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Abstract

We reduce the initial value problem for the generalized Schroedinger equation with piecewise-
constant leading coefficient to the system of Volterra type integral equations and construct new
useful integral representations for the fundamental solutions of the Schroedinger equation. We
also investigate some significant properties of the kernels of these integral representations. The
integral representations of fundamental solutions enable to obtain the basic integral equations,
which are a powerful tool for solving inverse spectral problems.
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1. Introduction
We consider the differential equation
—y"+(a(x)+22p(x))y=A*p(x)y,0<x<m, (1)

where A is the spectral parameter, y=y(x,4) isan unknown function, q(x)eL,(0,x), p(x)eW, (0,x)
are real-valued functions, and p(x) is the following piecewise-constant function with discontinuity at the

point ae(0,m) such that a>-2" .
a+l
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1, 0<x<a
p(x)=1", <x<n O<a=zl 2)

Sturm-Liouville equations with potentials depending on the spectral parameter arise in various fields of ma-
thematics and physics (see [1]-[3] for details). It is well known that in the case p(x) =1 the Equation (1) ap-
pears for modelling of some problems connected with the scattering of waves and particles in physics [4]. In this
classical case, Jaulent and Jean [7] [8] have constructed the integral representations of Jost solutions and treated
the inverse scattering problem by the Gelfand-Levitan-Marchenko method (see [9] and [10]). Note that this me-
thod which is an effective device in the theory of inverse problems [11]-[16], for relativistic scattering problems
was first suggested in [5] and [6]. Various inverse scattering problems for the Schroedinger equation with an
energy dependent potential on the half line and full line were investigated in [24]-[30]. Direct and inverse spec-
tral problems in a finite interval for the Equation (1) in the case p(x):l were first investigated in [17] [18].
For further discussing of the inverse spectral theory for Equation (1) in a finite interval with p(x) =1 we refer
to works [19]-[23].

Note that, in the case p(x):O direct and inverse problems for boundary-value problems generated by an
equation of type (1), in various formulations, have been studied in [32]-[37] and other works. Inverse scattering
problem for Equation (1) with p(x) =0 on the half line [0,+oo) was investigated and the complete solution
of this problem was given in [38] where the new integral representation, similar to transformation operators [9],
was obtained for the Jost solution of the discontinuous Sturm-Liouville equation. Direct and inverse scattering
problems on the half-line for the discontinuous Sturm-Liouville equation with eigenparameter dependent boun-
dary conditions have been investigated in [41]. The direct and inverse spectral problem for the Equation (1) in
the case p(x)=0 with some separated boundary conditions on the interval (0,x) recently has been investi-
gated in [39] [40] [42], where the new integral representations for solutions have been also constructed. The in-
verse spectral problem of recovering pencils of second-order differential operators on the half-axis with turning
points was studied in [31], where the properties of spectral characteristics were established, formulation of the
inverse problem was given and a uniqueness theorem for solution of the inverse problem is proven. But the
spectral problems for Equation (1) in a finite interval, especially, inverse spectral problems and full-line inverse
scattering problems requiring the recovery of the potential functions by the Gelfand-Levitan-Marchenko me-
thods have not been studied yet and there isn’t any serious work published in this direction.

In this work, we reduce the differential Equation (1) with initial conditions (3) to the system of Volterra type
integral equations and we construct new useful integral representations for the fundamental solutions of the Eq-
uation (1). In Section 2, we consider a pair of linearly independent solutions of the Equation (1) with initial con-
ditions at zero. We seek special Fourier-type integral forms for these solutions. To prove the existence such
forms, we derive the system of Volterra type integral equations for the kernel functions. Then we solve these
systems by the successive approximation method. In Section 3, we investigate some significant properties of the
kernels of these integral representations. Namely, we find an important relationship between the kernels of the
integrals and the coefficient of the Equation (1). The constructed integral representations of fundamental solu-
tions play an important role in the derivation of main integral equations which are a powerful tool for solving
inverse spectral problems for the Equation (1).

2. Derivation of the Integral Representations for the Solutions
We seek a couple of linearly independent solutions y,(x,4) (j=12) of Equation (1) satisfying the initial

conditions
y;(0.4)=1y,(0,2)=(-1)""ix. 3)
It is not difficult to show that when q(x)= p(x)=0 the initial value problem (1), (3) has solution
e (xA)=r" (x)e(”"W(x) +r° (x)e“’”"f(x), 4)
where
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and o, :(—1)j+1i.

