (X ok, Pl UL, p)):(a,u’>—(a’,u>, (32)

where (a,u):VZ"*xV*Z"™ >R is the natural pairing between u €X ., cVZ™ and a@eV'Z™. On the

other hand, from the local expression of the Stokes variational differential on S
oL = (X%, By -5 BL S, p), (33)

we denote the 1-form fields by u” =-3 fJa and o =0q% . From the equivalent condition between the last

relation in (13) and (32)
<u*,u>+<a*,a>=(a,u’)—(a’,u), (34)

we obtain the condition
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(-opi,u)+ (0% ) = (@ Dz ) (D P u) (35)
for any u and « . Then, Equation (35) yields (30), because f)f‘ =az/aq;t , and 5@“ = aﬁ/ﬁqﬁ that can be

derived from the Euler-Lagrange equation. Indeed, the pairing with respect to u gives the third relation in (30) as
follows:

N oL K - oL
[Dt " —Ejéqi =(-1)'D, (Dt A e jéqa +0, (36)
where @ corresponds to the boundary term in (31). The term (31) is obtained from the calculation in (20).
Here, the total divergence D, () with respect to time has been eliminated. Consequently, in (30), the first rela-
tion means a given vector field, the second relation is the definition of jet variables, the third relation is the Eu-
ler-Lagrange equation before applying integration by parts, and the fourth relation is the definition of the mo-
mentum. [

The above representation can be converted to the following formal form of port representations [7].

Corollary 2. The implicit higher order field port Hamiltonian system defined on S with 0S can be re-
written as the following port Hamiltonian system:

|| o (D] e (37)
fq?( DIZ 0 ec?K 7

where 1<a<lI, and we have defined the variables
(o) =((-0" Db af) (facei)= (Dt b)),

Kl-j
(faT@,,-’eS‘m,,-)=(Dl‘ A 5) (38)
0L o oC

pa =2 a3 pa - a
Mt a0

for 1< j<|K]|. Wecall f;“lz‘j and e;*?\’i boundary port variables.
Proof. Form the third and second relations in (30), we can obtain the first and second rows in (37), respec-
tively. The product of the pair of the third relation in (38) that is equivalent to the boundary term in (31), where

dgs in (31) has been interpreted as an infinitesimal variation of q2. [

, —(—Ds)j*1 e

qK

oS

5.4. Power Balance and Passivity

This section derives the power balance of the Hamiltonian representation discussed in the previous section, and
define the formal representation of higher order field port Hamiltonian systems with boundary energy flows.
In the time-spatial split space, the instantaneous Hamiltonian (70) on S s given by

r-1
Ay :I > piltag, — L |dX, (39)
S\Ko

where 1< j S|K|. The following relation corresponds to the power balance of distributed port-Hamiltonian
systems.
Proposition 6. The system (37) satisfies the power balance

K]
L(epfp +eg qu)dx +Ls(“e0'<vi favaJléxsdx =0. (40)

Proof. The power balance can be derived from the interior product between the derivative of the instantaneous

Hamiltonian (39) and arbitrary vector field is zero. Let H(x,q,a, pff)= pﬁ‘f‘q,it —L(x,q,a) be the generalized

energy density of (39) defined on ©°(Z"™ ®J* M), where 0<|I|<r, and Z"*®J°'Q is the Whitney
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bundle with the local coordinates (xi;qjl, i, p) for 0<|K|<r-1 and 0<|J|<2r-1. Next, consider the pair-

ing between d, ¢ and the vector field = D,q; (9/a05 )+ D,p (6/0pk') eV (2 @®J3* M) as follows:

=i, d,H=id,(plag -£)=i, [ P dag, +a, dp;’ —;—ﬁdqu
|

d 7
dt

H S a a a‘C a
=i, [—Ds p" dag, +ag dps' —— quj
Oy

(41)
: S a a a[: a
=i, [Dt D, p, " dag +dg, dpg" ——aquj
O0g
S a£ a ~ aﬁ a
:{DtDs pala(t +Db, p:l _qum :(Dt p;« _quml

