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Abstract

The convergence theory of ideals in generalized topological molecular lattices is studied. Some
properties of this kind of convergence are investigated. Finally, the relations between conver-
gence theories of both molecular nets and ideals in GTMLs are discussed together with the GT; se-
paration axiom.
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1. Introduction

After Wang [1] introduced the theory of topological molecular lattices or TMLs for short, several authors estab-
lished various kinds of convergence theory in TMLs by using a corresponding concept of remote neighborhoods
(see e.g. [2], [3]-[5]). The theory of remote neighborhood has been established first by Wang [1] as a dual notion
of Pu and Liu’s theory of the quasi-coincident neighborhoods in fuzzy topology [6] [7].

In [8], we introduced a generalization of Wang’s topological molecular lattice called generalized topological
molecular lattice or briefly GTML and studied the convergence theory of molecular nets by using the concept of
generalized remote neighborhoods in these spaces.

In this paper, we aim to study the convergence of ideals in GTMLs and investigate the relations among this
notion and that of molecular nets. Moreover, we state the relations with other defined topological notions in
GTMLs such as generalized order homomorphism or GOH for short.

The paper is organized as follows. In Section 2, we will review some useful concepts in the paper. In Section
3, we will study the convergence in GTMLs in terms of ideals and investigate some properties of such conver-

How to cite this paper: El-Saady, K. and Al-Nabbat, F. (2015) Ideal Convergence in Generalized Topological Molecular Lat-
tices. Advances in Pure Mathematics, 5, 653-659. http://dx.doi.org/10.4236/apm.2015.511059



http://www.scirp.org/journal/apm
http://dx.doi.org/10.4236/apm.2015.511059
http://dx.doi.org/10.4236/apm.2015.511059
http://www.scirp.org
mailto:el-saady@lycos.com
mailto:fatima_math20@yahoo.com
http://creativecommons.org/licenses/by/4.0/

K. El-Saady, F. Al-Nabbat

gence. Furthermore, we show the relations between convergence of ideals and the continuity of GOHSs. In
Section 4, we will discuss the relations between convergence of molecular nets and convergence of ideals in
TMLs. Finally, Section 5 presents our conclusions.

2. Preliminaries

This section is devoted to recall some useful concepts which is required in the sequel. Let L be a complete lattice
with the smallest element L and the largest element T, an element aeL is said to be a molecule (some
time called co-prime or join-irreducible) if for b,celL,a<bwvc then a<b or a<c. The set of all mole-
cules in L is denoted by M (L) The subset B < L is called a minimal family of a [1], if the following two
conditions are hold:

a) a=VB.

b)If DcL and a<VD,then VYbeB,3d eD suchthat d>b.

The greatest minimal family of a is denoted by S(a) while g"(a)=pg(a)nM(L).

Throughout this paper, the entry L(M) denotes a molecular lattice, that is a lattice L and the set of its
molecules M. For a non empty subset | of a complete lattice L, | is said to be an ideal [9], if it satisfies the
following conditions:

a)For ael,xel and x<a=xel.

b) Forall a,bel =avbel.

c) Tel.

Definition 2.1 [8] Let L(M ) be a molecular lattice. A subfamily 7 < L is said to be a generalized closed
topology, or briefly, generalized co-topology, if

(T1) #n isclosed under arbitrary intersections;

(T2) Ten.

The pair (L(M )77) is called a generalized topological molecular lattice, or briefly, GTML.

Definition 2.2 [8] Let (L(M),77) bea GTML, aeM,Fen,and a%F. Then F is said to be a genera-
lized remote neighborhood of a. The set of all generalized remote neighborhoods of a will be denoted by n(a) .

Recall that according to the definition of ideals, the family n(a) is not necessary be an ideal in GTMLs
while the family 7" (a)={F en(a):VH en(a),F vH en(a)jcn(a) satisfies the ideal conditions.

