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Abstract

We research the simultaneous approximation problem of the higher-order Hermite interpolation
based on the zeros of the second Chebyshev polynomials under weighted Lp-norm. The estimation
is sharp.
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1. Introduction

For 0< p<-+oo and a non-negative measurable function u, the space L is defined to be the set of measura-
ble f, such that

I, =([)fOF u@a) ", 0<p<sr

is finite. Of course, when 0< p <1, , s not a norm; nevertheless, we keep this notation for convenience.
For u=1, thisis the usual L" space. For d e N, we write C" for the space of functions that have dth con-
tinuous derivative on [-1,1].

We introduce a few notations. If © is a Jacobi weight function, we write @ e J . Let
wed,o(x)=a"“" (x)=(1-x)" (L+x)". The Jacobi polynomials p,(w) are orthogonal polynomials with
respect to the weight function o, i.e.

J‘: Pn (a)’ X)pm ((0, X)a)(X)dX = 5n,m
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It is well known that p, (@) has n distinct zeros in (—1,1). These zeros are denoted by X, () and the
following order is assumed:

1> Xy, (@) > Xy (@) >+ > X (@) > -1
Later, when we fix , we shall write x,, instead of x, ().

For a given integer r>0,s>0 and m=>1, the Hermite interpolation is defined to be the unique polynomial
of degree N=mn+r+s-1,denotedby H . (e, f),satisfying

Himes (@ F.xq) = 19 (x,),0st<m-11<k <n;
Hr(1t2nrs (0), f,1)= f(t)(l),OStS r-1
HY (o f,-1)=fY(-1),0<t<s-1

for f eCM, where M = max{m—l,r—l,s—l} ,if r=0 or s=0 then we have no interpolation at 1 or —1.
We shall fix the integers m,r and s for the rest of the paper, and omit them from the notations. Thus, for
example, we shall write H (o, f) instead of H o, f). Let

n,m,r,S(

2r 1 25 1 |5
p(X)=V1-x2, @l = {(1— X) 72 (1+ x)ﬂ'm+2} :

Vertesi and Xu [1], Nevai and Xu [2], and Pottinger considered the simultaneous approximation by Hermite
interpolation operators.

We have researched the simultaneous approximation problem of the lower-order Hermite interpolation based
on the zeros of Chebyshev polynomials under weighted Lp-norm in references [3]-[5]. We will research the si-
multaneous approximation problem of the higher-order Hermite interpolation in this article.

Let

X, ={xk = 0S4, =cosk—n:1skgn}
n+1

_sin(n+1)0
~ sing
let H, (f,x) be the polynomial of degree at most 3n — 1 which satisfies

Hf(‘t)(f’xk)= f(t)(Xk),t=0,l,2,k=1,2,...,n

be the zeros of U, (x) ,X=cos @, the nth degree Chebyshev polynomial of the second kind. For

f eC?

[

Then the Hermite interpolation polynomial is given by
n

H(f.x)=Y (xk)LkVO(x)+kZ:f’(xk)Lk,l(x)+zf"(xk)Lk)z(x) (1.1)

where
B e (L (ll_zjkf)z T2 B 62
Lk,1<x>=<x—x»lf(x)—ﬁ(x—xkflf(x) (L3
L) -C2 wa
0o U0 Y (U, .
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Theorem 1.
Let H, (f,x) bedefinedas(1.1), for f e C[Z_Ll] and p>0,a>-1, then we have

{Cnp‘z‘*‘2 Eds(f"), p-2a-1>1

19,y Y Pl1_y2)*
.[71|Hn(f’x) f(X)| (1 X) dx < CInnEa"n,g(f"). p-2a-1=1.

2.Some Lemmas
Lemmas 1. [6] Let H_ (f,x) be defined as (1.1), then

o A (x=x)" ) ()
Lk,h( )_(X—Xk)”k h { A(X) }

(x=x¢)
o ) (@x—h-1)

n e (x=x )™ k . . .
where A(X)=[J(x-x)",qeN, a+a,+-+a,=m+1, ~—F"— is defined as function

A(X)

(xx%()
(x=x)™ :
T at x=Xx, before the commencement of the Taylor series of ¢, —h.
X
Lemma 2. [7]

If fe C[2 then there exists a algebraic polynomial p,, ; (x) of degree at most 3n—1 such that

*1,1] 1
V1-x?

2-i
} E,,(f"). i=012

|10 (%)- pé‘n)_l(X)\SC{

n
Let
-1=t,, <t <--<t <t; =1
) sinng .
be the zeros of (1—x )UZH(X), here UH(X):W,x:cos&, the nth degree Chebyshev polynomial of

the second kind. For f e C[l—l,l] , the well-known Lagrange interpolation polynomial of f based on {tk}iio is

given by

2n

Qn () =2 F (t) (%) (2.1)
"
?(x) =%j"(i)(x) 2.2)
Pon (x):% (2.3)
0= LTy s o4

Lemma3. [7] Let ¢, (x),k=0,1,---,2n be defined as (2.4), for «,f>-1,and p>0,we have

1

(1-x)* (1+x)/’dxjp <C max |A].