=Kt _

where we have used pX' = pX + D, p*

a

=6£2/6q§t , and the time total divergence D,(-) is eliminated in the

same way of the proof of Theorem 1. From the energy conservation i,d, =0, we obtain D, r)f‘ = az/aq; .
On the other hand, we have

. [ oc oL
i d, =i | 2=dg, +—dg?
o “{aq; R qK}
: - oL K i1 1 L Rl
=i |-D,pMdg? +(-1) D, Zdq* 3 D, | (-D, ) —— = . Iz (42)
ﬂ|: t K ( ) Kﬁqﬁ 12:1 ( ) W(K)@q% t

K|

5 Kt o
= _Dl p:[ qlil —(—1)‘ | DKt p:tqta - DS Zes‘lz‘,j fE}TIZ‘,J' =0.
j=1

By substituting (42) into (41), the integrand of (40) is given as follows:
. W or K
—I#de = (—l)‘ ‘ DKt p:t qta + a a qlit + Ds Ze;m,j faTK‘,j =0. (43)
qK j=1
By applying Stokes theorem to the integral of the third term of the second equation in (43), (40) is given. [J
Proposition 7. The system (37) is passive.
Proof. The Hamiltonian (39) and the power balance (40) correspond to the finite constant and the duality
product before the time integration, respectively, in the definition of the passivity (see Section A). [
Consequently, we at last reach the final result that means the system (37) is just a higher order representation
of distributed port-Hamiltonian systems.
Theorem 2. The system (37) is the Stokes-Dirac structure.
Proof. We have already proven that the system (37) is a Dirac structure in Proposition 1. On the other hand,
the power balance (40) corresponds with the main property of distributed port-Hamiltonian systems described
by the Stokes-Dirac structure, and it can be regarded as the higher order version of the structure [12]. [

6. Examples

This section presents two modeling examples.

6.1. Timoshenko Beam Equation
The 1-dimensional Timoshenko beam equation
{Apen ~GAD, (¢, —0) =0,

(44)
1,6, ~El6,, ~GA(e, -0)=0
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is derived from the Lagrangian density functional on £2*° (J 3Q)
1 2
v = [ eax=3 [ {641,608 -GA(e,~0) ~EI0} o, (45)

where te [to,ti] is the time coordinate, y e S is the spatial coordinate along the longitudinal axis, e R is
the shearing, 6 R is the rotation at each point in'y, A, isthe unit mass, | isthe moment of inertia, El
is the elastic stiffness, and GA is the shearing stiffness.

Let m=2, 1=2, and r=3. From (x°,x1;q1,q2)=(t, y;e(t,y),0(t,y)) and the maximum of higher or-
der degrees max|K|=2 in (44), we derive @y, =Dge for 0<|Kt|<3. By defining J°Q with the local

coordinate g, =D, 0, weset dx=dtAdy and Y =[t,,t,]xS.
In (38), from k=1, 0<|K|<1, j=1,and a=2, we obtain

flp,elp):((_1)1 Dtﬁi,q)=(Dt(Ap ). e),

fqu,e;y)=(Dt€y, ok ]=(Dtey, ~GA(¢,~9)). (46)
ooty

( fall‘l’ eéu) = (
( fazl,l' egl,l) = (Dslilqtz’ _(_Ds )H eéy) = (‘9t' - egy )'

where D, =D, and we have defined

(47)
0. = % r)V % pV %
e Toee, 700,
Hence, we have
(t*1 o o D, 0 o07e]
1‘2p 0 0 0 -1 Dy ezp
fzq = Dy 0 0O 0 O eg ,
1 1
fqzy 0 1 0O 0 O egy (48)
_fqy_ | 0 Dy 0O 0 O __eqy_
[ fal} ~ fall,l os {e{ﬂ ~ egm as
2|7 2T !
L ff7 f521,1| s € e51,1 oS

where two lines form the first equation in (48) is equivalent to (44), and three lines from the bottom are equali-
ties. Moreover, the system (48) satisfies