For a GTML (L M),n) and AclL, the intersection of all #-elements containing A is called the gene-
ralized closure of A and denoted by A™. that is,

A =A{Fen:A<F}

Definition 2.3 [8] Let (L(M )77) bea GTML, ae M, AeL, then a is said to be an adherence point of A,
ifforall Fen(a),wehave AZF.

Itis clear that a is an adherence point of A if and only if a<A™.

Definition 2.4 [1] Let L, and L, be complete lattices. A mapping f:L, — L, issaid to be a generalized
order homomorphism or GOH for short if

a) f(a)=L ifandonlyif a=L.

b) f is join preserving, i.e; f(v a ) (a )

¢) f" isjoin preserving, where Wb e LZ, f(b)={ael,: f(a)<h}.

L,

Definition 2.5 [8] Let (L, (M,),,) and (L,(M,),,) beGTMLsand f:L, —L, beaGOH,then fis
called:
1) continuous GOH, if forevery H en,, wehave f"(H)en,.

2) continuous at a molecule ae M, , if for every H ez, (f(a)), we have (fF (H ))7 en(a).

For a directed set D and AeL, the mapping S:D— M is called a molecular net and denoted by
S ={S(n):neD}. The molecular net S is said to be in A, if S(n)<AVneD.

The molecular net S is said to be:

1) eventually in A if there exists n, e D suchthat ¥neD,n>n,, wehave S(n)<A.

2) frequently in Aifforall ne D thereexists n, e D suchthat n>ny,,S(n,)<A.

Definition 2.6 [8] Let (L(M),7) beaGTML, S={S(n):neD} beamolecularnetand aeM  then:

1) a is called a limit point of S, if VF e n(a),S(n) £ F eventually true, and denoted by S — a. The join
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of all limit points of S will be denoted by limS .
ie, limS=v{xeM:S—x}.
2) ais called a cluster point of S, if VF en(a),S(n)«F frequently true, and denoted by Scoa. The join
of all cluster points of S will be denoted by cluS .
i.e, cluS=V{xeM :Sox}.
Definition 2.7 [8] Let (L(M),77) beaGTML, then (L(M),7) issaidtobeaGT, if VabeM,anb=L,
thereexists H en"(a) and Fen’(b) suchthat HVvF =T.

3. Convergence of Ideals in GTMLs

The aim of this section is to study the convergence in GTMLs in terms of ideals and investigate some properties
of such convergence. Furthermore, we show the relations between convergence of ideals and the continuity of
GOHs.

For the sake of convenience and no confusion, throughout this section and forwards, we restrict the attention
of generalized remote neighborhoods of an element a in GTMLs into the set 7" (a) instead of n(a) .

Definition 3.1 Let (L(M),7) beaGTML, I cL beanideal of Land aeM, then

1) a is said to be a limit point of I if 7" (a) c | ,denoted by | — a. In this case, we say that | converges to
a.

The join of all limit points of | will be denoted by liml .

2) a is said to be a cluster point of | if VF en” (a) and VAel,wehave Fv A=T,denoted by looa.In
this case, we say that | accumulates to a.

The join of all cluster points of I will be denoted by clul .

As a consequence, we obtain the following proposition:

Proposition 1 Let (L(M),77) be a GTML, I and J be ideals of L with 1 —J and a,beM . Then we
have:

1) lba=>J—>a.

2) Jooa = looa.

3) I »ab<a=I1—->b.

4) looa,b<a= lwoh.

Proof.

1) Let | >a,then VFepn'(a),FelcJ.Thus, FeJ andhence »"(a)cJ.

Therefore, we have J —a.

2) Let Jooa,then VFen'(a) and VAeJ,wehave FvA=T.

Since 1< J,then Bel = BeJ andhence VFen*(a) and VBel, FvB=T.

Therefore, we have looa .

3)Let | —>a,then 1" (a)c|.Since b<a,thenweget 7" (b)=n (a).So, n"(b)c 1.

Therefore, we have | —b.

4) Let loca, then VFen'(a) and VAel, FvA=T. But »"(b)cn’(a), then VH en’(b) and
VAel,wehave Hv A=T .Therefore, we have loob. o

Theorem 2 Let (L(M),7) beaGTML, I beanidealofLand acM , then

1) I »>a ifandonlyif a<liml.