Consider the integral equation

yy(x2)=e; (x,2)+ [@(xt,2)(a(t)+22)y, (1, 2)dt (j=12)

0

which is equivalent to the problem (1), (3). Here
e (x,A)e, (t,A)—e(t,1)e,(x 2)

D(x,t,4)= .
(xt.4) 2i2
By using (4) it is easily obtained that
O(x,t,1)=p* (x,t)w— p (x,t)w, 0<t<x

where

1 1 1

pi(x,t):— + and O'i(x,t):,ui(x)—,u+ (t)

2{ P(x) p(t)J

We have

The formula (8) is also written as

1 # (%) S 1 . 0 g
D(x,t,1)e"™ ©_= p*(xt) j e ds — = p¥ (x.t) j e”1"ds
2 24 (t) =" (x) 2 240 (t)-4" (x)

Consider the integral Equation (5) and substitute
Y (x,4)= R; (X)e("jﬂ;ﬁ(x) +R; (x)e“’”"f(x) +2; (x,4),
where Rji (x) will be defined below and Z; (x,/l) is a new unknown function. We have
R (x)e”™ D4R, (x)e™ ™ 4z, (x,2)

=t (x)e™ ) r (x)er )
+_|'(D(x,t,l)[q(t)+2/1p(t)][Rj+(t)eww+(t)+Rj_ (t)emjl!f(t):|dt
0
+[o(xt2)[a(t)+24p(t)]z; (t,2)dt.
0

Taking into our account (8) and the second integral in the right hand side of (10) we require
R (x)e‘”";”‘ﬁ(x) +R; (x)e’”"“(x)

+ - A + X

—rt (X)ewj/w (x) r (X)ewmﬂ (x) T (—l)J I (X)J‘ p(t) R (t) p* (X,t)dt
0

i1 e

—i(-1)" e M p(t)R; (1) p* (x.t)dt

O ey X O ey X
o

P(OR; (1) ()t +i(-) e O p(t)R; (1) (x.t)ct

®)

(6)

7

(®)

(8)

©)

(10)
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to be satisfied. Obviously, the last equality will be satisfied if we choose
R (x)=r jp (xt)dt+i(- )j j P(t)R; (t) p*(x,t)dt. (11)
0

From (11) we immediately have

X
Foj [sgn(t+a)

Ri(x)=r*(x)e * 0 (12)
Then (10) implies that
2,(xA)= A)+[@(x1,2)q [ j*(t)e”’i"”“)+R;(t)e“’i"’(t)}dt
° (13)

X

+[@(xt,2)([a(t)+24p(t)])z; (1. 2)dt,

0
u*(x)

IV(x,2)= [ Aj(xt)e™dt, (14)

where

and

-1 (x)<t<p (x),x>a

A (xt)= w‘;+ p(HM (X)JRJ* {HM(X)} —u(X)<t<—p (x),x>a

2 2

We require that the integral Equation (13) has the solution

HE (%)
z;(x, )= | K (xt)e”"dt, (15)
-1t (%)
where K, (x,t) isan unknown function. Substituting the expression (16) of z;(x,4) in the Equation (13) we
have
#+(X) At !ﬁ(X) ﬂ.t 2,
[ Ki(xt)e™dt="[ A/(xt)e” dt+jcb x,t,2)e”™ Ug(t)R; (t)dt
- (x) -1t (x)

@ (xt,2)e?™ Ug(t)R; (t)dt (16)
u* (1)

—H(t)
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Now using the formulas (8), (8" we transform the right hand side of Equation (16) to the form of the Fourier
integral.
First consider the case 0<x<a for which the Equation (16) is written as

-X 2 2t-x
X t S+x—t

+qu(t)j K;(ts) [ e""dédsdt (17)
0 -t S—X+t

X t
- o, ![em'”x_t) - e_”’”'(x't)} p(t)ijt K, (t,s)e” " dsdt.