2¢2 2 2 2£2)\;:
L(ef fP+elfp +el f +e fy +el fo )dxs + jas(eé fr+ef; )Iaxs dx* =0, (49)

where note that Stokes theorem cannot be applied to (ej, fqz) ; therefore the corresponding boundary term has
not been defined.
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6.2. Potential Boussinesq Equation
The 1-dimensional potential Boussinesq equation ([27], p. 237) that expresses shallow water waves
1
Oy +ED§ (qiy)"'qyyyyyy =0 (50)
is derived from the Lagrangian density functional defined on £2*° (J 7Q)
) 1 1 1
v = L(Eq; +gq3y —Eqiyy]dx, (51)

where te [to,tl] is the time coordinate, ye S is the spatial coordinate along the water surface, and qe R
is the height of the wave.

Let m=2, I=1, and r=7. We have defined J'Q with the local coordinate gy, =D,q for
0<|Kt|<7, dx=dtady, and Y =[t,,t,]xS by (xo,xl;ql):(t,y;q(t,y)) and the maximum order
max|K|=6 in (50).

By substituting k =3, 0<|K|<3, 1<j<3,and a=1 to(38), we get

(f2.67)=((-1) DB 6 ) = (D00, ).
(fquy,eéw){quyy#)ﬁW] [qu qiyj,
Fo €l ) = (tqm W()lw)n””}(qum,—qyw),

foZl 321) (Dz 1Qtv_(_Ds)Heéyy):(qutl_eéyy)v (52)
(

(
(
(fheetaz) = (D2 2al~(-D, ) 6, ) =
(
(1

f031’e"3l) (D3 lqt ’_(_Ds )1_1 eém)z(Diqt:_e;yw)’

( falss!e;&s) = (Dsaiglqtl’ _(_Ds )371 etlwyy (qt’ Dieéwv)

- oL 5 oL 5 oL
P :6_’ Y :6_' pY :8_ (53)
Oyt Oy Ay
Hence, the following system representation is given:
1 2 3 1
f, 0 -D; Dy e,
1 _ 2 1
fqyy - Dv 0 0 eqyy !
1 3 1
fomy D, ©0 0 || ey
foos |as €21 |as
54
f512 2|BS egz,z oS ( )
fi= falz1|aS € = e23,1 as |
f913,2|55 eé's 2| S
_fal33|(75_ _eaasas_
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where the first line of the first equation in (54) is equivalent to (50), and two lines from the bottom are equalities.
Moreover, the system (54) satisfies

L(elp f,”+eg, foy + €0 faw )dxS + LS {(eé )T fal} i .dx* =0. (55)

7. Conclusions

This paper derived the higher order field port Hamiltonian system with boundary energy flows from systems of
higher order partial differential equations that are determined by variational problems in terms of the multisym-
plectic instantaneous formalism. By defining the symplectic structure induced from distributions and the Stokes
variational differential including the integration by parts operators, we clarified the implicit Hamiltonian repre-
sentation of the systems of higher order partial differential equations, and its local expression corresponds to the
distributed port-Hamiltonian system.

In this paper, we assumed that Lagrangians are first order with respect to time, but possibly higher order with
respect to spatial variables for simplification. This assumption can be generalized. On the other hand, the formal
representation including time derivatives up to first order corresponds to the distributed port-Hamiltonian sys-
tems.
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A. Passivity
Consider the following pairing between LI (U) and L} (U) :

(yau), = (y(0).u(t)) (56)

for uel] (U) and yel] (U) where () is the duality product, U is a finite dimensional linear space, U*
is its dual space, and we have defined the extended L space that is the set of all measurable functions in L°
truncated to a finite time interval. Note that the duality product (y(t),u(t)) corresponds to power.