2) lowa ifandonlyif a<clul.

Proof.

1) Let | — a, by the definition of liml :\/{XG M:l > x}, itis clear that a <liml .

Conversely, let a<liml and Fen® (a), then a£F andhence liml £ F . So, there exists be M such
that 1 >b,b<F, then Fepn’(b). Thus, we have n"(a)cn’(b) but n"(b)c !, hence n"(a)c| .
Therefore, 1 —>a.

2) Let looa, then similarly to 1), a<clul is clear.

Now, let a<clul and Fen’(a), than a£F and hence clul £ F. So, there exists beM such that
loob,b £ F ,then F en’(b).Thus, forall Acl,FvA=T,also, wehave 7" (a)cn"(b). So,
VFen'(a),VAel,Fv A=T . Therefore, loca. u]

Corollary 1 Let (L(M),) beaGTML, I beanideal of Land aeM , then

1) 1 »>a ifandonlyif vbe g"(a),l »>b.
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2) lwa ifandonlyif Vbe 8" (a),lob.
Theorem3 Let (L(M),7) beaGTML, Ael,and acM ,then a<A ifand only if there exists an
ideal linL suchthat A¢l and | —»a.

Proof. (:>) Since a< A", then aisan adherence pointof A, i.e; VF en'(a),A£F .

Put I”*(a) ={B eL:3Fen’(a),B< F}, then I;f(a) is an ideal and clearly that A¢ I”*(a) also, we have
n(a)c I,;*(a) which implies i =

(<) Let | >a,then VFen'(a), we have n(a) cl,ie; Fel.Since Agl,then A£F. So, by
Definition 2.3, a is an adherence point of A and hence a<A™. |

LemmalLet (L (M,).,7) and (L,(M,),n,) be GTMLs, f:L — L, beaGOH,and I be an ideal in
L,. Then the set

f(l)={Bel,:3Ael,st,vaeM, at A= f(a)£B|

isanidealin L,.
Proof. It is easily to check the conditions of ideals. |

Theorem 4 Let (L,(M,).7) and (L,(M,),»,) be GTMLs, f:L —L, be a continuous GOH at
aeM, andlbeanidealin L.If I —»a,then f(I)—> f(a).

Proof. Let f be a continuous GOH at a< M, and I be an ideal in L with | —»a, then VH en;(f (a)),
we have (fF(H)) en; (a)c | . Hence, we getthat f"(H)el andforevery a% f"(H)= f(a)%H .so,
H e f (1) whichimplies that 7, (f(a))< f(1).

Therefore, f(1)— f(a). o

Theorem 5 Let (L, (M,).,7,) and (L,(M,),7,) be GTMLs, f:L, —L, beaGOH,then f s continuous
GOH if and only if for every ideal 1 of L, f(liml)<Ilimf ().

Proof. (=) Let | be an ideal of L,aeM, such that | —a, hence a<liml. We need to show that
f(a)<limf (1). Since f is a continuous GOH, then f is continuous at aeM, and f(a)eM,. Hence, by
Theorem 4, we get f(1)— f(a),ie; f(a)<limf(1).

Since f is a GOH, then f preserves arbitrary joins and hence f (Iiml ) < limf I).

(c) We want to prove that f is continuous atevery ae M, ,i.e; VF en,(f (a)), we have

(f"(F)) en (a).
Assume that a < ( fr (F))f. Hence, there exists an ideal I suchthat 1 —a and f"(F)¢l. Then

a<liml which implies that f(a)< f (liml)<limf (1). Thus, f(1)— f(a).

So, VF en,(f(a)),wehave Fe f(I).Bythedefinitionof f(I),thereexists Ael suchthat
VaeM;,at A= f(a)£F equivalentlythat ax A=a% f"(F).Hence, f"(F)<A but Ael,so
f"(F)e . Contradiction.

Then, a;{(fF(F))f and hence (fF(F))fenl*(a).