Supposing K, (x,t) to be zero as |t| > X and changing orders of integrations at the right hand side of Equation
(17) we obtain

X+t

jn

X

[Kj(xt)e™dt [ e %

o'—,m‘

q(s)R;(s)ds+%p(xT+thJ(Xﬂjdt —Iq dsf K;(s,&)d¢

—x —X t—X+s
(18)
—o| [ p(s)K;(s,t=x+s)ds— [ p(s)K,(s,t+x—s)ds
According to the uniqueness properties of the Fourier transformation, Equation (18) implies that
X+[
Iq s)ds+ -D(XHJR*(XH)dH J.q dst+jsK (5.£)d
2 2 t—x+s
(19)
—o;| [ p(s)K;(s,t=x+s)ds— [ p(s)K;(s,t+x—s)ds |f,[t| <x.
Now consider the case X > a. In this case, according to formulas (8) and (8"), the Equation (16) yields
(%) o ' (x) M () ., #(x) L
[ Ki(xt)e™dt= [ A(xt)e" dt+> J'q J(dtla” [ e"ds+a [ e"ds
-4 (x) -4 (%) 2t-u* (x) 2t-u(x)
X 1 + ( w-is — Zﬂi(t)i‘ui(X) WiAS
+j£q(t) Rj() j "ds+R; (t) j e”"ds |dt
a F()-ut(x) 4= (x)
12 t+s 1 (x)-t+s
+=[a(t dth (t,s)ds| o “’l"fdgm [ emde
2 0 -t t— /ﬁ t—pu (X)+s
—a CUJI o(t dtj K t S)|: wM(s+/1 A(sy+(X)+t):|dS (20)
0

—a wJJ- p(t dt_[ K; t S |: (SW (x)ft) —e M(Su(x)+t):|ds

0

x q Hh(t) s+ut (x)=u" (1)

+[=—q(t)dt [ K;(ts)ds [ e""de
a2a 4 (1) seu (01" (4)

~Sfp(a I( e s){e“’"‘(”‘”(x”“‘)) —e“’”(“’“”*’”‘))}ds.
@ )
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Now, similar to prewous case we obtain from the Equation (20) that the function K (x,t) (x >a), continued
as zero for |t| >u’ ) satisfies some integral equations of type (19) in the correspondlng regions. Namely we
have the following:

1) if —p"(x )<t<—,u’(x) then

=a_ J. dsta)joc+ 0 t+u"(x) - t+u"(X)
2 2 2 2
o m|n(s,t+u (x)—s) o @ t—p(X)+s
+7Iq(s)ds j Kj(s,é)dcf—T f q(s)ds K, (s &)d¢&
0 -s m -s
1 X trut (X)-ut(s) 1 X t—ut (x)+u(s)
+qu(s)ds [ Kj(s,f)df—z— [ a(s)ds [ K(s¢&)de (21)

- (s) a (Xt -4 (s)
2a

+o,a" _[ p(s)Kj(s,t+y+( )ds o, _[ p(s (s,t—y’(x)+s)ds

t+u7(X) u(x)-t

DT (K (s () (5)) s L p(s)K (s () (5) .

N P (S NV (S W)

+a min(s,t+y (x) s) N a tost(x)+s
+Slas)es [ K (s9de-T [ a(s)ds [ K (s.£)a
0 -s 't (x)-t S
2
a a t” X)+s mln(s,H/f(x)—s)
—7 A K8 d§+—Iq [ K(s)de
u(x)-t -s
i (22)
1 X teu (X)-u*(S)
+2—JQ(5)d5 I K;(s,&)dé+w,a I p (s,t+y+(x)—s)ds
3 t—pt (X)+ " (s)

2

—oa [ p(s)K(s,t—p" (x)+s)ds+oa I p(s)K; (s,t+u (x)-s)ds

,u+(x)4 u x)+t
2 2
a .
oo j p(s)Kj(s,t—y’(x)+5)ds—;‘.[p(s)Ki(s,t—y*(x)+y*(s))ds
1 (x)-t a

2
X

B (s () (5)).
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+ a . - . 1 2a
K, (xt)= jq(s)R,(s)ds_O‘7 J aR ()ds+o— [ a(s)R}(s)ds
0 o (x)+t a