Definition 10. Let G:L{(U)— L (U ) . Then G is passive if there exists a constant H such that
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(Gu,u). 2-H, VYuel®(U), vT=0, (57)

where the left-side of (57) is assumed to be well-defined.
Hence, G is passive if and only if a finite amount of energy can be extracted from the system defined by G.
Corollary 3. For a point t in the time axis,

(Gu(t),u(t))= —CL—T, Vue ' (U). (58)

B. Differential Forms on Bundles

A differential (i, j)-form gn Ay defined on the r-th order jet bundle J'Q are defined by a horizontal
i-form  y =dx* A+ AdX e.qf(JrQ) and a vertical j-form 7 =dg} A---/\dqf‘j" e!z,j(J’Q) . where

ol (J rQ) is the space of differential j-formson J'Q, g=g (Xi,q.a) is a smooth function defined on J'Q,

and a, and |, are different combination selected fromaand I for 1<k <j.

Let Q" (J rQ) be the space of differential (i, j)-forms defined on J'Q. (i, j)-forms such that n=i+ j
are called n-forms, and their space is denoted by " (J rQ).
The exterior differential operator d=d, +d, for (i, j) -forms is defined by the vertical differential operator

d,:2"(3'Q) - 2"*(3'Q); ganz S ANAY (59)
I
and the horizontal differential operator
dy 12" (37Q) > 2 (3Q); gn Ay > kagnAdxk AW, (60)
k=1

where the total differential operator with respect to x' is defined by

i qull qa (61)

a=1[1|=0

that is equivalent to partial differential, and D,dq, =d(D,q,)=dq,, . Note that ,;=0q, /X' , and
dy =(w(1)/w(li))a,;, where w(1) isthe weight of the index I [22] [24], and g} =(1/w(1))q? for the index

I generated by the repeated permutation of the combination in I.

C. Euler-Lagrange Equations

An Euler-Lagrange equation is determined by the stationary condition d£dx=0 of the variational derivative
dL of a Lagrange density £ = Ldx € 2™° (J 'Q) . If variables on boundaries are zero, the local expression of
Euler-Lagrange equations is given by the stationary condition of

d,cdx = 2= dg adx=(-1)" D, Z£ dg¢ A dx, 62)
oq; aq;

where dx=dx® A---Adx™ is the (m +1) -volume form, D, is the total differential operator D, with respect
to all index in I, integration by parts is used in the second equallty and the term Z ( ) is eliminated by
Stokes theorem under the assumption of the zero boundary condition.

D. Multisymplectic Covariant Formalism

The Hamiltonian representation of lumped parameter systems are determined by the symplectic 2-form
w=-d@ on cotangent bundle T°Q, where &= pdq is the canonical 1-form. Then, for a given Hamiltonian

H:T°Q - R, Hamiltonian vector field 4 is defined by i,@=dH ([1], p. 187), where (q,p)eTQ, i is
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the interior product.
The (covariant) Hamiltonian representation of field equations are determined by the multisymplectic (m + 2) -

form Q=-d© on the multisymplectic manifold z™* ([5], p. 211), where © is the canonical (m+1)-form.
Then, z"* is defined as the subbundle of Am*l(JHQ) over J™'Q defining (m+1)-forms

2 ={zeA™(37Q) ii,z=0,9v,£ eVI™Q), (63)

where the space Qm”(JHQ) of (m+1)-forms over J™Q is defined by the space of all sections of
(m+1)-th degree exterior power cotangent (r—1)-th jet bundle [5], and the vertical tangent bundle V) has
been defined as a vector subbundle TY oVY = KerTz determined by the tangent map Tz:TY —»TX fora
bundle 7:) — X . Note that the local coordinates (xi,Xi) of the tangent bundle TX when those of the ma-

nifold X are (x‘), and the local coordinates of TY are (xi,ya,xi,ya) when those of the bundle 7:Y — X
are (x‘,ya), where those of VY are (xi,ya,ya). Let (xi;qﬁ, pi, p) for 0<|K|<r-1 be the local coor-

dinatesof z"*. Any zeZ"™ in(63) can be locally written as

r-1 .
z=pdx+ D p,'dag Ai_dx, (64)

[K|=0
where we assume that the multi index Ki satisfies |Ki|=|K|+1.Then, ® =2z is defined by using (64).