Therefore, f is continuous GOH. o

4. Relations between Convergence of Molecular Nets and Convergence of Ideals in
GTMLs

In [3] and [5], the authors introduced a comparison between convergence of molecular nets and convergence of
ideals in TMLs. In similar way, we discuss the relations between them in GTMs.
For a generalized topological molecular lattice (L(M )77) let I be an ideal in L, then the set

D(I)={(a,A):aeM,Acl,azA}
is a directed set with respect to the relation “ < ”defined as
V(a,A),(b,B)eD(l),(a,A)<(h,B)= A<B
Set S(a,A)=a, then the set
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S(1)={S(a,A):(a,A)eD(I)}
is a molecular net in L(M) called the molecular net generated by the ideal I.
Now, let S ={S(n):neD} beamolecular netin L, then the set

1(S)={AeL:S(n)£ Aeventually}

is an ideal in L called the ideal generated by S.

Theorem 6 Let (L(M),ry) bea GTML, xeM,I beanidealinL and S be a molecular net in L, then we
have

1) S(I)>xe 1> x, (resp. S(1)oox < loox).

2) 1(S)>xeSox.

3) 1=1(S(1)).

Proof. 1) Case I: Let S(1)—>x, then VF en"(x),S(1)£F eventually, i.e; there exists (a,A)eD(I)
such that V(b,B)e D(1),(b,B)>(a,A), we have S(1)(h,B)=b<F. Hence, vb£ A we get b« F, so
F<A but Ael whichimpliesthat F el .

Therefore, " (x)c 1 and | —x.

Conversely, let | —x, then VF en’(x),Fel. Since x£F, then (x,F)eD(l) and V(a,A)eD(I)
such that (a,A)>(x,F), we have S(I)(a,A)=a<A, but A>F, hence S(I)(a,A)=a<F . Thus,
S(l)—-x.

(Cezse Il: Let S(l)ox , Fep'(x) and Ael , then there exists aeM with azA . Thus,
(a,A)eD(l) , since S(I)ox , there exists (b,B)eD(l) such that (b,B)>(a,A) and
S(1)(b,B)=b«F . Since
beM,b£B,then b£FvB but A<B,so b£FVA.

Thus, VFen'(x) and Ael, FvA=T.Therefore, loox.

Conversely, we need to show that VF e7"(x),S(1)£F eventually. Let loox, then VF en”(x) and
Acel,FVA=T.

Now, V(a,A)eD(l),wehave FvA=T,therefore, 3beM suchthat b«F and bz A. So,
(b,A)eD(I) and (b,A)>(a,A), S(I)(b,A)=b«F.

Therefore, S(I);{F frequently and S I)oox.

2) Let 1(S)—>x, then VF en’(x),Fel(S). By the definition of I(S), we have S%F eventually
which meansthat S — x.

Conversely, let S —x, then VFen'(x),S<F eventually. So, Fel(S), ie, 1" (x)c1(S) which
means |(S)— x.

3)Let Ael,thenthereexists aecM suchthat (a,A)eD(I) and V(b,B)eD(I) with
(b,B)>(a,A),wehave S(I)(b,B)=b«B.ButB>A hence S(I)(h,B)=b£A,ie; S(I)£A eventually.

Thus, Ael(S(1)) and 1< 1(S(1)).

Now, let Ae1(S(1)),then S(1)£A eventually, i.e; there exists (b,B)e D(I) such that
V(e,E)eD(I),(e,E)=(b,B), we have S(I)(e,E)=e£A.Since e£xE and E>B,then exB=ez£A.
Hence, A<B and Bel, then Ael and I(S(I))c!.

Therefore, 1=1(S(1)). o

According to Theorem 6, one can get directly the following result:

Corollary 2 Let (L(M )77) be a GTML, | be an ideal in L and S be a molecular net in L, then the following
statements hold:

1) liml =limS(1).

2) clul =cluS(1).

3) limS =liml(S).

Theorem 7 Let (L(M )77) be a GTML, | be an ideal in L and S be a molecular net in L, then we have

clus <clul (S).