200 a
_CU_,-Zp[ﬂ*(X)—thR__(ﬂ*(X)—ua
2a 20 ! 20
T i ) g [ O @ s [ (s,2)de
2 P 2 J 2 2 Oq o
4 a t—ut (x)+s _a s
-2 M(j‘x)_tq(s)ds j Kj(s,g)dg—%gq(s)ds:szj(s,g)dg )
o min(s,t+u” (x)-s) 1 min(u* (s) teac* (x)-u* (s))
+7J'q(s)ds .[ Kj(s,g)d§+2—jq(s)ds j K;(s,&)d¢
0 -s aa —u*(s)
1 X t=p" (X)+u*(s) a
—Ej'q(s)ds [ Ki(s&)dé-wa" [ p(s)K;(st—u (x)+s)ds

VLT e (e (- s

a+

Now we use the method of the successive approximation to show that for every fixed xe [0,11:] the integral
Equation (19), (21)-(23) has a unique solution K;(x,t) belonging to Ll(—,u+ (x),u" (x)) For this reason let
us define

5
K (x,t _%I S)R ( s)ds+—p(TtJR*(X;tjdt
0

M min(s,t+x— s) X t=X+s
n 1 _ 1 n-
K (x)=5la(s)ds | K (s.)de= a(s)ds | K (s g)a
0 -s - -S
~o, j p(s)K( Y(s,t-x+s ds—f p(s )(st+x s)ds |, (24)
X—t X+t
> 2

t|<x<an=12.-,
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K" (x,t)=

v a min(s,tﬂﬁ(x)—s) _  a t—,u X)+$

%jq(s)ds | KE”‘l)(s,g)da:—% [ a(s j K™ (s,&)dé

0 -s 1 (x)-t

2

1% et e tls)
+2—jq(s)ds | (s.&)de-— [ q | (s,&)d¢

%a 4(5) ()t u(s)

2a
+oa’ [ p(s)K (s,t+u (x)-s)ds—mja f p(s)K{™Y (s,t—u(x)+s)ds
bt (x) i ()t
2 2

F(x)+t o (x)+t
a’ f + Cf +
K (x,t):7 j q(s)R; (s)ds+— j q(s)R; (s)ds
0 0

t—ut(x)+s

042 jq(s)ds j K™ (s,&)dé
1 (x)-t

%iq(s)ds | KI™(s,&)

-s
2

_ a t—p” (x)+s _a min(s,tuz’(x)fs)
_% [ a(s)as | Kgn’l)(s,g)déJr%jq(s)ds [ KM (s,&)de
1 (X)- =S 0 -s
£ (2) t
X tep (x)-4"(s)
+ij’q(5)ds . J.” "D (s,&) dé+w,a” I p (St+ﬂ (x)- S)ds
20 o (e () y
2
~oa .a[ p(s)K{" (s,t—u" (x)+s)ds+ w0 .[ p "9 (s,t+ 4 (x)-s)ds
H (ZX)*l 2
~oa T p(s)K{™ (s,t—u(x )+s)ds—%jp " (s, t= " (x)+ " (5))ds
i (zx)—t a
a) X

2L p(s)K( (st (x) =" (5))e,

a

x>a,—p (X)<t<p (x),n=12,-

(25)

(26)
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ar ()
0 T + - ¢ + 1 = +
KE)(xt):%E[q(s)Rj (s)ds—%ﬂ(x)ﬁq(s)R] (s)ds+z £ q(s)R; (s)ds
ZALIN
1 2a i - . t_
too { q(s)R; (s)ds+—2p[ ga(x)+aJR][ ga(x)+aJ
o " ﬂ+(x)_t+aJR [y*( )—t+a}ra)a (t+,u (x)j {Hu ( )J
2a° 2a ! a 2 2 ! 2
+a tp (x)+s
Kﬁ”)(xt)z%jq( )ds® K" (s, g)dg—— j q j K (s5,&)de
a @ s . a @ min(s,tuz’(x)—s) .
- q(s)dstE”')(s,f)d§+7jq(s)ds j K™ (s,&)dé
1% (e e 004 () 17 )y
+££q(s)ds /}[(S) K} (s,cf)dg—z.[q(s)ds ,,1[(5) K" (s,&)d& @)
~oa" T p(s)KE"’”(s,t—y*( +S)d5+a)a j p (st+y (x)- s)ds
(0t
—%Ip(s)Kg”’l)(s,t—y*(x)+/ﬁ(s))ds+% JX' p(s) K™ (s,t+ 4" (X)— 1" (5))ds,
a a+ﬂ
x>a,u (X)<t<p (x),n=12,--
We have
4 (%)
[ [k xt)]dt<o(x), (28)
—u (%)
o-(x):2C0£[(y+(x)—/f(s))|q(s)|+|p(s)u, (29)
where Cozmax(l,( * *).Similarlywe obtain that
H+(X) a s
| K()(x,t)‘dtsoﬁj'(;f(x)—s)|q(s)|d5HK§”’l)(s,f)‘d;‘
—u* (%) 0
+|a"|_[|y' s||q 55)‘d§+2[(0¢ + )Hp |dsj f”’l)(s,f)‘df
+%j(y+(x)_y+(s))|q(s)|ds j ‘KE”'I)(S,g)‘der;.”p(s)|ds K™ (s,)|dé