1<k<2n-1

2n-1 P

kZ{ Ak(Pk(X)

ifs
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3. The Proof of Theorem 1

For f eC[z11 , let py,;(x) be the polynomial of degree at most 3n—1 which satisfies Lemma 2. By the
uniqueness of Hemite interpolation polynomial, it can be easily checked that,

HE (.0 100 = H] (= Day %)+ Bl (X) = (%) (3.1)
We can conclude that
H’(f,x)—f’(x)|p(1—x2)adx
Hy (= Py X)) (1) der 20 [ sy (%)= (%] (1-x2) dx (32)
=2P(|1 1,).

Firstly, we estimate 1,. By (3.1), we have

1
I =

<2p

p

<3 ;(f(Xk)—Panfl(Xk))Lk’,o(X) (1-x*)" o
+3 §< )P () s ()] (1) 0 (3:3)
+3”I kZ( "(% )~ P 3n_1(xk))Ll§'2(x)p(l—xz)adx
=3 (1 + 1, + 1)
Firstly, we estimate 1,,,
3nl(xk))[3|2(x>u< )—z(fkakz)mx)} (12" ox
2L (1(x)- 3n1<xk>>[—2(217_x;2)(x—xk>ls(x)l@<x>
%{(11_215)2 ’ nZIZQEBJ(XXk PEOOH (0] (1) o @)

Let

n
k=1

(0 Pos ()1 (1) (X)[|k LX) 3xIE(x) ] 5

°00- (%) 2K )(x—%)

be the polynomial of degree 2n-3. By the uniqueness of Lagrange interpolation polynomial, it can be easily
checked that,

B(x)=>.B(t)a (x) (3.6)

By (3.5), (3.6) and Lemma 3, we can derive
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_c : Vo L) e )
_(n+l)p{°<'<2” 21< (%)= Papa ( k))( 1) (1 k)Un(tl)[ (t -x) Z(l_xf)(tl_xk)Jl
ol o LoLo i |
+(n+1)p,[_1 é(f(xk)_%n—l(xk))(_l) (1_Xk)Un(X)[ (1-%,) _2<1—Xf)(l—Xk)]
(126):_2:(;)(’() (1—x2)a dx 37)
e g o REDEED i )
(n+1) .[ kZ:( (%)— 3n—1(xk))( 1) (1—Xk)Un(X)( (C1-%,) +2(1—Xf)(1+xk)J
LX) Uy (0 e
[ @y | 0T
=M, +3?" (M, + M,).

Firstly, we estimate M, . Let

n L (X)1 (%) 317 (X)
AN =D (f (%) =Py (%)) (1) (1=x2)U, (x)| A=A Kk 3.8
() é( ( k) 3n—1( k))( ) ( k) n( )[ (X—Xk) 2(1—Xf)(X—Xk) ( )
then
3Xk2 I =2s,s=k;
2(1-%)
1s+k 1 X
I (t)= L(k) | =2s,5%k; (3.9)
(L) (b %,
( 1)s+k+1(1 Xk) tl
) ) 2%, I =2s-1.
(t-x) (1-t)
From Lemma 2 and (3.8), (3.9), we have that for |1 =2s-1.
A(1)<CE; (") (3.10)
For 1=2s,5=1,2,---,n, we have
A(l)=0 (3.11)
We can conclude
M, <CEJ ,(f"). (3.12)
Secondly, we estimate M, , and by Lemma 2, we get
y CnP?*2ER (") p-2a-1>1 (3.13)
2 ClnnEj ,(f") p-2a-1=1 '
Similarly
CnP2?ER (f") p-2a-1>1
< aos(17) p-2a-1> (3.14)
ClnnEj_,(f") p-2a-1=1
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By (3.12), (3.13) and (3.14), we have

CnP2e2gp f” -2a-1>1
ao(F7) P (3.15)
CInnES"n (f")  p-2a-1=1
Similarly, we get
Cn“"ZEp f” -2a-1>1
aa(F) P (3.16)
CInnEsf’n (") p-2a-1=1
Cn”z"zEp f" -2a-1>1
o (1) P (3.17)
ClnnEj ,(f") p-2a-1=1
By (3.15), (3.16) and (3.17), we get
Cnpz” ’ED f” -2a-1>1
aa(17) P (3.18)
CInnE3n3 (f") p-2a-1=1
Similarly, we get
I, <CEJ ,(f"). (3.19)
l; <CEJ 5 (f"). (3.20)
Secondly, we estimate 1,, from Lemma 2,
I, <CEp ,(f"). (3.21)

From (3.2), (3.3), and (3.21), we can obtain the upper estimate

CnP22ER L (f") p-2a-1>1
CInnE;’H(f”) p-2a-1=1
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