Proof. Let x <cluS, then Soox . So, we need to show that Soox = | (S)oox .

Now, VFen'(x),S«F frequently. Also, YAel(S),S£A eventually and hence, StFvA fre-
quently. So, VF en’(x) and VAel(S), weget FvA=T.

Therefore, 1(S)oox and hence, x<clul(S). o

In 1986, Yang [9] introduced the concepts of maximal ideals and universal nets.
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Definition 4.1 [9] An ideal | in a complete lattice L is called a maximal ideal , if for each ideal J in L such
that 1 < J,wehave I=J.

Definition 4.2 [9] A molecular net S in a complete lattice L is called a universal net , if there exists a maximal
ideal in L such that S is a subnet of S(1).

Proposition 8 Let (L(M),77) bea GTML and | be a maximal ideal in L, then

liml =clul .

Proof. Itis clear that liml <clul . Now, we prove that clul <liml .
Let x<clul ,then loox.Put J={Bel:3Ael,Fen (x),B<AvF}

Then Jis an ideal in L and clearlythat 1 < J and 7" (x) cJ.
Since I is a maximal ideal in L, we get | =J, hence 7" (x)c 1.

So, I - x and x<liml . Therefore, liml =clul . i

Theorem 9 Let (L(M )77) be a GTML, then the following conditions are equivalent:

(i) For every ideal I, 3xe M suchthat loox.

(ii) For every maximal ideal I, 3xe M suchthat | — x.

(iii) For every universal net S, 3xeM suchthat S — x.

Proof. (i) = (ii) Let I be a maximal ideal, by (i), I3xeM such that lox. Since, | is a maximal, then by
Proposition 8, we have | — x.

(ii) = (i) Let I be an ideal, then there exists a maximal ideal J with 1 <J and IxeM suchthat J — x.
Hence, n"(x)cJ.

So, VAel and VF en*(x),Av F #T.Thus, loox.

(if) = (iii) Let S be a universal net and x e M , then by the definition, there exists a maximal ideal I such
that S is a subnet of S(1). By (ii), we have | — x and hence S(I)—> x. Therefore, S — x.

(i) = (i) Let | be a maximal ideal, then S (1) is a universal net, by (i), 3xeM suchthat S(I)— x.
Then, we get | — x. i

Lastly, we conclude this section by studying the relation between the ideal convergence and the GT, separa-
tion axiom in GTMLs.

Theorem 10 Let (L(M )77) be a GTML, then it is GT, if and only if for every ideal I in L, liml contains
no disjoint molecules.

Proof. (=) Let (L(M),;7) be GT, I be an ideal in L. Assume that a,b<liml with anb=1. Then
there exists H en”(a) and Fen’(b) suchthat HvF =T.Since | —>a and | —b, we have that
n (a)c! and n"(b)c|. Hence, F,H el which implies that T=H v F 1. Contradiction with the
definition of I.

Therefore, liml contains no disjoint molecules.

(<) Assumethat (L(M),7) isnotGT,then Ja,beM with anb=1 and VFepn (a),Hen (b),
we have Fv H =T.Put

| ={AcL:A<FvH,Fep'(a)Hen (b)

Then I is an ideal in L with a<liml and b <liml . Hence, liml contains two disjoint molecules a,b e M
which contradicts the assumption. Therefore, (L(M),7) is GT,. o

Corollary 3 Let (L(M )77) be a GTML, then the following statements are equivalents:

a) (L(M),n) isaGT,.

b) For every molecular net S and every a,be 8" (limS), we have anb=L .

c) For every ideal I in L and every a,be " (liml), we have aab=L .

5. Conclusion

In this paper, we introduced a convergence theory of ideals in generalized topological molecular lattices by
using the concept of generalized remote neighborhoods and studied some of its characterization and properties.
Then, we investigated the relations between the ideal convergence and the continuity of GOH in GTMLs.
Finally, we discussed the relations among the convergence theories of both ideals and molecular nets and also

the GT, separation axiom.
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