a —u*(s) -u*(s)
<26, [ (1 ()~ (9)fa(s) [ p ()] I \K“ (s.2)0c.a<xsn

that is
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ur(x X ur(x
J )\K@(x.t)\dt <2C,[[ (" (%)= (s))a(s) +|p(s)[Jos | | K™ (s,6)[de (30)

-u*(x) 0 ()

forall xe[0,x]. Therefore

y*(x) n+l
| ‘KE”)(x,t)‘dt Lol 31)
Y (n+1)!
u*(x)
forall xe[0,n] and n=0,1,2, . Hence the series
Zo KV (x,.) (32)

absolutely and uniformly converges in the space Ll(—/f(x),/f(x) for each xe[0,x], the sum K,(x,.)
of this series is a unique solution of the integral Equations (19), (21)-(23) and K; (x,.) satisfies the inequality
(%)
[ K (xt)]de<e”™ -1, (33)
- (x)
Therefore we have proved the following theorem:

Theorem 1. For every A the solution vy, (x,/l) of Equation (1) satisfying the initial conditions (3) can be
represented as

yi(x.4)= Rj*(x)e"’j;"‘ﬁ(x) + Rj’(x)e“’ji“f(x) + ﬂf ) K, (x,t)e“’jﬂdt, (34)
—4(%)
where
vo fson(tea) 2Lt
Ry (x)=r"(x)e ° 7

and the kernel K (x,t) satisfies (33).

3. Properties of the Kernels

From the integral Equations (19), (21)-(23) we easily compute the following boundary relations for K; (x,.):
1)if 0<x<a then from Equation (19) we have

X

K, (x,—x)=% p(0)+a)j_(|; p(s)K;(s,—s)ds

which implies

Kj(x,—x):% p(0)e ° . (35)

that is

1 o t
Kj(x,x)—ER [ x)+[[a(s ]ds] (36)
0
2) Let x> a. Then from integral Equations (21)-(23) we obtain the equation

Kj(x,—,u*(x)):w—p +wjp (x,5)p(s)K; (s~ (s))ds.
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Now using 1) we easily find that

« p(t)
w.a" “’jde‘
Kj(x,—y*(x)): ’2 p(0)e . (37)
Hence, combining the formulas (35) and (37) we obtain
. 0 w~fﬂdt
Kj(x,—y*(x)):w‘p( ) 1ot |e o0 (38)
21 e

From the integral Equations (21)-(23) it is clear that the function K, (x,.) (x>a) hasa jump discontinuity at
points +4 (x). Computing the jumps K (x +um(X)- 0) K. (x +/1 (x)+0) we have

Ky (%= ()=0)=K; (x =" (x)+0) :wemw (39)

and

KJ.(x,y‘(x)—o)—Kj(x,,u‘(x)+0)

: X ” N " 2 (40)
=R;<X>EJ R L e p(a)}'

0 a

Finally, from (23) we find that
K, (x,y*(x))= Rf(x){%j‘[q(s)+ pz(s)]ds +ii‘{q(s)+ p;(zs)st +% p(x)+%(1_éJ2 p(a)}' (41)

Hence, combining the formulas (36) and (41) we obtain

K, (o (1) = 2 (3 MJp(Ss) sz;) ]ds+p“’ix p(x)m{l_ﬁJ OIS

Now we investigate the additional properties of the function K; (x,.) . Consider the successive approximation
(24)-(26). By the differentiation with respect to the variable t we find