On the other hand, the covariant Lagrangian system can be defined as —-d®, on J 21Q by the Cartan form
0, ¢ .Qm*l(JZHQ), where 0;0=0,, and o,:J*'Q—>Z"" is the covariant Legendre transformation on

J I’—lQ

p:=a£a +ck if [K|=r,
o
pr = 8.4; -Dpi +cf if1<|K|<r,
aq2 (65)
<=0 if [K| =1,
r-1 .
p=L-2 p'dki,
IKlo

where o) is the pull-back, and (xi;qf‘) are the local coordinates of J'Q for 0<|l|<r. The functions
Ki

c, and cf in (65) give arbitrariness in the global expression of ©, ; therefore, this is not used in the local
expression, i.e., cX =cf=0.

In the above, the covariant Lagrangian system determined by the variational problem of the r-th order La-
grangian density Ldx e Q™° (J'Q) on J'Q is defined by the Cartan form ©, € .Q”‘”(er'lQ) on J¥'Q
([5], p- 210). Note that the covariant Hamiltonian p determines the affine structure of z"* that is the essential

of the symplectic structure.

E. Multisymplectic Instantaneous Formalism

The instantaneous formalism is the covariant representation with time-spatial splitting. The time-spatial splitting
is equivalent to choosing an infinitesimal supersurface parametrized by time in the configuration space Q. Bun-
dles with time-spatial splitting consist of the Cauchy surface £ < X and time-spatial vector fields ¢ on Q.

Then, ¢ means the direction of the time evolution of the system, and ¢ on Q|2 transversally intersects to

Q|, everywhere, where Q|. means the restricted Qto X.

The instantaneous representation is defined on the space 1"(\]2"l Q|Z) that consists of all sections y of
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J¥Q restricted to X . For a given global section y € F(JZHQ|E), the local coordinates of F(JZHQ|E) is
given as y3=q3oy ([6], p. 379), where q? is the local coordinates of J*'Q for O£|J|S2r—1. Then,
the subbundle jzr’1Q|2 of F(JZHQ|Z) that can be identified with the tangent bundle TZ"1Q|Z by choosing
the direction of the time evolution of ¢, where the local coordinates of j2r_1Q|Z are obtained from yj by
using the multi index U with respect to time for 0£|U| <2r-1. Hence, by restricting the system to jzr'l Q|Z,
the spatial derivatives in y5 are eliminated.

Tzr’1Q|2 and T*(T”Q|Z) are the vector bundle over THQ|z with 2r numbers of local coordinates,
respectively, (7{‘) for 0<|J|<2r-1 and (7@,7[5) for 0<|K|<r-1. On the dual bundle of T**Q|,
e, T (T - Q|2) , the instantaneous Hamiltonian systems are derived from the canonical form

4 = j {fn;dqﬁjdxi (66)
=0

where the instantaneous momentum
r-|Lj-1
7y = ﬁ (-1)" w(L,K) D ps™ (67)

is calculated by integration by parts, and the weight
w(L K) = (L +[K /(LK) (68)

based on the combination have been defined.
Instantaneous Lagrange systems are determined on TZHQ|2 by 9,;=0,% [6, pp. 382], where the in-
stantaneous Legendre transformation

o5 TQL T (T Q) (69)
is given by 73 (7/5,@) for 0<|U|<2r-1 and O<|L|<r-1 thatare multi indexes with respect to time.
The image in T*(T r'1Q|E) of the bundle map o, is the instantaneous primal constraint set P{’l. The in-
stantaneous Hamiltonian 7, :P'™ >R on P/™ is defined as follows ([6], p. 384):

r-1
= L[Lz_on;q; —Ljde. (70)
Because PZ"1 possesses the (pre-)symplectic structure @, of T*(T - Q|E) , instantaneous Hamiltonian

systemson P/ are given by evolutional vector fields v suchthat i w, =d 7 .
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