DK (x t)——q(XH]R;(%Hj+%[p’(%+t]—a)j pZ(X;t)HR*(X;tJ —Xx<t<x

DtKE”)(x,t):% j a(s)K" (s, t+x—s ds—— .[ a(s) K" (s,t-x+s)ds
5 2
-ﬁp(x t]“ -5 &p(x—”JK(’”'”(X—” )
2 2 ! 2 7 2 2 2 ! 22
o, [ qf ") (s, 5)“%5 ds+ao; [ q(s)DfKE”‘l)(s,f)‘f:MiS ds,—x<t<Xx,
Xot X+t
% >

DtKEO)(X-t)=%q[“+(;)+t]Rf[”+(:)+tj+ a)j:ﬁ p’(y+()2()+tJRj+[t+ﬂ;(x)J

o L u ()t [tra(X)
o[ ese)
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DtKE")(x,t):%

788
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K§°)(x,t)=%Q(ﬂ_(;)+tJR}[ﬂ_(;)+tj+ 412 q[aﬁ‘g(x)]R;(aﬁ_’z‘&J

a

o p[a+t+ua<x)],<<nl{a+t+u<x),w(x>+tJ

20 2

ds+ 2 [ p(s)DgKE”’l)(s,g)‘ ds,

g=tep” (X)-47(s)

@; ¢ (n1)
- s)D.K} S,
a!p() = ( 5)‘f:t‘ﬂ+(x)+#+(5) t+u”(x)
at———
2a

x>a,u (X)<t<p (x),n=12,-

Therefore we have

p(s) A(s)
<la®+|la i S +|p’(s)|+|p2(5)|] S, X>a
ol et P o
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Hence
(%) x lp'(s) | p?(s)
DK (x,t)dt<C,[l||a(s) + + ds.
,,I(x)‘ tiNj ( )‘ 0,! | ( )| p(S) p(S)
Further, because of
D xtdt<p Ks sds+p s,s)/ds
K™ (s,s)

@mﬂm

KE”’” (s,t)‘dt, 0<x<a,

+£|q(s)

+ ZJX'| p(s)|dsi D,
0 -s

|)Jx'|q(s)|dsﬂ+(5) En—l)(s,t)‘dt
’ d

—u (S)

‘DK (xt)|dt<(a

K" (s,-u" (s))‘ds

K (s, 4" (s))‘ds

+S)

X ur(
ipeoie]

u*(s)

DIKE”)(s,t)‘dt, X>a

+2(a*+

we can write for all x &[0, x]

« 45 (s)
K0 o< s |
0 _

u*(s)

u*(x)

]

-4 (%)

K™ (s,)] ot

K" (s,-u (s))‘ds

+C0l'|p(s)|

+C0£|p(s)| KE

X H+(5)
+2C,[|p(s)|ds " 1)(s,t)‘dt
0 —u*(s
Note that
y*(x) n
ke (e < (x)
Y n!
—u*(x)

Ilp (s)]|Ki( )‘ds<AC[ ”p |dsJ,

(24

(43)

(44)

where C = max(a*,ij and A[O < AS%T[IQ(S)Hp'(S)l]dH@j is a constant. We see that C <C,
0

and from (44) we immediately have
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(s

X n X (s)
K (xt‘dt<CI|q LG PRI i(C”p(tﬂdtj 2, flo(s)s |
0

*ﬂ*(S)

DK™ (s,)]t

”q )|ds+2AC, i[zcoﬁp |dtj +2C ”p )|ds j ‘DK”l(st)‘dt
0

7‘u S)

<ac,AZ ( ) o | ”p |dsﬂ+js DK ("™ ‘ t
t

forall xe[0,n] and n=1,2,---. Consequently,

wH(x) n+l n+l
(n) o™ (x), o (%)
PR (x,1)|dt <4C,A TR S (45)
where xe[0,n], n=01,--,
i LIOINLEC
1(X)=2C, || |a(s)|+ + +|p(s)| |ds. (46)
O'( ) .([ | ( )| ,D(S) p(S) | ( )|

This means that the series

can be differentiated term by term in the space Ll(—;f(x),y+ (x)) and the sum K;(x,.) is also differentia-
ble in this space with

| X,t)| dt < 4C Ao (x)e™™) +e7™) —1 (47)
(%)
Similarly, from the successive approximation (24)-(26) by differentiation with respect to the variable x we have
the series

DK (x.)

X

[Ms

1l
o

n

converges in the space Ll(—/f(x),/f(x)) and D,K;(x,.)e Ll(—;ﬁ(x),y*(x)).
Further,by differentiation integral Equations (19), (21)-(23) we have that

DtKj(X*t)_Dij(th):—%p(X;tJK,( j Iq K;(s,t—x+s)ds
T

§ (48)
—w. x_.:tq(s) D.K, (S'§)|§:t—x+s ds,—x<t<x,0<x<a,
2

aDK;(xt)-D,K;(x,t)=- JX' a(s)K; (s,t—y*(x)uﬁ(s))ds

X
-2, s)D.K!" Y (s, ds
w] J‘(X)H p( ) [ ( §)L=l*/t+(x)+ﬂ+(5) (49)
2
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aDK; (x1)-D,K;(x1)

e q[u-(;)HJR;[u—(;)ﬂnga p,[th-(x)]_a,j pz(wz-(x)H R;[thwx)J

a

—aa’ [ q(s)K;(s,t-u"(x)+s)ds+aa j' a(s)K; (s,t+x (x)-s)ds

=
NI
T
=
1
Ko
T
E

a (50)
+2a)ja0f I p(S)DfKi(S'§)|§:t ’(x)—5_2a)1-'.p _1)(515)‘ =t—ut (X)+u (S)ds
A (xt
o p(m;)—tJKi(u*(;)—t,_u*(:)—tj
aa” (x)+t T(X)+Ft o (X)+t
oy p[u (- Mu OEWHUE J K> a-p (X) < t<p(x),
aDK; (xt)-D,K;(x,t)
:aa_c{ﬂ(X)+tJR;('H(X)+tJ—iq(ﬂ+(X)_t+ajRj{’w(x)_t+aJ
4 2 2 2a 2a 2a
+ij2|:p'[M+aJ+&pz[M+aJ:|Rj(L)()_t_kaj
2 2a a 2a 2a
+a)jaa|:p,(t+,u(x)J Jpz[t+y(x)ﬂR;[t+y(x)J
2 2 2 2
—aa* T a(s)K; (s,t—u" (x)+s)ds+aa” J a(s)K; (s,t+u (x)-s)ds
ﬂ*(ZX)ft (et (51)
—[a(s)K;(sit=u" (x)+ 4" (s))ds—2waa” [ p(s)D.K;(s §)|§t# (. 8
a ()t
+2a)jaa'#_ (j )Hp(s) D.K, (5'5)|5:W(x)75 ~20; j p(s)D.K; (s:¢),, . -
—w,—aa*p[ﬂ+(;)_t]K1(M(;()_t,—w(:)_t]—a);aap[ﬂ_(;)HJK;(#_()2()“'#_(:)“],
x>a,pu (x)<t<p (x).
These equations with (47) imply that
(%)
[ DK (xt)]dt <4p(x)CoAT (x)e™ +[p(x) (e ~1)+ Cio (), (52)

-4 (x)

where C, >0 is a constant. Differentiating Equations (48)-(51) once more we have the following partial diffe-

rential equation for the kernel K (x,t):
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D, K, (x,t)=p(x)DyK; (x,t)=q(x)K; (x,t)+ 2@, p(x) DK, (xt). (53)

Hence we can formulate the following theorem:
Theorem 2 For all fixed x e[O,n] the kernel of the integral representation (34) has the partial derivatives
K;(x.), DK;(x.)e Ll(—;f(x),u*(x)) and satisfy the discontinuous partial differential Equation (53)
with the conditions

[P

+ a)jp(o) 1 mj(j, ot
K (X -2 (%)) = > 1+\/,0(x) e oV (54)
x*x:l+ T S) pz(s) - p(x) o, | 1-—— 2 a)|.
K; (% 4" (x)) =R} (x) I N OMNEND AL = p(a) (55)
and the discontinuity conditions
Kj(x,—y(x)—O)—Kj(x,—y(x)+0):w12(0) 1_\/,01(X) emjép() (56)
and
K (% 4 (x)=0) =K (%, (x)+0)
e t (s a 2 (57)
=R; (x) ;{[q( )+ p%(s )] s—ia[q(s)Jr pa(z ):|d5+—p( )+ 5 (1+éj p(a):l' 57
where
o [sgn(tza) 28 gt
RE() = (x)e o
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